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PREFACE 


When I started some years ago to make a revised edition of this 
text I did not anticipate that it would be such a large task and take 
so long a time, but the more I got into it, the more I found to do and 
as the object was to include pretty much all the known theorems to 
date, the work of covering the literature was great and indeed for 
one who was carrying a heavy load of teaching and administrative 
work it would have proven nigh impossible had not Dr. Muir’s 
Theory of Determinants in the Historical Order of Development been 
available and down so near to date. 

I have tried to preserve the wording of the original test in so far 
as possible but it is now forty-five years since it was published and 
much has been done in the field since then so there has of necessity 
been some change and much additional material. A number of import- 
ant results are imbodied among the problems and for the most part 
references have been intentionally omitted since the History is so 
available and gives every detail. The book will undoubtedly have 
some imperfections but l trust not over many, and for any such the 
blame should fall upon the reviser and not upon Dr. Muir, who has 
left me with a free hand. 

The reviser wishes to record his thanks to many former students 
for their assistance and especially to Mr. Ralph Beaver. He also 
wishes to express his indebtedness to Professor J. J. Nassau who 
practically put into form the Chapter on Alternants and to Professor 
L. H. Rice who wrote the chapter on Determinants of Higher Class. 

W. H. Metzler 
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CHAPTER I 


Section 1 
Permutations 

1 . With the n quantities a\ y a^, • • • , a nt which we may suppose 
arranged in order of magnitude, we may form n\ permutations. 
The elements of a permutation are said to be arranged in their natural 
order when the suffixes are arranged in the order of magnitude. The 
element a r is said to be greater than the element a s when r>s. Any 
permutation in which an element precedes another with a less suffix is 
said to contain an inversion. The number of inversions in any permu- 
tation is the same as the number of interchanges of consecutive ele- 
ments necessary to arrange them in their natural order. 

Thus the elements in the permutation are arranged in 

their natural order and the permutation aaa^a^ contains the 
following inversions: 0703, 0^3, a 6 a 3 , 

Permutations naturally divide themselves into two classes according 
as they contain an even or an odd number of inversions. 

Since an element of any permutation may be changed from one 
position to any other by repeated interchanges with adjacent ele- 
ments it is easily seen that we can from any one obtain all the other n\ 
permutations by the successive interchange of two elements. 

2 . If from any permutation we form another by the interchange of 
any two elements then the difference betwee?i the number of inversions in 
the two will be an odd number. 

Suppose the number of elements between the two interchanged is 
m and let the given permutation be represented by 

Aa r Ba a C 

where a r and a. s are the elements to be interchanged, A is the group of 
elements preceding a,, B is the group of elements between a T and a a) 
and C is the group of elements following a a . 

The resulting permutation would be 

Aa 8 Ba r C . 

Let a denote the number of elements in B <a r and let 0 denote the 
number of elements in B<a s , then m — a is the number of elements 
in B>a r and m —(3 is the number of elements in B>a s . 

We have then to consider the change in the number of inversions 
due, first to carrying a r over the elements B y second to the interchange 
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of a r and a 8 , third to carrying a 3 forward over the elements B. In the 
first case the number of inversions will be diminished by a and in- 
creased by m — a, in the second it will be either increased or diminished 
by one according as a r >a s , and in the third it will be increased by 0 
and be diminished by m — 0. The change in the number of inversions 
due to the interchange of two elements is therefore 

— a -f w - a i 1 + 0 — in + P = 2(/3 — a) i 1 

which is an odd number. \ 

If a r and a s are adjacent elements then the change iri. the number of 
inversions is ± 1 according as a r >a*. ' 

Examples. 

1. Find the number of inversions of order in the series 

7, 8, 4, 1, 3, 2, 9, 6, 5. 

Taking 7 along with each of the numbers which follow it, we have 
the couplets 

(7,8), (7,4), (7,1), (7,3), (7,2), Q, 9), (7,6), (7,5), 

and of these it is evident that six are instances of inversion of order; 
taking 8 along with each of the numbers which follow it, we obtain 
other six inversions; and proceeding in like manner with 4 and the 
other numbers of the series, we find that the total number of inversions 

= 6 + 6 + 3+ 0+ l + 0 + 2 + 1, 

= 19. 

2. Count the number of inversions of order in 


3, 6, 4, 1, 5, 2; 7, 1, 6, 5, 3, 4, 2; 
4, 8, 6, 7, 2, 5, 3; 7 , 8 , 3 , 2 , 1 , 4, 6, 5; 


3, 2, 9, 4, 1, 6, 7; 

3, 1,9, 8, 2, 6, 5, 7, 4. 


3. If one element of a permutation be made to take up a new place 
by being, as it were, passed over m other elements, the number of in 
versions in the new permutation will differ from the number ir 
the original by m. 

Let a be the element made to pass over m other elements, am 
suppose h of these m elements are less than a and consequently m — 
of them will be greater than a. The number of changes of inversion 
will therefore be m-k-\~h or m. 

4. If, in the natural series of integers 1, 2, 3, a group of i 

consecutive numbers taken in any order be passed backward over 
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groups of 5 consecutive numbers each, the numbers of each group 
being arranged in any order, the number of additional inversions in 
the permutations thus obtained is m r s. 

This is self-evident, for the number of numbers passed over is 
clearly r s , and each of the m numbers to which precedence has been 
given will thus give rise Lor j inversions, making mrs inversions in 
all. 

If the number of numbers in the group moved is the same as the 
number in each of the groups passed over, — that is, when s~m , — 
then the number of additional inversions is, of course, r m l . Conse- 
quently, when m is even, the number of additional inversions will be 
always even whatever r may be; and when m is odd, the number of 
additional inversions will be odd or even according as r is odd or even. 
From these we get the following theorem: 

Jf the first n m integers be separated into n groups of m each , say 
the groups A i, A 2 , ■ • • , A n , so that 

A i stands for any permutation of 1, 2, • ■ • , in 
A 2 stands for any permutation of w + 1, m + 2, - ■ , 2m 

A n stands for any permutation of mn — m-\~ 1, mn — w+2, ■ • ■ , nm 
then , when m is even , any one of the n\ permutations of A\_A 2} ■ ■ * , A n , 
has an even number of inversions of the n m integers more than the 
standard permutation ^4i, A 2 , • • • , A n has , and , when m is odd , has 
an odd or an even number of inversions more , according as the suffixes 
of the T’j have an odd or an even number of inversions. 

5. Of the n ! permutations of the elements a\ } ■ ■ ■ , a n , there are as 

many that have an even number of inversions as there are that have an 
odd number ; that is there are n\/2 in each of the two classes. 

This is easily seen to be true when n has the values 2 or 3 and sup- 
pose it is true when n has the value m— 1; that is, suppose that of 
the (ra— 1)! permutations of the elements a i, a 2j ■ * • , a m ~ i there 
are (m — 1)1/2 in each class. 

Starting now with the element a m at the end of any one of these 
permutations and moving it successively over each of the m— 1 
elements on its left we get m resulting permutations of m elements 
of which the first, third, fifth, ■ ■ , belong to the same class as the 

given permutation and the second, fourth, ■ • ■ , belong to the opposite 
class, that is, m/2 or (m+ 1)/2 belong to the same class and m/2 or 
(m—l)/2 belong to the opposite class according as m is even or odd. 

It follows therefore that if half of the permutations of the first m — 1 
elements belong to each class half of the permutations of the first m 
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elements will belong to each class and since this is true for the first two 
or three elements it is true in general. 

6. If in the permutation a \a 2 ■ ■ a n we move each element one 

place to the right the last element being placed first we get the 
permutation a n aia 2 • • ■ a n ~\ which is said to be obtained from the 
first by a cyclic interchange. 

This is evidently equivalent to n-1 interchanges and therefore 
the resulting permutation will belong to the same class as the original 
or to the opposite according as n is odd or even. \ 

Performing n— 1 successive cyclic interchanges ^yill give n— 1 
cyclic permutations. The next cyclic interchange w,ould give the 
original. 

7. Taking any one of the n\ permutations of the elements a \ , a 2i 

• ■ , a n we can form (n — r)\ others by permuting in all possible 

ways the last in — r) elements leaving the first r the same in each. 
It is evident that no two of these are alike and that no other of the n\ 
permutations contains the same r elements in the same position. It 
follows therefore that any (n — r)\ of the n ! permutations of the n 
things cannot have more than r elements in the same position. 

8. Two permutations of the numbers 1, 2, 3, ■ ■ , n are called 

conjugate when each number and the number of the place which it 
occupies in one permutation are interchanged in the case of the other. 
For example, the permutations 

(A) 3 8 5 10 9 4 6 1 7 2 

(B) 8 10 1 6 3 7 9 2 5 4 

are conjugate, because 3 is in the 1st place of (A) and 1 is in the third 
place of (B) and so on in every case. A permutation may be conjugate 
with itself. Thus the permutation 

632451 

which has 6 in the 1st place, has also 1 in the 6th place, and so on. 
A self -conjugate permutation may consequently be defined independ- 
ently, as one in which each clement is either in its original position 
or has taken part in one interchange. 

Conjugate permutations are identical with those which Jacobi 
calls reciprocal , his definition being that two permutations are so 
called \ r hen the performance of the one upon the other gives rise to 
the primitive permutation. For example 3 5 2 1 4 and 4 3 1 5 2 are 
reciprocal permutations, because (3 5 2 1 4) (4 3 1 5 2) = 1 2 3 4 5. 

9. The number of self-conjugate permutations of the elements 
1, 2, 3, ■ • ■ , n is 
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1 + nC*2 + \nC 2 n~lC‘i + \ ■ ^.Co „_ 2 C 2 4C2 + - ■ ■ 

where n C r stands for 

n(n — 1) ■ • (n — r -f- 1) 77 ! 

or 

12 3 ■ ■ r (n - r)!r! 

This is best established as it was lirst obtained, namely, by classify- 
ing the instances of self-conjugatcness, and then making a census of 
the classes. A basis of classification exists in the varying number of 
elements retaining their primitive positions in the permutations. 
Taking this basis we see at once that we have to consider in order the 
classes 

1. where no element is changed in position, 

2. where two are changed 

3. where four are changed 

4. where six are changed, 

In the lirst class there is manifestly only 1, namely, the primitive 
permutation. In the second class there are as many as there are 
different pairs of elements, viz., ri C 2 , for example, 

2 13 4 5 ■ «, 3 2 1 4 5- «. 

In the case of the third class wc have to find how many pairs of 
pairs are possible, each having the four elements involved all different. 
For the first of the two pairs we have, as has just been seen, „C 2 to 
choose from; for the second there arc only n -«C 2 to choose from, 
because there are two fewer elements to make the pairs of; con- 
sequently the number required is ^ fl C’ 2 n- 2 ^ 2 , the \ being due to the 
fact that the order in which the two pairs are taken is immaterial. 
In the case of the fourth class, we have to ascertain how many triads 
of pairs are possible, each having the six elements involved all 
different; and the result is similarly found to be 1 /3 ! „G n-zC^ n~ 4 C 2 . 
The remaining classes manifestly follow the same law, consequently 
the proposition is established. 

10. If U n stands for the number of self-conjugate permutations 
of the elements 1, 2, 3, • • ■ , «, then 

U n = £/*_!+ (n— 1) t / n _2 

If, having examined the case of the elements 1, 2, 3, ■ - - , (n— 1) we 
bring our nth element n to join them, it is clear that we have two 
possibilities to consider, namely. (1) the element n remaining in its 
place, (2) the said element suffering interchange with one of the 
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others. Now, when it remains in its own proper position, the number 
of self-conjugate permutations is unaltered from the previous case, 
that is to say, is Z7 n - 1 ; and when it is taken with one of the (n— 1) 
other elements to form a pair for interchange, there will arise, by 
reason of the remaining n—2 elements U n ~ 2 self-conjugate permu- 
tations, that is to say, in all in — l)Z7 n _ 2 . We have, consequently, as 
was to be proved 

U n = U n ^+ {n- 1 ) f/ n — 2 ■ 1 

As there is evidently 1 self-conjugate permutation when n= 1, 
and 2 when n = 2, the first ten values U n are \ 

Ui = 1, U 3 = 4, U b = 26, l/ 7 = 232, £/„ = 2620, 

172 = 2, U 4 — 10 j Z7 g = 76, = 764, *7 10 = 9496. 

The expression first got for the number of self -conjugate permuta- 
tions ought, of course, and may be shown to satisfy this difference 
equation.* To show directly that it does, it is best in the first place 
to simplify it a little. The typical term 

1 

= “ n£"2 n— 2^2 ' »— 4^ 2 ‘ ' ' n—2r-\-2C ‘1 1 

r! 

I n{n — \) (n — 2 )(« — 3) (/z — 2r + 2)(n — 2r + 1) 

~ 7T 1-2 1*2 1-2 

n(n — 1) ■•■(« — 2r + 1) 

~ ~~ r!2 r 

n(n — 1) ■■■(» — 2r + 1) (2r)! 

(2r)\ r\2 T 

= 13 5 ■ ■ ■ (2r - l)nC 2r - 
The whole expression consequently becomes 
1 + 1-,C* + 1 ■ 3 n C 4 + 1*3* 5 n C 6 + 

Taking this for l/ n , we have 

- 1)J7„_ 2 = 1 + 1-n-lG + l-3‘ n -iCi + 1*3-5- n-iC e 
+ (*-l){l + l- n _*C 1 + l-3-«_ I C 4 + ■ 

= 1 + l{ n _iC 2 + (» - 1)} 

+ 1 ■ 3 n— 1C4 H 7 71 — 2^2 /- + ■ • ■ . 


' See Muir, Proc. Royal Soc. Edin. Dec. 1889. 
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But the general term on the right here 

= 1-3-5 ■ ■ • (2 r — 1 ) •/ B _iC 2 r H n- 2 C 2 r -2 

{ 2r — 1 

= 1-3-5 • ■ ■ (2 r - l){„_jC 2r + 

= 1-3-5 • • ■ (2r - l)„C 2r . 

It therefore follows that 
i/«-i + (» - 1) U «— 2 = 1 + 1 ■ nC 2 + 1 • 3 n C\ +1-3 5„Cg + ■ ■ ■ 

= U n ■ 

11. Let ^4 denote any permutation of n elements and let A' denote 
its conjugate. If B denote the permutation formed from A by inter- 
changing any two of its elements as for instance a and b , then B' 
the conjugate of B is evidently obtained by interchanging the ele- 
ments in the ath and 6th places in A'. Since this is true and since all 
permutations may be obtained from any one by the successive 
interchange of two elements, it follows that conjugate permutations 
belong either to the same or to opposite classes. But the two permu- 
tations 3 1 2 4 5 - • • n and its conjugate 2 3 1 4 5 • • ■ n belong to 
the same class; therefore conjugate permutations belong to the same 
class. Instead of these two conjugate permutations we might have 
taken any self-conjugate permutation. 

Section II 
Combinations 

12. If we are given any combination of n numbers m at a time, 
the combination of the remaining ( n — m ) numbers is said to be the 
complementary with respect to n of the given combination. 

Let (w|wi), (ft | m 2 ), ■ ■ - , (ft | m^) denote the (»)m = nC m = M combi- 
nations of the numbers 1, 2, ■ ■ ■ , « taken w at a time, and let 
(« m a ) denote the complementary of the combination (ft|w«). Let 
(ft m a |/i), (ft \m a I/ 2 ), •■*,(» \m a |/\) denote the — \ combinations 
of the numbers in the combination (ft \m a ) taken l at a time, and let 
(ft | in a \lp) denote the combination which is the complementary with 
respect to m of the combination (ft \m a |^), that is, the combination 
of the 7 ft — l numbers remaining after the numbers in the combination 
(ft \m a \lp) are taken out of the combination (ft |tw«). 

This principle of notation may be extended indefinitely, thus, 
(ft | 7 ft a \lp |& 7 ) will denote the 7 th selection k at a time of the l numbers 
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in the /9th selection of the m numbers / at a time in the ath selection 
of the n numbers 1, 2, 3, ■ - ■ , n, m at a time; ( n \m a \l& \k y ) will denote 
the 7 th selection, k at a time, of the (n — m — l) numbers remaining 
after the /Sth selection, l at time, of the (n-m) numbers remain- 
ing after the ath selection, m at a time, is taken from the n num- 
bers 1, 2, 3, ■ ■■ , n ) and so on. 

Let ( n \m a \lp$n | fn a |/p) denote the combination made up of the 
numbers in (n\m a \lp) in loco followed by the numbers in (n\m a \lp) 
in loco and let (n ! m a l«(«| m a | Ip) denote the combination of the 
numbers in (» \m a \fy) and (n \ m a Iw in their natural order. Thus 
(123754568) is the combination 12374568 while |l237)(4568) is 
the combination 12345678. 

Let s followed by any combination denote the sum of the numbers 
in the combination. Thus s{n \ m a | Ip) denotes the sum of the numbers 
in the combination ( n m a 1$). 

If from the n numbers 1, 2, 3, • • ■ , n we form p combinations of 
m, l, k, • • , h numbers respectively, where ?n+l+k+ • ■ ■ + /z = n 
then we will extend the idea of complementary combinations by 
calling this a system of complementary combinations. There would be 

n\ 

m\l\k \ ■ ■ h\ 

ways of forming such a system. The system would be denoted by 
(n | m a ) , (n\m a \ k) , (ft | m a \ Ip \ k y ) , • ■ , (n \ in a \ | /c 7 | h 6 ) . 

13. The total number of inversions in any combination 
(n m a m a |^) may obviously be divided into three parts, first the 
number of inversions in (n|m„|^); second the number in (^|w 0 |/^); 
and third the number in the combination formed by the numbers in 
(n in a 1^) arranged in their natural order followed by the numbers 
(n la) arranged in their natural order. It is easily seen that if all the 
numbers in (n \m a | la) are greater than those in (n | m a | l p ) the number 
of inversions in the third division is zero. We shall hereafter consider 
only the third of the three parts of the total number of inversions in 
{n fn a m a |/p) and therefore let it always be understood that the 
numbers in any of the simple combinations {n\m a \k\ * • ■ ) are 
arranged in their natural order. 

14. The number of inversions in the combinations ( n\m a \n\m a ) 
is s(n \m a ) — (n — m)(l-\-n— m)/2. For if the numbers in (w \m a ) are 
0 i 02 ■ • ■ dn-m and the numbers in ( n\m a ) are bib 2 ■ ■ ■ b mj then 
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since the a’ s and b’s together make up the first n integers it follows 
that there are 

ai— 1 b’s less than aj 
a 2 — 2 b’s less than a 2 
a 3 — 3 6’ s less than 

<z n _ m — (n — m) b’s less than a„_ m . 

The number of inversions is therefore 

d\ + 02 + ■ ' ■ + (Ln-m ~~ { 1 + 2 ‘ + (tl — m)) , 

or , 

s(n I ni a ) — \(n — m){ 1 + n — m ) . 

15. The combination ( n \tn a \h\n |w tt |W = ± (w |w«) according as 
the number of inversions is even or odd. Let 

(n | m a | | m a \ h) + (n\m a \ h\n \ m„ | h) + ■ ■ ■ 

+ (»| I»l W* | l\) 

( 1 ) = m a ) 

then 

(n\m a \ h\n \ m a | h) + {n \ m a | h\n + 

+ (» | m a | h\n | rh„ | h ) 

= <j>(m . m — l) ■ (n | m a ) 

But it is readily seen that (» | m a | b\ n I I h ) = ( — 1) ( 
(n\m a \bln\m\k). Therefore 4>(m, 0 = ±*(m, m-l) according as 
l(m-l) is even or odd. If f=l the signs of the left-hand member of 
equation (1) are evidently alternately positive and negative and there- 
fore 

</>0, 1) = 1 or 0 

according as m is odd or even. 

It is also apparent that m) = 1. 

16. The set of combinations 

{n\rn a \h\n\m a \h) , (w|w«| h\n\ m a \ h) , • ■ ■ (» | I h\n j m. \ h) 

may be divided up into groups as follows. 

the 1st group containing the first (w-l)t-i combinations 
the 2nd group containing the next (w-2)j_i combinations 

the (w-J+l)st group containing the- last (l-l)i-i=l combination. 
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The first number of the second part of each combination of the rth 
group is the same and is the rth of the selection of m numbers, that is, 
the rth of the numbers in {n \ m a ). The first r—1 numbers in the first 
part of each combination of the rth group are the same and are the 
first r — 1 of the numbers in (n \ m a ). 

It follows from this that the signs of the combinations of the rth 
group are the same as or the opposite to (according; as m — l — r+1 
is even or odd, there being tn— /— r+1 numbers ifi the first part 
greater than the first number in the second part) t\ie signs of the 
corresponding members of the set obtained by strikii^g out the r—1 
numbers common to the first part and the one number common to 
the second part of each combination of the group. 

We have therefore 

0(m, D = 0(/ - 1 , / - 1) - 0(/, l ~ 1) + <Kl + 1 , / - 1) 

--■■ + (- i)«-i-Hi0( w - r , l - 1) 

(2) +--- + (- U—Wm - 1, / - 1) 

a reduction formula for 0(w, /). As an immediate consequence of 
this we have 

4>(m, l) = <f)(m — r, /) + (— l) m-r ~ H V(w — r, / — 1) 

+ •■■ + (- 1 )"-'*(« — 1, i — 1) 

(3) = 1,/)+ (- D-Wfw —1,2—1) 

17. We have by successive applications of (2) 

0(2 w, 21 + 1) = 0(2/, 21) - 0(2/ +1,2/) + - - <t>{2m -1,2/) 

= 0(2/ - 1 , 21 - 1) - 0(2/ - 1 , 2/ - 1) + 0(2/, 2/ - 1) 

+ 0(2/ - 1 , 2/ - 1) - 0(2/, 2/ - 1) + 0(2/ + 1 , 2/ - 1) 

- 0(2/ - 1, 2/ - 1) + 0(2/, 21 - 1) 

b 0(2 m - 2, 2/ - 1) = 0(2/, 2/ - 1) 

(4) + 0(2/ + 2, 21 - 1) + * ■ ■ + 0(2w -2,2 / - 1) 

Put /= 1 then 

0(2«, 3) = 0(2, 1) + 0(4, 1) + ■ ■ ■ + 0(2 m -2,1) = 0. (§15) 

Put 1 = 2 then 

0(2w, 5) = 0(4, 3) + 0('6, 3) + • ■ 0(2w — 2, 3) = 0. 
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[n this way it may be shown that 

[5) 0(2m, 21 + 1) = 0 (£=1,2,-- , m - 1). 

From equations (3) and (5) we have 

<f>(2m + 1 , 2 /) = 0(2 m, 21) — 0(2 tn, 21 — 1 ) = 0(2wz, 21) 
ind 


0(2w + 1, 21 + 1) = 0(2w, 21 + 1) + 0(2w, 2/) 
= 0(2?w, 2/). 


Therefore 


(6) 0(2w + 1, 2/ + 1) = 0(2w +1,2/)= 0(2m, 21 ). 

It follows from this and §15 that 

0(m, /) = 0(w, w — /), 


If 1 = m then 0(w, m) — 0) = 1. 

18. From equations (2), (5), and (6) we have 

(7) 0(2w, 21) = 0(2w - 1, 21 - 1) + 0(2w - 3, 2/ - 1) 

+ . ■ +0(2/- 1, 2/- 1) 
= 0(2m - 2, 2/ - 2) + 0(2 m - 4, 2/ - 2) 

+ . ■ - + 0 ( 2 /- 2 , 2 /- 2 ). 


These properties at once suggest that 

0(2 w, 2/) = mCj or 

and it may be easily proved that this is true. 

If in equation (7) we put 1st / = 1, then 

0(2 m, 2) = 0(2 m — 2,0)+ 0(2 m — 4, 0) + ■ ■ ■ + 0(0, 0) 

= m or nil ; 

2nd / = 2, then 

0(2m, 4) = 0(2 w — 2,2)+ 0(2w — 4, 2) + ■ ■ ■ + 0(2, 2) 

= (m — l)i + (w — 2)i + ■ - - + 1 


= w 2 : 
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3rd 1 = 3 then 

6) = <t>(2m — 2,4)+ 0(2 m — 4,4) + ■ ■ + 0(4, 4) 

= (tn — 1)2 + (m — 2)2 + ■ ■ ■ + 22 
= m 3 . 

In this way we see from equation (7) itself that if it is true for an; 
value of l it is true for a value one greater and is therefore true for al 

values; hence \ 

\ 

0(2m, 21) = mi(l = 1, 2, ■ * • m) \ 

Problem. Show that if the permutations of any group be separate* 
into sub-groups, (1) those which begin with a, (2) those which begii 
with 0, and so on, then the series of signs of the 3rd, 5th, and othe 
odd sub-groups is identical with the series of signs of the 1st sub-group 
and the signs of any one of the even sub-groups is got by changinj 
each sign of the first sub-group into the opposite sign. 

Note. This is obvious on observing that the 2nd sub-group i 
obtained by interchanging a and /3 in each member of the 1st sub 
group. 



CHAPTER II 


Definitions and Notations 

19. If a particular form of algebraical expression be lengthy and of 
frequent occurrence, it becomes desirable to introduce a suggestive 
name and symbol for it; and if the form be one of a family, it is also 
Vsirable that the names and symbols of all of them should indicate 
this relationship. Such a nomenclature and notation are advan- 
tageous, not merely from the convenience thereby afforded in speaking 
and writing, but as helps to the actual discovery of the properties 
of the forms in question. 

Note. The following — with which the learner is probably already 
familiar — may be taken as an instance of this. Early in the history 
of the science, it being a common requirement to make use of the 
product resulting from the multiplication of a number by itself, this 
product was named the Power of the number, and was symbolized 
in various ways; also the product resulting from the multiplication of 
the “power” (as thus understood) of a number by the number itself, 
was called the Cube of the number, and was variously expressed by 
means of a symbol; and similarly with other such products. Then, 
in the latter half of the sixteenth century, the fact that these products 
were members of a family was recognized in the nomenclature by 
calling them all Powers , and distinguishing them as second power , 
third power, etc. and in the next century there came into use a like 
improvement in notation, the second power of a , third power of a, etc., 
being denoted by a 2 , a : \ • • . Thence arose the subsidiary terms 

exponent and base , and thus the known truths regarding powers be- 
came easily expressible either in words or symbols, and the way was 
opened to the generalization of these truths, and to the suggestion 
and discovery of others. 

20. The expressions 

— G261 , 01&2C3 + asbyCz -f- <1263^1 — a^b^Ci — a^b\Cz aib^ci, etc. 

are instances of important forms which often occur in analysis. I hey 
may arise as the result of eliminating the variables from a system of 
linear homogeneous equations. Thus, eliminating x and y from the 
equations 

aix + a%y = 0 

b\X + b%y = 0 



14 


THEORY OF DETERMINANTS 


we get as a result 

d\b 2 — d 2 b i — 0. 

Eliminating x , y, and z from the equations 

d\x + d 2 y + d 3 z = 0 
b\x + b 2 y + 6 3 z = 0 
c\x + c 2 y + c 3 z = 0 

we get as a result 

d\b 2 c 3 — d\b 3 c 2 + d 2 b 3 c\ — d 2 b\Cz H~ d 3 b\c 2 

and in general if we eliminate the variables from a system of n linear 
homogeneous equations, we get a result of the form 

yi ± dib 2 Cz ' In = 0 . 

These forms are called determindnts , and since they are functions 
of the coefficients only and may be considered without reference to 
their origin — the preceding being but one way in which they may 
arise — the definition of a determinant should obviously' contain no 
reference either to its origin or to the variables. 

21. Definition. If we have n 2 quantities arranged in a square of 
n rows and n columns, then the sum of all the terms that can be formed 
by taking the product of n quantities, one from each column and one 
from each row, the sign preceding any term being determined by 
writing in succession the numbers of the rows from which the quan- 
tities composing it have come, and in a separate series the numbers 
of the columns, and taking + or — according as the total number of 
inversions of order in these two series* is even or odd, is called the 
determinant of these quantities and is said to be of the nth order. 

* It is manifest that the quantities in any term may be so arranged that either the 
numbers indicating the rows or the numbers indicating the columns from which the 
quantities composing it have come are in their natural order. When thus arranged it is 
only necessary in determining the sign to consider the number of inversions in the 
series where the numbers are not in their natural order. 

E. H. Moore has suggested the following: 

A determinant of order n is uniquely defined by the unique definition of its ?i 2 
elements a ra) where the suffixes rs run independently over any (the same) set of n 
distinct marks, and by the law of signs for the terms. 

For most purposes the marks 1 , 2 , ■ ■ ■ , n are convenient, but for the investigation 
of some determinants of special form it is more convenient to use some other set of n 
marks. 


j ail 

' \ 

— a 3 b 2 Ci = 0 \ 
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The ordinary notation for determinants is 








01 

02 ‘ 

■ a n 



01 

0 2 

03 





01 

0 2 

b i 

b 2 

b$ 


by 

&2 ' 

■ b n 

h 

b* ’ 

Cl 

Cl 

03 


l i 

h ■ 

■ In 


;fhe quantities a 1} a 2 , etc., are called the constituents or elements 
arid the products a\b 2 etc. are called the terms of the determinant. 

' In the square array representing a determinant the diagonal from 
the left-hand top corner to the right-hand bottom corner is called the 
principal diagonal and the diagonal from the right-hand top corner 
to the left-hand bottom corner is called the secondary diagonal of 
the determinant. The term formed by taking the product of all the 
constituents along the principal diagonal is called the principal or 
leading term of the determinant. Constituents are said to be conjugate 
to each other, when the place which either occupies in the rows is 
the same as that which the other occupies in the columns. Con- 
stituents along the principal diagonal are termed self-conjugate . Two 
terms of a determinant are said to be conjugate when the constituents 
of the one are the conjugate of the constituents of the other. A 
self -conjugate term is one into which there might enter self-conjugate 
constituents and pairs of conjugate constituents. 

Examples 

1. Tell the signs of the terms 

+ ingd, -'lgbm J ~gdjm, - nkah 
of the determinant 

a e i m 
b f j n 
c g k o 
d h l p 

2. Find the full expression for the preceding determinant in the 
ordinary notation. 

3. Tell the signs of the terms 


06 ^ 403 ^ 201 ) 0302 ^ 4 ^ 1 ^ 5 ) ^ 2010304 ^ 5 ) ^ 30201^604 
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of the determinant 


a i 

d 2 

dz 

a 4 

05 


b 2 

b 3 

b 4 

be 

C\ 

c 2 

Cz 

C 4 

Ch 

di 

d 2 

d. 

d 4 

ds 

ei 

e 2 

63 

e 4 

e& 


22. The notation indicated in §21 where all the letters in each flow 
are the same and all the suffixes in each column are the same, cfce 
letters being in alphabetical order from top to bottom and tfie\ 
suffixes in order of magnitude from left to right is very convenient 1 
for finding the expansion of the determinant. For in each symbol ► 
denoting a constituent the letter will indicate the row to which the 
constituent belongs, and the suffix will indicate the column, so that 
to form a term we have only to write all the letters in alphabetical 
order and attach one of the suffixes to each, and to determine the 
sign of the term we have only to count the number of inversions of 
order in the suffixes as there written. 

Thus, in the case of the determinant of the third order , 

o-i a 2 a 3 

b\ b 2 bz 

C\ c 2 c 3 

we write all the permutations of the suffixes, namely, 

1 2 3, 1 3 2, 2 3 1, 2 1 3, 3 1 2, 3 2 1, 

and taking each permutation along with the letters a, b , c, we have 
at once the expansion 

d\b 2 cz — d\ bzc 2 ~\- dzbzCi — d 2 b\Cz~{~ dzb\C 2 — dzb 2 C\. 

The same result will obviously be obtained if we write all the permu- 
tations of the letters and take each permutation along with the suffixes 
h 2, 3. 

23. It is also possible in the case of such determinants to use an 
abridged notation. One form of this consists in writing one of the 
terms, namely, the leading term, as a type of them all, prefixing to it 
the symbol ± to indicate the variability of the signs, enclosing this 
in brackets, and before all placing the symbol of summation, Thus 
the determinant 

di d 2 a a 
b\ b 2 b 3 


C\ c 2 c$ 
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is denoted by 

£( i 01^2^3) ■ 

Equally efficient notations are 

D{<Xib?,c$) , | <i\bic% | 

which do not, like the other, aim at a partial definition, but are meant 
merely as suggestive contractions for the longer form, or for the de- 
terminant of which the first row consists of a’s, the second row of b's 
the third row of c’s , and of which the elements in the first column have the 
suffix 1, those in the second column the suffix 2 , and those in the third 
, column the suffix 3 . 

The learner should accustom himself to the use of these shorter 
forms, and expecially to pass mentally from them with ease to the 
standard notation. Thus, to take another instance, 

D(x 0 y2Z*W6), ]L(± ^0^224^6), or | XoyiZ 4 We I 

:>uld readily suggest 

Xq X2 X 4 X 6 

yo yz y4 ye 

z 0 z 2 z 4 Ze 

w 0 w 2 w 4 We 

Example. 

In the determinant 

xi yi z 1 vi wi 

X2 y 2 Z2 vz W2 

x* ys 2 3 Vz Wz 

Xi y 4 24 Vi Wi 

X b y 6, 25 v b 

find 

1. the terms containing x^Wu 

2. the terms containing yiWz\ 

* 3 . the terms containing x 4 v 1; 

24 . Another convenient notation for determinants is to write each 
constituent with a double suffix, the first suffix indicating the row 
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and the second the column to which the constituent belongs. Thus the 
determinant of the «th order would, in this notation, be written 


011 

0 12 

013 ■ 

0 \n 

021 

022 

023 ' 

' 02 n 

#31 

032 

O 33 ’ 

' 03 n 

Onl 

O n 2 

O n 3 ’ ' 

O n n 


Since only one letter is employed we may, if we choose, 
such a determinant by a shorter symbol even than 

| O'M 022 * * O nn | 

namely, by 

| am | or | a nn | 

25. The notation of the preceding article may be modified by the 
omission of the a 1 s in writing the constituents of \ai n |; so that rs is 
put for dr*, and 


11 

12 

13 ■ ■ 

■ In 

» 

21 

22 

23 ■ 

• 2 n 

for | ain | 

n 1 

n2 

n3 ■ 

■ nn 




Sylvester who calls this his umbral notation, writes also 


and generally 


1 2 3 

1 2 3 


for ai3 


a b c ■ ■ 
a P 7 ■ • 


for 


Xaa %cy 


I • 


26. Symmetry. In a determinant there obviously may be three 
kinds of symmetry: (1) symmetry with respect to the principal di- 
agonal, (2) symmetry with respect to the secondary diagonal,* 
and (3) symmetry with respect to the centre (the point of inter- 
section of the two diagonals). 


* By reversing the order of the rows and columns it is apparent that symmetry 
with respect to the secondary diagonal may be changed to symmetry with respect 
to the principal diagonal. 
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These three imply that: (1) a r8 = a sr , that is conjugate elements are 
equal, (2) a rs = 0»+i_* in +i-r, (3) = a n+1 _ r?n+ i_ a , respectively. 

When (1) is true the determinant is said to be axisymmetric , 
when (3) is true it is said to be centro symmetric. When two of the 
three types exist at once the determinant is said to be bisymmetric. 

27. The function obtained by making all the negative signs in a 
determinants positive is called a permanent and is usually denoted 
by the symbol 


28. Another very convenient notation which we shall use is the 
following: (a, b , c\x, y } z) or ^ for ax+by+cz and the matrix 
form 

( \xix 2 xz\y 1 y i y») , 


011 

012 

013 



021 

022 

023 



031 

032 

033 



or the bipartite form 

*1 

^2 

*3 



011 

012 

013 

yi 


021 

022 

023 

y* 


031 

032 

033 

y 3 


for the lineo-linear expression 

(dnXi + a i2 X2 + a u x*)yi + (a 2 i#i + #22*2 + a 2 ^)y 2 

+ (03 i#i + 032^2 + a ^ x ^ y ^. 

Bipartites are treated in chapter VIII. 

29 . If 11L2L3 ■ ■ ■ in— 1 and ii, i 2 , * ■ ■ , be symbols subject to the laws 
of ordinary algebra except that i r h = — * a *r and 1? = 0 , then 

| Gin | = (011*1 + 012*2 + ' 1 * + 01n*n)(021*l + 022*2 

+ ' ' ■ + 0 2 **r*) ’ ’ ’ (0*1*1 “I" a n 2*2 H“ ' * ’ H" 0»n*n) • 
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Writing in a column the factors 

011*1 + 012*2 + 013*3 + ' ■ + 01n*n, 
021*1 + 022*2 + 023*3 + ‘ ‘ + 02n*n , 


0nl*l + 0*2*2 + 0*3*3 + * ‘ + 0*n*n , 

it becomes evident that the identity to be established is but a sym- 
bolical statement of the definition (§21) of a determinant. Eor, 
firstly, owing to the constitution of the factors, the product must 
consist of all terms of the form \ 

01r02a03u ‘ ' ' 0nzXt r t a *u * * *z > 

which can be got by taking one and only one element from each row 
of the determinant: secondly, the condition i r 2 =0 necessitates the 
disappearance from this of every term containing two or more ele- 
ments from the same column; and thirdly, the conditions iii 2 *3 
■ • - t„=l, i r i a =—i a L r ensure that the sign-factor of any term shall 
be +1 or —1 according as the number of inversions of order in the 
suffixes of its t's, that is, in the second suffixes of its a’s, is even or odd. 

Example. 

(oti + bi2 + CL S )(dn + ei2 + /*3)(g*i + hi 2 + £*a) 

{bdi + cdi sti + aei\L 2 + ce iai 2 ~h 0 /t 1*3 ^/* 2 * 3 )(g*i “h ^*2 £*s) , 

= { ( ae — bd) tii 2 + ( 0 / — cd)iii 3 + ( bf — ec)i 2 *s} (j£*i + ^*2 + #ig), 

= g(bf — ce)t, 2*3*1 + h(af — cd)i ugi 2 + k((ie — bd) *1*2*3, 

= {g(ft/ — ce) — h(af — cd) + k(ae — bd)}^^, 
a b c 
= d e J 
g h k 


Exercises 
Set I 


Write the following algebraical expressions in the usual notation. 


c 

d 

e 


X 

y 

z 


01 

0 2 

03 

f 

g 

h 

2 . 

V 

w 

u 

3 . 

by 

*2 


k 

l 

m 


t 

r 

s 


Cl 

c 2 

Cz 


1 . 
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a 


/ 

— c 


a 

- 2a 

b 


a b 

c 

d 


— e 

f 

. 5. 

3b 

— c 

4d 

. 6. 

0 e 

f ■ 

g 


h 

~k 


2c 

3d 

-4 b 


o 

^0 

1 

h 


X 


0 y 


X 

-2 2 

-y* 


— a — b 

— c 


0 


x y 

. 8. 

-y 

— 2x 

S 2 

. 9. 

— b —c 

— a 

— 

X 

— 

y 0 


— z 

2 y 

— X 2 


— c —a 

-b 


Find the single numbers to which the following determinants are 
equivalent. 



1 2 3 


1 1 2 

1 2 3 


4 5 2 

10. 

2 3 4 

11. 

1 1 1 

2 3 4 

. 12. 

-1 2-3 


3 4 5 


111 

3 4 5 


6-4 5 


1 1 1 


4 -1 -2 


-1 -1 1 

13. 

4-3 0 

14. 

0 3 0 

. 15. 

-3 1 -4 


3 2-5 


3 -7 4 


2 -3 -5 


Write the following in determinant form. 

16. bfj-\~eid-\-hcg — hfd — ecj — big 

1 7 . ntifiirz — min^r 2 + w 2 n 3 ri — w 2 »ir 3 + m^n\ri — w 3 w 2 n . 


Find the values of x in the following equations. 


X* -4 1 


1 1 1 

18. 

-6 3 -2 

= 0. 19. 

axe 


* 2 1 


b b x 


X 

a 

a 


b 

b 

X 

a 

X 

a 

+ 

b 

X 

b 

a 

a 

X 


X 

b 

b 


21. Find the expression in the ordinary notation which is the 
equivalent of 

2c a + i + c a + 6 + c 
fl + fi + c 2a a b c 
o + 6 + c a b c 2b 
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0 

0 

0 

a x 


01 

bi C\ 

0 


bi 

&3 

b 4 ^6 

0 

0 

b i 

02 


02 

bi Ci 

0 


0 

cz 

0 0 

22. 




. 23. 




. 24. 




0 

Cl 

bi 

03 


0 

0 0 

d 2 


0 

d$ 

d-4 di 

di 

Cl 

b 3 

04 


0 

0 0 

d% 


0 

e 3 

0 e 6 


X 

0 

0 

0 

y 

04 

0 

Cl 

0 

X 

y 

X 

0 

0 

0 

03 

0 

Cl 

X 

di 

0 

y 

X 

0 

0 

26. 0 2 

0 

X 

0 

0 

0 

0 

y 

X 

0 

0i 

X 

bi 

bi 

b 3 

0 

0 

0 

y 

X 

X 

0 

0 

0 

0 


27. Write the terms of \xoyiZ 2 w$ | which contain 

28. What other term of \boCid 2 e 3 f^\ } besides the secondary diagonal 
term, contains the elements foctfi? 

29. Find the number of inversions of order in 

n, n— 1, n— 2, ■ ■■ , 3, 2, 1. 

30. What other term of \a m bnC p d Q e r \ besides a n b p (r m d r e q contains 
the elements b p c m e q ? 

31. What is the sign-factor of the secondary diagonal term in a 
determinant of the nth order? 

32. Write the terms of \aib 3 c^\ which contain the element h. 

33. If the integral numbers d , e, f, g, h, i, j, k , be “cyclically” 
transposed so as to become k, d } e,f , g , h, how many more or fewer 
inversions of order will there be? 

34. Find how many terms of a determinant of the nth order contain 
any particular element. 

35. If the sign of a term be determined from one arrangement of 
the elements composing it, show that the same sign would be got 
from a different arrangement. 



CHAPTER III 
General Properties 

30. If we combine any permutation of the numbers 1, 2, 3, ■ ■ , n } 

used as column numbers, with the row numbers 1, 2, 3, ■ ■ ■ , n of 
a determinant we get, in umbral notation, a term of the determinant. 
We proceed to the investigation of the properties in general. 

31. The full number of terms in a determinant of the nth order is nl 
This follows at once from the fact that each term contains one con- 
stituent from each row and one from each column and there are there- 
fore as many terms as there are ways of arranging n things all together 
which is ft! 

It is apparent from this, since the factors in any term a r ^a tu a vv> ■ • ■ 
may be arranged in any order, that we may suppose the elements 
of one of the lines of suffixes r t t, v, • • , or s, u, w, • ■ ■ , are 

arranged in their natural order. We shall in general suppose that 
the elements in the first line of suffixes are arranged in their natural 
order, and therefore the terms of a determinant are the ft! products 
having the ft! permutations of the elements 1, 2, 3, ■ • , ft, for the 

suffixes in the second line. 

32. If we combine any self-conjugate permutation with the row 
numbers 1, 2, 3, • - ■ , n of a determinant we evidently get a self- 
conjugate term of the determinant. Thus, if we combine the 
self-conjugate permutation 361452 with the row numbers 123456 we 
obtain 

013^26031044056062 

a self-conjugate term of the determinant 

| 011022033 ’ - 1 066 | . 

There are therefore as many self -conjugate terms in a determinant of the 
nth order as there are self -conjugate permutations of the elements 
1, 2 ,3, ■■■,». (§9.) 

33. From §11, we see that conjugate terms of a determinant have the 
same sign . 

It should be observed that if we write any term of a determinant 
using the double suffix notation and keeping the row numbers in 
their natural order and then rewrite it keeping the numbers indicating 
the columns in their natural order, the numbers indicating the 
columns in the first and those indicating the rows in the second are 
conjugate permutations. 
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34. In a determinant of the nth order not more than (n — r) ! terms can 
have r elements in common. 

This is an immediate consequent of the definition of a determinant 
and §7. 

35. It follows from §5 that of the full number of terms of a determinant 
exactly as many are positive as are negative. 

36. If all the constituents of a row or column of a determinant be zero , 

so also is the determinant itself. j 

For by definition every term must contain a constituent from this 
row or column and will therefore vanish. \ 

37. Two determinants which differ only in that the rows of the o\ie are 
in order the columns of the other are equal. 

Every term of the first determinant must contain one and only 
one element from each row and each column of that determinant; 
therefore it must contain one and only one element from each column 
and each row of the second determinant, and therefore it must be a 
term of that determinant also. Similarly we can show that every 
term of the second determinant is a term of the first; therefore the 
terms of the two determinants are alike in magnitude. Any con- 
stituent in the first is the conjugate of the corresponding constituent 
of the second and since conjugate terms have the same sign the terms 
of the two determinants are alike in sign. 

From this it is evident that any theorem in the statement of which 
the word row or the words row and column occur would also be true 
if the word column or the words column and row respectively be 
substituted. For in proving the former theorem in regard to the 
determinant 

0\ a% as ■ ■ ■ a ■ 

b i &2 ^3 b n 

A = C\ C 2 c$ • • ■ C n 

l\ h 1 3 In 

we are proving the latter theorem in regard to the determinant 

a i b i c i ■ ■ ■ l\ 

a% ^2 ■ ■ l 2 

as bs Cs • - - Is 


an b n C n ' ■ ■ l n 
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38. Since by definition every term of a determinant contains one, 
and only one, constituent from each row and from each column, 
it follows that a determinant is a linear homogeneous function of the 
constituents in any row or any column. Thus A of the last section 
can be written in the form 


or 


d\A\ + a%A 2 + a$Az + ■ ■ ■ + d n A n 
a\A \ + + c\C\ + - - ■ + hL\ 


where Ai, A 2 , • • ■ , A n contain no constituents from the first row and 
Ai, B i, ■ ■ ■ , L\ contain no constituents from the first column. 

39. If all the constituents of a row of a determinant he multiplied by 
the same quantity , the resulting determinant equals the product of the 
original determinant and the said quantity. 

For we may write the determinant as a linear function of the con- 
stituents in this row, in which form the constant multiplier will 
appear as a factor. 

Examples. 


m 


= (i/V) 


a b c 


ma 

mb 

me 


a mb c 

d e f 

= 

d 

e 

f 

= 

d me f 

g h k 


i 

h 

k 


g mh k 

a mb 

c 


a 


mb c 

md m 1 


mf 

= m 

d/m 

e f/m 

g mh 

k 


g 


mh k 


1 

7 

-1 


1 

1 

-1 


3 

21 

0 

= 7 

3 

3 

0 

= 7X2 

4 

-28 

-6 


4 

-4 

-6 



i -i 
3 0 


2 -2 -3 


1 1 -1 

=7X2X3 1 1 0 

2 -2 -3 
= 7X2X3X(-3 + 2+ 2 + 3), 
= 168. 


40. If in any determinant \a in | we change the sign of every element, 
the sum of whose suffixes is odd , the determinant is unaltered. 

This amounts to multiplying every odd numbered row and column 
by —1, which is equivalent to multiplying the determinant by 
(— l) 2k or 1. 
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This theorem may be more generally stated as follows: 

The determinant remains unaltered if we multiply each a t -, by p'~ J 
where p is any number , for each term would be multiplied by p a ~ a 
or 1, where at = 1 + 2 + 3+4+ • ■ +n. 

41. If the same m elements of n-m-\-k rows of a determinant of the 
nth order contain u as a common factor , then u k is a factor of the determi- 
nant. ; 

Move to the right the columns, and downward the rows, tha't have 
elements which do not contain the given factor, until the elements 
which do contain this factor form a rectangular array in the iipper 
left hand corner of the determinant — an array having m columns 
and n—m+k rows. Now it will be impossible to find a term of the 
determinant that does not contain k of these elements, for when 
we have taken an element from each row and column outside this 
rectangular array we have but n — k elements for our term and must 
take the remaining k elements from within the array. Hence every 
term contains u to a power ^ k . 

The particular case where n= m and k = 1 gives the theorem of §39. 


Exercises. Set II 

1. Find what relation exists between the two algebraical expressions 




a 

b 

c 


a 

b 

c 



d 

e 

f 


g 

h 

k 



g 

h 

k 


d 

e 

f 

Find how the expressions 






a 

b 

c 


d 

e 

f 


d 


d 

e 

f 

) 

a 

b 

c 

> 

g 


g 

h 

k 


g 

h 

k 


a 


are related to each other. 

3. State the probable theorem regarding determinants, to which 
the results of Ex. 1 and 2 point. 

4. Show that 


a b c 
a b c 
d e f 


= 0 . 
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M 


5. Without changing from the determinant notation, show that 

a b c 
d e f ~ 0 

a b c 

by using what has already been proved. 

6. Show that 

oci yi zi 

yi Z 2 X* Z 2 X2 y2 

%2 y 2 22 = X\ y 1 + Si 

ya z 3 * 3 s 3 ^3 y3 

^3 ya z 3 

y2 22 yi sj yi si 

— Xi — X 2 # 3 

ya z 3 * 3 z 3 y 2 22 

7. Supply the elements in the following blank determinant-forms 

of the second order: 

%i yi zi 

x 2 y 2 z 2 = zi — Z2 + z 3 

*3 y 3 z 3 

= — X 2 + y 2 -22 

8. Show that 



dl 

bi 

Xi 

y i 

d 2 

h ' 

X 2 

y 2 


9. Show that 


d\ b i &2 b 2 ^ 

*\ yi * 2 y 2 


ai 6i 

^2 y2 


x\ y i 

#2 ^2 



fli yi 
^2 y2 



y\ b i 

y2 ^2 


Xi 

x 2 


dl 

0>2 


a + x b c a b c x b c 

d+yef = def + yef 
g + z h k g h k z h k 

10. Show that 


a + me b c a 

d + mf e / = d 

g + mk h k g 


be a — mb b c 

e } = d — me e / 

h k g — mhhk 
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Write the following expressions in determinant form: 

1 1 . ayp — myc + xnc — anz + mbz — bxp . 

12. xiy 2 — x 2 yi + x 2 y 3 — x 3 y 2 + x*yi — *i y*- 

13. 3abc — o 3 — ft 3 — c 3 . 

14. acf + 2 bed — cd 1 2 — ft 2 / — oe 2 

Find single determinants of the third order equivalent to tl^e ex- 
pressions 

x c a ft a ft 

15. a; — a + ft 

c # c x x c 


16. 

17. 


0 

02 

04 

0 ft 4 


0 

o 4 

0 ct-z 

ftl 

0 

ft 4 

+ di 

+ ft 2 


+ C\ 




0 

c 2 0 


Cl 

0 

b 1 0 

Cl 

c 2 






i 

d 

ft 

e f 

d 

e 

ft c 


t 

d 

e 

y z 

X 

y 

* / 

1 / • c 


+ &\b 2 G\ . 


42. As an instance of how determinants come into use in algebra, 
there may be taken the case of the solution of a set of simultaneous 
equations of the first degree. 


If 


(1) a. ix + ftiy = Ci, 

and 


( 2 ) 


a 2 x + b 2 y = c 2 , 


then we have 


Therefore 


and, similarly, 


a\b 2 x + ftift 2 y = ft 2 ci 
— d 2 b\x — ftift 2 y = — fti£ 2 . 

Ci ft i 

c 2 b 2 

X = > 

Ox fti 

02 ft 2 


y = 


di Ci 

o 2 c 2 
ai 61 
(I2 b<i 
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Again, if 

a) 

( 2 ) 

( 3 ) 

then, using 


a\x + biy + C\Z — d\ 
a^x + biy + c 2 z ~ d 2 
a%x + b 3 y + C3Z = d 3 


b 2 

Cl 


b\ Ci 


b\ Ci 

b 3 

c 3 

3 

b 3 c 3 

> 

b 2 c 2 


as multipliers, we have 


ai 


— cl 2 


a 3 


^2 

C 2 


+ by 

62 

C 2 

? + 

Cl 

bn 

C 2 

li 

b 2 

C 2 

b 3 

C 3 



^3 

c 3 


b 3 

C 3 

b 3 

c 3 

by 

Cl 


- 62 


Cl 

3 * - 

C 2 

61 

Cl 

II 

1 

If- 

b , 

Cl 

b 3 

C 3 



^3 

C3 



^3 

c 3 


63 

C3 

b 1 

Cl 


+ b 3 

b 1 

Cl 

y + 

C 3 

61 

Ci 

z = d 3 


Cl 

&2 

C2 



b 2 

C 2 


bn. 

C 2 


ft 2 

C 2 


Hence, by addition, we have (Exercises, Set II. 6) 


&1 b\ C] 


6l 61 Ci 


Cl &1 Cl 


C?l b\ Ci 

&2 &2 C2 

X + 

b 2 62 c 2 

y + 

c 2 b 2 c 2 

z = 

d 2 b 2 c 2 

#3 ^3 C3 


&3 ^3 c 3 


C 3 fr 3 C 3 


J3 fr 3 C3 


Now, the second and third determinants in this equation are each 
equal to 0; therefore 



d y 

by 

Cl 


X = 

d 2 

h 

C 2 

-r- 


d 3 

b 3 

C3 



d\ b 1 c 1 
di b 2 c 2 
a 3 b 3 c 3 I 


In a similar way, or, more shortly, by using the result just obtained, 
we may show that 


Ol ^1 Cl 


01 £>i Ci 

#2 C^2 C 2 

- 5 - 

0 2 b 2 c 2 

03 ^3 C 3 


0 3 63 c 3 

01 &1 ^1 


01 61 Ci 

0 2 ^2 ^2 


0 2 ^2 c 2 

03 ^3 C3 


Os 63 c 3 


and 
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The learner should compare the values of x, y , z> just found with 
those of x, y, in the case of the preceding set of equations, noting that 
the denominator is always the determinant whose elements are in 
order the coefficients of the unknown quantities in the given equations, 
and that the numerator of the value of any of the unknown quantities 
differs from the denominator simply in having the right-hand mem- 
bers of the equations occupying in order the places of the coefficients 
of the unknown quantity in question. 

43. One advantage of these solutions lies in the fact that the results 
obtained are such as can be exceedingly easily remembered, so^ that 
we are thus enabled to derive the benefit usually attached tp re- 
membered results, namely, of being able to utilize them in the solution 
of similar problems. Thus, if the given set of equations be 

3x + 2y — Az = — 5, 

2 % — 3y + z = — 1 , 

4x + y — 2z = 0 ; 

and it be required to find the value of y, we have at once 



3 -5 -4 


3 2-4 

II 

2 -1 1 

-5- 

2 -3 1 


4 0-2 


4 1 -2 


6 + 0 - 20 - 16 - 20 -0 
18 - 8 + 8 - 48 + 8 - 3 ’ 

- 50 

= 1 

- 25 

= 2 . 

Exercises. Set III 

Tell immediately the values of x and y which satisfy the following 
pairs of equations: 


1. < 

( 4x + 3y = 24, 

( 3x + 5y=n, 

{ 5x+2y=23. 

l 2* + 3y = 11. 

3. < 

( 6x — 4y = 6, 

I 4 < 

( Ax - 5y = 15, 


l 7x — 3y = 12. 

l - 3x + 17y = 2. 

5. - 

( — ax + by = a 1 , 

i 6. < 

l bx — ay = — b 2 . 

( — Ax + 1y — 10 = 
l 7x — 4y + 1 = 
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Find, by means of determinants, the values of x, y, and z which 
satisfy the following sets of equations: 



/ 3x — 4y + 2z = 1 , 

/ 3* + Ay — 5z = — 2, 

7. 

< 2x + 3y — 3z = — 1 , 

< 4* + 5y - 3* = 11, 


' 5x — 5y + 4z = 7. 

* 5* + 3y - 4z = 3. 


4x — 7y + 2 = 16, 

/ 6* + 8ji + 3z = 6, 

9. 

3x + y — 2z = 10, 

10. . S* + 6y — 9z = 1, 


5x — 6y — 3z = 10. 

' lx - 10 y - 3z = 0. 


' 5x — 4z = 42, 

t/x - 1/y + 1/z = 4, 

11. 

< 32 + 5y = 1, 

12. ’2/x + 5/y - 2/z = 3/4 


^ 4y — 3x = — 10. 

^5/x — \jy + 3/z = 63/^ 

13. Having given 


(i) 

d\x + biy + ci — 0 

(2) 

a-ix + b 2 y + c 2 = 0 

(3) 

a$x + b 3 y + c 3 = 0 


show, by solving for x and y in (2) and (3) and substituting the 
results in (1), that 



61 

Cl 

Oz 

^2 

C2 

<*3 

63 

C 3 


44. Addition Theorem. If each of the constituents of a row of a 
determinant consists of two terms } the determinant may he expressed 
as the sum of two determinants , the first of which is got from the original 
determinant by excluding one term of each of the constituents in question , 
and the second by replacing these and excluding the other terms. 

For if the determinant be 


a\ Ot\ #2 "I" OC2 ' ‘ 0, n + Oi n 
b\ b% ■ ■ b n 


l\ I2 ' ' ' In 


Then we have seen that we may write 



32 


THEORY OF DETERMINANTS 


A — (ai + a 1M1 + (02 + 012) A 2 + ■ ■ ■ + ( 0 n + a n )A n 
= aiAi + a 2 A 2 + ■ * • a n A n + qliAi + a 2 A 2 + ■ - ■ ol^A* 


0 i 

a 2 ■ 

' a n 


Oil 

OL2 ‘ ■ 

OL n 

bi 

b 2 ■ 

■ b n 

+ 

b 1 

bi 

b n 

h 

h ■ 

■ ■ h 


/, 

l, ■ ■ 

■ L 


which proves the proposition. 
Examples. 


a 

A + B 

h 


a 

A 

h 

a 

B 

h 

b 

C + D 

k 

= 

b 

C 

k 

+ b 

D 

k 

c 

E - F 

l 


c 

E 

l 

c 

-F 

l 


and 


a 

b 

c 


a 

b 

c 


a 

b 

c 

d 

e 

j 

= 

d 

e 

f 

+ 

d 

e 

f 

g + h 

k 

l + m 



k 

1 


h 

0 

m 


45. If each of the constituents of a row consists of % terms } it is 
evident that the given determinant can he partitioned in similar fashion 
into n determinants. 

And generally if the constituents of the first row consist each of m x 
terms , those of the second row of m 2 terms , and so on } the determinant 
can be partitioned into m x m 2 ■ * * determinants. 

Example. 


0 i 

+ b 

1 + 

Cl 

d\ 

Cl 

— 

Ji 


0 i 

di 

ei - 

-fx 

a 2 

+ b 

2 + 

C 2 

d 2 

C 2 

— 

h 


a 2 

d* 

02 - 

- u 

03 

+ b 

3 + 

03 

d 3 

e 3 

- 

u 


03 

d 3 

03 " 

-/a 




61 

di 

e 1 

— 

h 


C\ 

di 

01 " 

~fx 


+ 1 

bt 

d 2 

e 2 

— 

h 

1 + 

C 2 

d 2 

02 " 

-ft 




b 3 

d-d 

e 3 

— 

U 


Cs 

03 

03 - 

-/a 

0i 

d 1 

0i 



01 

di 

h 


b 1 

dx 

01 


a 2 

d 2 

e 2 



02 

d 2 

h 

+ 

b. 

d 2 

02 


03 

d 3 

0 3 



03 

d 3 

fz 


b 3 

d$ 

03 



di 

h 



Cl 

d\ 

Cl 


Cl 

di 

h 


it 

d 3 

fz 

+ 


C 2 

d 2 

e 2 

— 

c 2 

d 2 

h 


b 3 

d 3 

h 



03 ' 

d 3 

c 3 


c 3 

dz 

U 
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46. 


where 


= m n = 

p and if 



2 ■ ■ 


2^21 

2^022 ‘ ■ 

‘ £ a 2n 

i 

2^0*2 * 

O' Tin 


52a 1 i = aii+&n+ ■ ■ +pn etc., that is, 


where each constituent is the sum of p terms it may be written as 
the sum of p n determinants. 

Let A = |ain | , J5 = \bi n | * * ■ P= \pi n | and let Aa a bp ■ • - p T denote 
the determinant formed as follows: the firsts columns are taken from 
A y the next 0 columns are taken from B , the next 7 columns are taken 
from C, and so on, the last tt columns being taken from P , with the 
proviso that no two columns thus taken have the same column 
number, that is, come from corresponding positions, and where 

■ - - +7r = n. 

We may then write 

n n n 

A = ■ ■ • X)7rA a a bfi • ■ p T . 

00 0 


47. The identity established in §44 may be otherwise viewed as a 
theorem for the addition of two or more determinants which are 
related to each other in a particular way; that is to say, beginning with 
the second member of the identity, the theorem is: The sum of any 
number of determinants which are alike except as regards a particular 
row, the rth } say, is equal to a determinant which is like each of the given 
determinants except that any constituent of its rth row is the sum of the 
corresponding constituents of all the given determinants . 


Examples. 


4 3 4 


4 3 4 


5 -12 3 


4 3 4 

7-13 

+ 

5 1 -3 

+ 

3 0 8 

= 

12 0 0 

2 8 6 


2 8 6 


4 0 6 


2 8 6 




5 3 4 


9 3 4 



+ 

-12 0 0 

= 

0 0 0 




2 fi A 


C ft A 


= 0 , 


m 


a\ bi Cs di \ + n | a\ &2 ^3 ^4 ] = | &i bzc^mdi ne 4 1 
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<111*1 

012 • 

’ O in 



011 */e 

012 * 

‘ ' 01n 

021*1 

^22 ■ 

■ a2n 

+ • 

• + 

021*fc 

022 ' 

02n 

a n \X\ 

0n2 * ' 

07171 



07ll*fc 

0n2 ' 

0nn 


This is but the simplest case of a whole set of forms obtained by 
taking various arrangements of the *’s before multiplying the 
constituents of the columns, or what amounts to the same thing, by 
partitioning the product determinant up into parts in all possible 
ways thus 



x 2 + Xs) 

011 

012 







(*1 + 

021 

022 










0n*i 

012 


011*2 

012 


011*3 

012 


= 



+ 



+ 



021*1 

022 


021*2 

022 


021*3 

022 

or 


011*1 

012 

+ 

011*2 

012 , 

+ 

011*3 

012 



021*2 

022 


1 a 21*3 

022 


021*1 

022 

or 


011*1 

012 

+ 

011*2 

012 

+ 

011*3 

012 



021*3 

022 


021*1 

022 


021*2 

022 


49. If two rows of a determinant be interchanged the resulting determi- 
nant differs only in sign from the original determinant . As this amounts 
to the interchange of two suffixes its truth follows from §2, 
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50 . If from a determinant A another determinant A' he got as if by 
making one of the rows of the former pass from its place over p rows , then 
A=(- 1 )*A'. 

The transference may be affected by the transposition of the row 
in question with the p rows in succession, beginning with the nearest 
of them. This would occasion p changes of sign; hence the truth of the 
theorem. 

Examples. 


abed 


b c d a 


b c d a 

e f g h 

k l mn 

= (- 1) 3 

f g h e 

l m n k 

= ( - 1) 5 

p q r 0 

j g h e 

0 p q r 


P q r 0 


l m n k 

ay b 2 c 3 d A e b | 

= ( — D 3 1 

a\ 65 c 2 d 3 e 4 

1 = ( - 1) 7 

| a 4 b\ c b d 2 e 3 


and 

| a x b 2 c 3 d A e b | + | aie 2 b 3 c A d b | = | aib 2 c 3 d 4 e b | + ( — l ) 3 1 aib 2 c 3 d A e b | , 

= 0 . 


d i d 2 d 3 d A 

Ci C 2 C 3 C\ 

b\ b 2 b 3 b 4 
a\ a 2 #3 a A 

| a x b 2 cz d A e b | = ( — 1) 6(5 ~ 1)/2 1 e x d 2 c 3 b 4 a b | = | d 2 c 3 b 4 a B | ; 


a\ 

a 2 

«3 

a A 


d 1 

d 2 

<h 

d 4 


b 1 

b. 

b 3 

b 4 

= ( — ;|) 4 ( 4 -l )/2 

C\ 

c 2 

c 3 

Ca 



Cl 

Ci 

c 3 

Ci 

bi 

b 2 

63 

64 


dy 

d 2 

d 3 

di 


ai 

a 2 

a -3 

a 4 



and 

j a\ b 2 C3 d A e b f& | = ( — 1) 6 ^ \ f \c 2 d 3 c A b b q q | = | fi c 2 d 3 c A 65 a$ | . 

51 . If two rows of a determinant be identical the determinant is equal 
to zero. 

Let the determinant be A. Then, transposing the two rows referred 
to, we get a determinant which by §49 is equal to —A. But this new 
determinant is exactly the same as the original, on account of the 
identity of the two rows transposed. Hence we have 


so that 
and therefore 


A = - A 
2 A = 0 
A = 0 
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52 . If the constituents in any row differ only by the same factor from 
the constituents in any other row , the determinant vanishes. 

For taking out the common factor we have left a determinant with 
two rows identical which vanishes. 

If in a determinant the elements of the rows are connected by the 
same linear relation, the determinant may be reduced to one having 
a column of zeros and is therefore zero. 

53 . If we subtract corresponding elements of the two determinants 



01 

01 ‘ 

■ 0i 


b 1 

62 ■ 

■bn 

A = 

02 

02 ’ 

' '02 

, B = 

b 1 

62 * 

■b n 


0n 

071 ■ 

■ -0n 


b 1 

b 2 ■ 

■ bn 


to form a new determinant D , then D = 0 for all values of n> 2 . 

Thus when n — 3 

a\ — b\ 0\ — 62 01 — b 3 

02 — b \ 02 — b 2 #2 — b 3 # 

03 — b\ 03 — b 3 03 — ^3 

is seen to be equal to 

b 2' — 61 b 3 — 62 0i — b 3 

i 62 — b\ b 3 — b 2 02 — ^3 “0 

I 62 ~ ^1 63 — 62 03 — 63 

by subtracting column 2 from column 1 , and column 3 from column 2 . 
The same would be true for any higher order. 

54 . If two determinants A and A' of the nth order be such that the first 
row of the one is the same as the last row of the other, the second row of 
the one the same as the ( n—\)th row of the other , the third row of the one 
the same as the (n — 2)th row of the other , and so on, then 

A = (— l)(l/2)n(n-l)£' 

The transformation of the one determinant into the other may be 
effected by making the first row of A pass over the n— 1 other rows, 
then making what was before this the second row pass over (» — 2) 
rows, next making what was originally the third row pass over (»— 3) 
rows, and so on until what was originally the (w— l)th row is made 
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to pass over the one next it, namely, that which originally was the 
nth. The number of changes of sign consequent upon these alterations 
is (n— l) + (n — 2) + (n — 3)+ • ■ ■ +2+1 — \n(n— 1) hence the truth 
of the theorem. 

55. If two determinants A, A' of the nth order be such that the first row 
of the one is, when reversed, the last row of the other, the second row , 
when reversed, the (n— l)s/ row of the other, and so on, then A = A'. 

The transformation of one determinant into the other may be 
effected by reversing the order of the rows, and then in the result 
reversing the order of the columns. The number of changes of sign 
occasioned by this is 

§n(n — 1) + \n(n — 1) 

that is, 

n(n — 1) . 

Therefore 

A = (— l)*(n-l)A' 

= A' 

since n(n— 1) is an even number. 

Examples. 

a b c 
d e f 

S h k 

and 

| aibzCsdi | = | d\Czbia\ | . 

56. A determinant being given, it is possible to transfer any element 
to the place occupied by any other, and yet have: the resulting determinant 
equal in magnitude to the original one. 

If the two elements be in the same row it is at once seen that the 
transposition of the columns to which they belong effects the change 
referred to, and, contrariwise, if the two elements be in the same 
column. 

If the two be neither in the same row nor in the same column, 
what is necessary is the transposition of the rows they belong to, 
followed, in the form which results, by the transposition of the 
columns. 



g 

h 

k 


= ~ 

d 

e 

f 

= 


a 

b 

c 



k h g 


c b a 
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For example, if we wish the element b 2 of the determinant 
\<h b 2 C3 d\ es I to be in the fourth row and fifth column, we proceed as 
follows : 


fll 

a 2 

a 3 

a 4 

d§ 1 


a 1 

a 2 

a 3 

a 4 

^5 | 


a 1 

db 

a 3 

a 4 

a 2 

b 1 

bt 

63 

b 4 

6b 1 


di 

d 2 

d* 

d 4 

db 


d\ 

d 6 

d 3 

d A 

d 2 

Cl 

Ci 

C3 

C 4 

c$ 

= — 

Cl 

c 2 

c 3 

c 4 

Cb 

= 

Cl 

Ci 

cs 

c A 

h 

di 

d 2 

d 3 

d 4 

dh 


bi 

h 

b 3 

*4 

h 


bi 

b 6 

bs 

b A 

2 

ei 

e 2 

e 3 

e 4 

Cb 


ei 

e 2 

e 3 

e 4 

Cb 


ei 

e 6 

e 3 

e 4 

\ 


The attainment of the end desired is dependent upon the trans- 
ference of one row to the place of another, and, as this may be ac- 
complished in other ways than by the transposition of the two rows, 
there is a corresponding possible variety in the form of the results. 
Thus 

| d\ b 2 C 3 d\ eg | =| a,\ c 2 d$ b A e$ | = — | d\ c$ d A b 6 e 2 | , 
or, transposing cyclically, 

| b 2 C 3 d A ea | = | d\ e 2 a 3 b A £5 | = | d 3 e A a^ b\ c 2 1 . 

57. If the first constituent of a row of a determinant be increased by 
any multiple of the first constituent of any other row , the second constituent 
of the former be increased by the same multiple of the second constituent 
of the latter , and so on with all the other constituents of the two rows, the 
new determinant thus obtained is equal to the original one. 

Let the given determinant be 


a b c , or A, 


x y z 


and let the common multiplier be m , so that the new determinant is 


a + mx b + my c + mz ■ • • 
or A' 


x 


y 


z 
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On account of the row of binomial elements in A', we have (§44), 


+ 


x y z ■ ■ 

+ m 

x y z - - 


= A + m( 0) (§51) 

= A. 

Examples. 

Without changing the first determinant into the ordinary notation, 
show that 

cA -h bB aC bD a b A B 

cA + dB cC + dD ~ c d CD 

Without passing from the determinant notation, show that 
1 a b + c 
1 b c - \~ d — 0 . 

1 c a + b 

58. If another row of the determinants A, A' in the preceding be 

p q r • ■ 

it follows that 


a + mx + np b + my + fig c + mz + wr • ■ ■ 
= A' 




mx my mz ■ ■ 


x y z 


a b c 

A' = 

x y z 


x 


y 


z 
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and therefore also = A. So that from a continued application of the 
theorem of §57, we have a more general result, namely: If the con- 
stituents of any row of a determinant be increased by any equimultiples 
of the corresponding constituents of a second row and by any equimultiples 
of the corresponding constituents of a third row f and so on , the resulting 
determinant is equal to the original one. 

59. We have seen from §52 that if the constituents in one row differ 
only by a constant multiplier from those in another row the deter- 
minant vanishes. As a more general case of this we have 


011 

012 

013 

' '01n 

021 

022 

023 

' '02n 

0n- 1,1 

0n-l,2 

0n~l,3 

■0 n __ ] <n 

r, 

t 2 

r 3 ■ 

■ T n 


where 


T r = miair + m 2 a- 2 r + ■ ■ * + w n _ia»_i ir , (r = 1, 2, • , n) . 

60. These theorems may be advantageously employed in the sim- 
plification of determinants, more especially those whose constituents 
are expressed in figures. 

For example consider the determinant 

14 15 11 

21 22 16 
23 29 17 I 

Subtracting each constituent of the third column from the corres- 
ponding constituents of the first and second columns we have the 
equivalent determinant 

3 4 11 

5 6 16 

6 12 17 

and this we know (§39) is equal to 

3 2 11 

5 3 16 

6 6 17 
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Now subtracting each element of the second column from the cor- 
responding element of the first column, and multiplying each element 
of the second column by 5 and subtracting the result from the third 
column we have 

1 2 1 
2 2 3 1 , 

0 6 -13 

which if we please we may alter similarly into 

1 2 1 
20 - 1-1 
0 6 -13 

the given determinant being thus equal to 2(13 + 6), that is, to38. 

Operating on the rows instead of the columns, we might have pro- 
ceeded thus: 


14 

15 

11 


14 

15 

ii 


0 

1 

1 

21 

22 

16 

- 

7 

7 

5 

= 

5 

0 

4 

23 

29 

17 


2 

7 

1 


2 

7 

1 


as in the preceding case. 
Example 1 . Show that 


abed 


0 1-111 

b c d a 

— (ff + 6 + c + c?)( — a + b — c + c/) 

1 c 

d a 

c d a b 

1 d 

a b 

d a b c 


1 a 

b c 


The given determinant 

a + b + c + d b 
b + c + d ■ + d c 
C + 6? + # + ft d 
d a -\- b c a 
1 bed 
1 c d a 

= (a + 

1 dab 

1 a b c 


(a + b + c + d ) , 



42 


THEORY OF DETERMINANTS 


0 b — c+d — a c—d+a—b d— a + b — c 

1 c d a 

= (fl + 6 + C + <f), 

id a b 

la b c 

0 1-11 

1 c d a ; 

= (a -\- b c d ){ — a -f- b — c - 1- <f) . 

1 dab \ 

1 a b c i 

Example 2. Show that 

1 a a 2 a 3 

1 b b 2 b* 

1 , , = ( 6 - °)( C _ fl X c ~ b )( d - a )( rf ~ W ~ c )’ 

1 c c 2 c 3 

1 d d 2 d 3 

without finding the expansion of the determinant. * 

If each element of the first row be subtracted from the correspond- 
ing element of the second row, it is at once clear that b — a is a factor 
of the determinant, and that c — a, c — b , d — a, d — b t d — c are factors 
follows equally readily in the same way. Further we see that if these 
factors were multiplied together, the first term of the product would 
be bc 2 d 3 , and that all the other terms would be unlike this, so that the 
coefficient of bc 2 d z in the product is +1. On the other hand, looking 
at the principal diagonal, we see that the coefficient of bc z d 3 in the 
expansion of the determinant is also +1. Thus the identity is es- 
tablished. 

Example 3. Show that 


0 

a 2 

b 2 

c 2 


0 

aa 

bp 

cy 

a 2 

0 

yi 

0 2 


act 

0 

cy 

bP 

b 2 

7 2 

0 

a 2 


bp 

cy 

0 

aa 

c 2 

P 2 

a 2 

0 


cy 

bp 

aa 

0 


Taking the first determinant and multiplying the elements of its 
first and second rows by a, and the elements of its third and fourth 
rows by a, we obtain as its equivalent 
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0 a 2 a b 2 a c 2 a 

1 a 2 a 0 y 2 a P 2 a 

a 2 a 2 b 2 a y 2 a 0 a 2 a 

c 2 a I3 2 a a 2 a 0 

and dividing the elements of the first and second columns of this new 
determinant by a } and the elements of the third and fourth by a, 
we thus have the original determinant equal to 

0 aoL b 2 c 2 

aa 0 y 2 p 2 

b 2 y 2 0 aa 

c 2 & 2 aa 0 

Continuing in exactly similar fashion we find it 

0 aaP b 2 P c 2 P 0 aa bp c 2 

1 aap 0 y 2 b P 2 b aa 0 y 2 bp 

b 2 (3 2 b 2 (3 y 2 p 0 aaP bp y 2 0 aa 

c 2 b p 2 b aab 0 f 2 bp aa 0 

0 aa y bp y c 2 y 0 aa bp cy 

1 aac 0 y 2 c bpc aa 0 cy bp 

c 2 y 2 bpc y 2 c 0 aac bp cy 0 aa 

c 2 y bPy aa y 0 cy bp aa 0 

as was required. 

By a further combination of multiplications and divisions the 
process assumes a neater form, thus: — Taking for the rows the mul- 
tipliers 

ap 7, abc , aPc } aby , 

respectively, that is, multiplying in all by ( abcapy) 2 } we have 

0 a 2 aPy b 2 aPy c 2 apy 

a 2 abc 0 y 2 abc P 2 abc 

b 2 apc y 2 aPc 0 a 2 aPc 

c 2 aby p 2 aby a 2 aby 0 
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and then all that is required is to divide by (abcaffy) 2 by operating 
on the columns with the divisors 

abc, a/3y, aby , oefic, 

respectively. 

Exercises. Set IV 

Find the simplest forms of the following numerical expressions: 

15 17 16 15 13 10 20 1 15 25 

1. 12 18 14 . 2. 12 17 10 . 3. 17 \l2 22 

19 17 13 16 11 19 19 20 16 

27 37 47 22 29 27 30 36 35 

4. 33 23 29 . 5. 25 23 30 . 6 . 33 31 37 

25 28 24 28 26 24 38 34 32 

7. What effect is produced on a determinant of the wLh degree by 
multiplying all its elements by — 1 ? 

8 . Find the simplified expansion of the determinant 

a a - f- 3 a -f- 6 

ci - j- 1 & 4 a + 1 

a “f 2 a + 5 a + 8 

9. Show that 

1111 
1 1 + x 1 1 

1 1 1 + y 1 

1 1 1 1 + z 

10. Find the simplified expansion of 

&\ — b\ o >2 — b 2 — b 3 cl -}- c 2 a — b b 2c 

b i — Ci &2 — C 2 b 3 — c$ , and of b -f- a 2b — c c + 2 a 

C\ — a>i C 2 — q >2 c$ — as c + b 2c — a a + 2b 

11 . Prove that, if the sum or difference of every pair of correspond- 
ing elements of two rows of a determinant be a constant multiple 
of the corresponding element of another row, the determinant is equal 
to zero. 


= xyz. 
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12. Express 

fli + hi + ki a 2 + hi + k 2 a 3 + h\ + k 3 1 

bl + h2 + kl 1)2 + k 2 + k 2 + h 2 + A’a 1 

Ci + hz + hi C2 + h 3 k 2 r 3 + Ji 3 + & 3 1 

1 1 11 

in a simpler form as a determinant of the fourth order. 

15. Show that 

ai a* a 3 111 

1 

bi b 2 hs = d 2 d 3 bi d\a 3 l)2 aid 2 b 3 

did 2 d 3 

C\ C 2 C 3 d 2 d 3 C\ di d 3 C ‘2 d\d 2 c 3 

14. Show that 

0 a 2 a 3 0 1 1 

b i b'2 b 3 =1 d 3 b 2 C\ d 2 b 3 Ci 

Ci C ‘2 C 3 1 Cl[\biC 2 d 2 biC 3 

15. Solve the equation 

dy + b\X Ci di 

a-2 + b 2 x c 2 (I2 — 0 

a 3 + b sx r 3 d 3 

16. Prove that 

a + c b + d a + c b + d 

b + d a + c b + d a + c 

a + b b + c c + d J + a 

c + d d + a a + b b + c 

17. Find the simplified expansion of 

x a b c + d a b+c + dd + b c + d 

x b c d + a b c + J + aft + c d + a 

, and of , 7 

x c d a + 6 c d + d + b c + a a + o 

x d d b + c d a -\-b-{-cd-\-d b + c 
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18. Express 

a 2 x 2 + aix + a 0 d 3 di 

b 2 x 2 + b \X + b 0 b a b 4 

C 2 X 2 + C\X + Co c 3 C4 I 

in terms arranged according to ascending powers of x. 

19. Prove that, if the sum or difference of every pair of correspond- 

ing elements of two rows of a determinant be a constant multiple 
of the sum or difference of the corresponding pair of elements of two 
other rows, the determinant is equal to zero. \ 

20. Show that 


0 

d 

b 

c 


0 

1 

1 

1 

d 

0 

c 

b 


1 

0 

c 1 

b 2 

b 

c 

0 

d 


1 

c 2 

0 

d 2 

c 

b 

a 

0 


1 

b 2 

a 2 

0 


21. Express either determinant of the preceding exercise as the 
product of four linear factors. 

22. Prove that a determinant remains substantially the same if 
the signs of the elements be changed in every alternate member of 
the set of lines consisting of either diagonal and the lines parallel 
to it, the diagonal itself being one of the lines left unaltered. 

23. Prove that 


a 

b 

c 

0 


— a 

b 

c 

0 

b 

d 

0 

c 


b 

— a 

0 

c 

c 

0 

d 

b 


c 

0 

~d 

, b 

0 

c 

b 

d 


0 

c 

b 

— a 
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28. Show that 


bed 

a 

a 2 

a 3 


1 

a 2 

a 3 

a 4 

eda 

b 

b 2 



1 

b 2 

b 3 


dab 

c 

c 2 

c 3 


1 

c 2 

c 3 

c 4 

abc 

d 

d 2 

d* 


1 

d 2 

d 3 

d 4 


Find a single determinant equivalent to 


29. 

| tf'i bi cs | + | 

a>2 b\ | — | #3 ^4 Ch | ■ 

30. 

| flo b‘z Cf, | | 

00 &3 | — | 01 ^3 Cfi | -f- j a\ £>2 C 5 


61. Let A= ain , then if Aa TS = a Tk +i — a ra we have 



an 

Aan 

Adn 

■ Aai i7l _ 2 

A = 

a 2 i 

A^2] 

AdZ 2 l ' 

■ • Aa 2) n- 2 


a n i 

Aa„i 

Aa„i • ■ 

• Aa* wn _- 


as an immediate consequent of §57. 

Repeat the same operation beginning with the third column, and 
we have 


an 

Aau 

A 2 a u 

• A 2 fll,„_2 

021 

Aa 2 i 

A 2 a 2 i 

■ A 2 a 2 , n -2 

a n i 

Aa„i 

A 2 a„i • 

A 2 a„ ,„_2 


where the second difference, A 2 a rs = Aa rs+ i- Aa„. 

Continuing this process, leaving out a column each time, we have 


an 

Aan 

A 2 au • 

• ■ A n ~ 

‘ 1 011 

021 

Aa 2 i 

A 2 a 2 i • 

■ - A n_ 

' 1 a 2 i 

0nl 

Aa„i 

A 2 a„i • ■ 

, . A n " 

' l a n i 


where generally the kth difference A k a rs = A k ~ 1 a T H+\ — 

An arithmetical series is said to be of the kth order if the kth dif- 
ferences are constant. 
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62. If the n elements in each of the rows of A form an arithmetical 
series of order not greater than (n — 2), it follows from §61 that A is 
zero , for the elements in the last column will be zeros. 

63. The following more general theorem is readily seen: 

A determinant is zero if the elements in the same h columns of each row 
form an arithmetical series of order not greater than {h— 2 ). 

Example. If i 


(a) o 

(a + d) o 


since 


(«)* = 


a(a— 1 ) 


n ' 


— k + 1 ) 


1 ■ 2 ■ ■ \k 


0)i 

(a + d)i 


(a) k 

(a d)k 


(■ a + kd) o (a + kd) Y - • ■ (a + kd) k 


= 1 d-d 2 ■ ■ * d\ 


= <fr(r+l)/2 


A l {a + td) , = d l . 


Exercises. Set V 

1. Without finding the expansions of the determinants show that 


2. Show that 


3. Show that 

<Zi 

h 

Cl 
di 


02 

b* 

Cj 

d 2 


a b c 


h g k 

d e f 

= 

e d f 

g h k 


b a c 

bed 


a c b 

f g h 


i k j 

j k l 


e Z I 

nop 


m 0 n 



Ci b\ i 

b3 b4 


C 4 b 4 1 

c 3 £4 


£3 b 3 < 

rfg d^ 


£2 ^2 < 


d i 

</a 

1/2 
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4. Show that 



| d\ Z>2 Cs d 4 | — | di b 4 C 3 a 2 1 j 

and 


| d\ b 2 C3 d 4 £5 j — j &3 b 2 d 4 c b 

Find by cyclical transposition of the rows and columns of \b^Cid 2 e 3 /« 
a determinant equal to the said determinanl and having 

6. d 3 in the first row and first column; 

7. e\ in the first row and first column; 

8. c 2 in the fifth row and second column; 

9. / 4 in the second row and third column. 

10. Show that 


j 




11. Show that 

J 0 0 0 abed 

d a c b 0 e f g 

kQhO~OOhk 
g 0 / e 0 0 0 l 

12. Show that 

c 3 c 6 c 4 c 2 £5 fle a 2 0 0 0 

0 08 0 CL 2 0 ^6 ^2 0 0 0 

d 3 do di d 2 d b = 05 c 2 c 3 c 4 c b 

Q b* 0 b 2 0 d b d 2 d 3 d 4 d b 

e 3 e 6 e 4 e 2 e b ^2 e a e * 
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13. Transform 

abed 
b c d a 
c d a b 
d a b c 

so as to have the principal diagonal composed (1) of the foujr a’ s, (2) of 
the four b 1 s, (3) of the four c’s, (4) of the four d’ s. 

14. Show that 

a i a 2 a 2 a 3 a 3 -|- a\ a 1 d 2 a 3 

b\ + b 2 b 2 + b 3 6 3 + ^i =2 bi b 2 b 3 

Ci + C 2 C 2 + C 3 C3 + Ci Ci c 2 c 3 

15. Show that 

a\ + a 2 -f- a 3 a 2 4- 03 d 4 a$ H- ^4 ~h <?i a 4 -f fli + <12 

&i + £2 + ^3 ^2 + b 3 + 64 63 + £>4 + bi 64 + bi + b 2 

Cl + C 2 + C 3 C 2 + C3 + C4 C 3 + C4 + Ci , C4 + Ci + ' c 2 

di + d 2 + d 3 d 2 + dii + di d 3 + d* + di di -\- di d 2 

d\ a 2 a 3 d 4 

bi b 2 b 3 bi 

= 3 

Ci c 2 c 3 c 4 

di d 2 d 3 di 

16. Use the principles employed in §§ 37 and 39 to show that 

0 a b c 

— a 0 e f 

— b — e 0 hi = 0 . 

— c~f—h 0 j 

— d — g —i —j 0 

17. Similarly show that 

abed 0 
e f g 0 d 

h i 0 g — c = 0. 

j 0 i —f b 

0 j —h e —a 
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18. If m rows, namely, the &ith, h» th, • • • , h m th be transferred 
so as to become the 1st, 2nd, • ■ * , wth, without altering the relative 
positions of the remaining rows, and then n columns, namely, the 
&ith, & 2 th, • - ■ , £„th, be similarly transferred, the determinant thus 
obtained is the same as the original or differs from it only in sign 
according as 

/zi+fe+ ■ ■ ■ + &*»*- 1) + ^1 + ^ 2 + • • • -\~k n — \n{n+ 1) 

is even or odd. 

19. Without finding the expansion of the determinant show that 
ab + bc+ca is a factor of 

ah c 2 c 2 
a 2 be a 2 
b 2 b 2 ac 

Establish the following identities: 

a + b c c 

20. a b + c a = 4 abc. 

b b c + a 



(a 2 + b 2 )/c 

c 

c 



21. 

a 

0 b 2 + c 2 )/a 

a 


= 4 abc. 


b 

b 

( c 2 + a 2 )/b 1 



a + b — c 

c 

c 


abc 

22. 

a 

b + c — a 

a 

= 

b c a 


b 

b c 

+ a — b 


cab 


1 (o + 6) 2 

ca be 

1 



23. 

ca (6 + c) 2 ab 

= 2 abe(a 

+ 6 + c) 3 . 


| be ab (c + a) 2 I 

a + b + nc (n - l)a (n — 1)6 

24. (n - \)c b + c + na (» - 1)6 = n(a + 6 + c) 3 . 

(m — l)c (n — l)a c + a + nb 
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(« + 6) 3 

- a 3 

- b 3 


(i b + c) 3 —a 3 = 3 abc(a + b + c) a 'J'.aPb . 

-b 3 (c + a) 3 


a, b c d d 

a b c d a 
b b c d + d 


= 4 


a + x a — x a — y a + y 

a — x a — y a + y a + x 

a — y a + y a + x a — x 

a + y a + x a — x a — y 

1 a a a 3 

1 J . 

1 c c' cc' 

1 d d! dd J 


d a b 


= — 16a(x — y)(x + y) 2 . 



1 

ab 

a + b 

= (a - 6) 

1 

cd! 

c + d' 


1 

c'd 

c' + d 



CHAPTER IV 


Minors and Expansion 

64. Definition of Minor. If in the determinant |ai„ | we delete 
any r rows and any r columns the determinant whose elements are in 
order the elements thus left is called a minor of order n— r of A. 

Minors obtained by the deletion of one row and one column are 
called first minors ) those obtained by the deletion of two rows and 
two columns are called second minors } and generally those obtained 
by the deletion of r rows and r columns are called rtk minors. 

A minor formed by the deletion of the Xth row and Xth column is 
called a principal first minor , a minor formed by the deletion of the 
Xith and X 2 th rows and the Xith and the X 2 th columns is called a 
principal second minor , and generally a minor formed by the deletion 
of the Xith, X 2 th, ■ • , X r th rows and the Xith, X 2 th, - ■ • , X r th 

columns is called a principal rth minor. 

Principal minors are sometimes called coaxial minors. Two minors 
which are such that the rows and columns deleted to obtain the one 
are exactly those not deleted to obtain the other are called com- 
plementary minors. If the original determinant is of the nth. order 
then the complementary of a minor of the rth order is of the {n—r) th 
order. 

65. The minor formed by the deletion of the Ath row and the rth 
column will be denoted by A hr, the minor formed by deleting the 
Ath and Ath rows and the rth and the sth columns will be denoted by 
Ahk,rs and in general the minor formed by deleting the Ath, Ath, It h, 

■ ■ ■ , rows and the rth, sth, /th, • ■ ■ columns will be denoted by 

A hkl • ■ ■ ,rat • ■ ■ • 

The minor formed by deleting all except the Ath, Ath, /th, • ■ ■ rows 
and all except the rth, sth, /th, ■ • ■ columns will be denoted by 
A'hki'--.TMt- Both of these notations will be found convenient. It 
is to be understood that in both cases A, A, /, * ■ ■ and r, s, /, ■ • • are 
in ascending order of magnitude. Then in A \ki • • ■ ,rat since the num- 
bers in the first line of the suffix denote rows and the numbers in the 
second line of the suffix denote columns, it follows from §49 that an 
odd number of inversions will change the sign of the minor. Thus 

A f hkl... % nt = A'kih...r9l — A\hl...,rat = “ A Hkl....*rt , CtC . 

66. Though the numbers in the suffix of Ahki- -,r*i do not denote 
the rows and columns which are contained by the minor as in the 
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other case, but denote the rows and columns which are not contained 
by it we shall for convenience sake suppose the same law to hold and 

that A hk ,rs CtC. 

67. We shall also use and ^ or when no 

ambiguity can arise | (n \ m a ),(n | mp) |, and \ (n \m&) | or \ (n\m a ), 

(n\mj) • to denote the minor formed by the elements in the inter- 
section of the ath selection of m rows and the jSth selection of m 
columns and its complementary respectively. ! 

Minors in which the rows and columns taken to form the dpe are 
the same as the columns and rows taken to form the other are tailed 
conjugate minors. Thus A ( n |m«) 7 (n|mp) and A (n \ f {n \ ma) are conjugate 
minors. \ 

From § 12, it is evident that A (ni ma) ,(n\ mp) — A (n| ma ) , (n| mp) ■ 

68. We have seen (§38) that a determinant 


O 11 

012 

■ 01n 

a 2 i 

022 ‘ 

’ 02n 

flnl 

a n 2 ■ ■ 

Onn 


may be written 

a\^A\ + + aygiAi + ■ ■ + a\ n zA n 

where c A r contains no constituent from either the first row or the 
rth column and is the complete coefficient of a iT in A. Now since 
every term of A which contains an can contain no other constituents 
from the first row and first column, and by definition an must be 
multiplied by all possible combinations of products of n— 1 con- 
stituents, taken one from each of the other rows and columns, it is 
evident thatc/fi is the minor of A complementary to an, that is, An- 
To find the value oizA P} we bring a lp into the first column by carrying 
the pth column over the p—1 columns which precede it. This changes 
the sign of the determinant or not according as p is even or odd and 
therefore <iA p = (— \) p ~ l A\ p . zA p is called the cofactor of a Yp in A and 
is the aggregate of all the terms in A containing a \ p . We shall generally 
usee^ ra or [rs] to denote the cofactor of a rs . 

Therefore 


or 


A 


011-<4ll — 012-<4l2 + 013 A 13 + (— l) n l a\ n A\n, 

anzrfii + a\&Ai2 + aitfzAw + ■ ■ • + Oi n zA\ n . 



MINORS AND EXPANSION 


55 


69. In like manner we can write A in terms of the constituents of 
any other row. 

Thus 

A = ( — )*>~ l a p \A p] + ( — ) p a p 2^1 P 2 + ■ + ( — ) n+p ~ 2 a Pn A pn . 

Example. 


11 

012 

013 

014 









a 





012 

013 

014 


011 

013 

014 

U21 

022 

023 

024 

— — 021 

032 

0 33 

034 

+ 022 

031 

033 

034 

#31 

032 

033 

034 


042 

04 3 

044 


041 

043 

044 

041 

042 

043 

044 


011 

012 

«14 


011 

012 

013 





— 023 

031 

032 

034 

+ 024 

031 

032 

033 






041 

042 

044 


041 

042 

043 


70. It follows from this that, if all the elements in the pth row of a 
determinant A be zero except the one in the q*h column 

A = ( ') r + Q a pq A pq 

For 

A = ( — ) v ~ l a p \A p i + ■ ■ - + ( -)p+«-*a PQ A pg 
+ • ■ + {-)^ v ~ 2 a pn A pn 

= ( -) v+q ~ 2 a, pq A pq = ( — ) p ~ hQ a pq A PQ . 

If P = q = 1> then A = ani4n and if fln= 1, then A = An. 

Example. In the expansion of the determinant 


011 

012 

013 

014 

021 

022 

023 

024 

031 

032 

033 

034 

041 

042 

043 

044 


the portion whose terms contain the element a 3 3 is equal to 


011 

012 

013 

a i4 


011 

012 

0 

014 

021 

022 

023 

024 

or 

021 

022 

0 

024 

0 

0 

033 

0 


031 

032 

033 

034 

041 

042 

043 

044 1 


041 

042 

0 

044 
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and therefore is equal to 


#11 

012 

013 

014 


011 

012 

0 

014 

021 

022 

023 

024 

or 033 

021 

022 

0 

024 

0 

0 

1 

0 

031 

032 

1 

034 

041 

042 

043 

044 


041 

042 

0 

044 


and consequently to 


011 

012 

014 

021 

022 

024 

041 

042 

044 


71. Reversing the order of the members of the last equation of the 
preceding article we may view the theorem as affirming that without 
altering the value of a determinant its order may be raised by super - 
posing a zero on every column and prefixing unity to the row of zeros 
thus formed and a constituent of any finite magnitude to each of the other 
rows , thus 





1 

0 

0 

0 


1 

A 

B 

c 

0 

b 

c 









* 






a 

0 

b 

c 


0 

a 

b 

c 

d 

e 

f 

= 





s= 





g 

h 

k 


P 

d 

e 

f 


0 

d 

e 

f 




T 

g 

h 

k 


0 

g 

h 

k 


By repeating this process we may evidently raise the order of a 
determinant to any desired extent. 

72. A determinant of the nth order is expressible as the sum of n 
determinants , the first of which is obtained by changing into zero all the 
constituents of any row or any column of the original determinant except 
the first constituent, the second by changing into zero all the constituents 
of the same row or column except the second constituent , and so on . 

Let a p i a P 2 ■ ■ • a pn be the specified row of the original 
determinant so that 


Gpl 

0 

0 

0 • • 

0 

0 

0p 2 

0 

0 • 

0 

0 

0 

0p3 

0 ■ 

0 

0 

0 

0 

0p4 ' 

■ 0 

0 

0 

0 

0 ■ ■ 

0pn 


are the corresponding rows of the n determinants. 
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Then the first of the n determinants equals ( — )v~'a p \A p i, the 
second equals ( — ) p a p 2 A p2 , and so on, the </th being equal to ( — ) p+ 9-2 
a pq A pq . The sum of these make up the original determinant. Hence 
the truth of the theorem. 

This theorem also is evident from the addition theorem. (§44). 

Example. 


a 1 

02 

03 

04 


a 1 

02 

03 

04 


ai 

02 

0 

at 

4 i 

h 

^3 

b 4 

— 

b 1 

b 2 

0 

0 

64 

+ 

b , 


h 

0 

b t 

Cl 

Ct 

03 

C 4 


Cl 

02 

04 


Cl 

Ci 

C 4 

di 

d 2 

d 3 

d 4 


d 1 

d 2 

0 

d 4 


d 1 

d*l 

0 

d 4 






a 1 

02 

0 

04 

1 

a 1 

02 

0 

a 4 






b 1 

b 2 

0 

b 4 


6. 

b'2 

0 

b 4 





+ 

Cl 

02 

03 

04 

+ 

Cl 

Cl 

0 

c 4 






d 1 

d‘2 

0 

d 4 


di 

d 2 


d 4 


73. The number of terms in a determinant of the second order 
being two, it follows from §72 that the number of terms in a deter- 
minant of the third order is 2X3, that therefore the number of terms 
in a determinant of the fourth order is 2X3X4, and so generally as 
in §31 the number of terms in a determinant of the nth order is 
2X3X4 ■ ■ Xnorn! Similarly we have another proof of the theorem 
of §35. 

74. If the constituents on one side of either diagonal of a determinant 
he all zero f the determinant consists of only one term 1 namely the term 
composed of the constituents of the said diagonal. 

Example. 


0 

0 

0 

a 


0 0 d 

0 eg 

h f i 
e h j 



0 

0 

d 

= ~ 0 

0 

c 

g 


& 

/ 

i 


0 

d 


= ~ ab 

c 


~ 


— abed. 


75. The result of §69 will be easily seen to be of paramount im- 
portance in reference to the work of simplifying and expanding 
determinants, the finding of the expansion being made dependent 
upon the finding of the expansions of a number of determinants of 
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the next lower order. Evidently also the advantage thus obtained 
will be augmented if by the use of previously established theorems 
we can succeed in changing several of the elements of a row of the 
original determinant into 0, for then the number of the said deter- 
minants of the next lower order will be correspondingly lessened. 
For example, consider the determinant 

10 4 17 13 

4 2 8 6 \ 

3 -1 8 1 ’ ! 

7 5 20 17 


and denote it by C. Then 



2 

8 

6 

4 

17 

13 

4 

17 

13 

4 

17 

13 

C = 10 

-1 

8 

1 - 4 

-1 

8 

1 +3 

2 

8 

6 

- 7 2 

8 

6 


2 

20 

17 

5 

20 

17 

5 

20 

17 

-1 

8 

1 


= 10(48) - 4(58) + 3(- 4) , - 7(16) 

= 124. 

Here we have at once applied the theorem of §69. 

Again 

2 4 11 

0 2 0 0 

5-1 12 4 

-3 5 0 2 



0 

1 

0 


-19 

-8 

2 

-19 

12 

-8 

= - 2 

- 3 

2 


- 3 

0 

2 





1 -31 

0 

| 




— 

■2 


= 

124. 




I — 3 2 1 

Here we diminish each element of the first column by twice the 
corresponding element of the second column, each element of the 
third column by four times the corresponding element of the second 
column, and each element of the fourth column by three times the 
corresponding element of the second column, the result being a 
determinant with a row containing three zero elements, from which 



2 1 1 

=2 5 12 4 

-3 0 2 
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by means of the theorem of §69 or of §70 we pass to a single determi- 
nant of the next lower order; then this determinant is treated in 
similar fashion; and so on. 

It will be observed that one of the elements of the second row of 
C is a measure of each of the other elements of the row, and that to 
this peculiarity is due the possibility of transforming C, as above, into 
a determinant with a row containing three zero elements. The second 
column possesses the same peculiarity, so that we might also proceed 
as follows : 



22 

0 

49 

17 


22 

49 17 


10 

0 

24 

8 



c = 

3 

-1 

8 

1 

— 

10 

24 8 







22 

60 22 


22 

0 

60 

22 





5 

-2 

17 





= 

2 

0 

8 

= - 

204 + 88 + 240, 


0 

-6 

22 






= 124. 


Had such not been the case we could first have transformed C into 
a determinant having the peculiarity referred to, for example a 
determinant having one of its elements 1; and in this way the second 
mode of procedure can be seen to be always possible. 

Example. Show that 


b\ a a a 

a by a a 

a a bz a 

CL CL d b\ 


= (bi — a){b' 2 .—a)(bz — a){bi— a)l 1 


{■ 






a 


}■ 


It is clear that (§71) the given determinant is equal to 

11111 
0 &i a a a 

0 d by, d d . 

0 d a ba a 

0 d d d bi 
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Multiplying each element of the first row of this determinant by o, and 
subtracting the result from the corresponding element of each of the 
other rows, we have 

11111 

— a bi — a 0 0 0 

— a 0 b 2 — a 0 0 

— a 0 0 b 3 — a 0 

— a 0 0 0 bi — a 

This we know (§ 45 ) is equal to 

| bi - a 0 0 0 1 1 1 1 

O62-0O 0 0 b 2 - a 0 0 

0 0 b 3 — a 0 0 0 b 3 — a 0 

0 0 0 64 — a 00 0 bi — a 

111 1 1111 
by — a 0 0 0 61 — a 0 0 0 

CL ~\~d 

0 0 i 3 “ a 0 0 bi — 0 0 

0 0 0 bi ~ a 0 0 0 bi — a 

1 1 11 

bx - a 0 0 0 

— a 

0 — cl 0 0 

0 0 b 3 — a 0 

Here the first two determinants have all their elements 0 on one side 
of the principal diagonal, and the others have each a column with all 
the elements 0 except one, hence we transform the expression into 

(b x — a)(b 2 — a)(b 3 — a) (bi — a) + a(b 2 — a)(b 3 — a) (b 4 — a) 
bi — a 0 0 

+ a 0 b 3 — a 0 

0 0 bi — a 

bi — a 0 0 bi — a 0 0 

+ a 0 b 2 — a 0 + a 0 b 2 — a 0 

0 0 bi — a 0 0 5 a — a 

whence readily comes the result desired. 
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In the preceding process, the first step, namely, taking an equiva- 
lent determinant of higher order, is worthy of the learner's attention 
as being conducive to symmetry in obtaining the result in the par- 
ticular form wanted. 


Exercises. Set VI 


Find the single numbers to which the following determinants are 
equal: 


1 . 


3 14 1 

2 2 8 5 
16 4 2 

3 2 5 3 
8 7 5 10 

4 3 9 2 

8 9 6 12 


2 . 


5 . 


3 7 4 3 

7 4 3 5 
2 19 4 

8 6 4 7 

10 8 9 14 | 

17 15 18 11 
15 19 10 13 | 


3 . 


21 -22 


12 

25 


14 

18 


13 - 

14 18 -261 


1 

3 1 

2 

4 

1 


16 

17 

18 

101 

1 - 

7 

17 

-12 


4 | 


3 

1 

5 

4 

2 





5 

-1 

4 

6 

— 2 



7 

6 

4 

1 

3 





-1 

4 

6 

-2 

5 


7 . 

1 

3 

2 

9 

4 

. 



8 . 

4 

6 

-2 

5 

-1 

- 


2 

2 

9 

2 

1 





6 

-2 

5 

-1 

4 



8 

6 

1 

3 

4 





-2 

5 

-1 

4 

6 



2 


4 

3 

1 


4 

3 


12 

22 

14 

17 

20 10 


-4 


2 

-3 

2 

— 

1 

2 


16 

-4 

7 

1 - 

-2 15 


5 

— 

1 

6 

2 

— 

1 

5 


10 

-3 

-2 

3 - 

-2 

8 

9 . 

1 


1 

1 

-2 

— 

2 

-2 

. 10 . 

7 

12 

8 

9 

11 

6 


7 

— 

3 

-5 

1 

4 

2 


11 

2 

4 

-8 

1 

9 


3 


1 

2 

-1 

2 

3 


24 

6 

6 

3 

4 

22 


Find the ordinary expansion of the following determinants: 


0 

0 

k 

1 

X 


<Zi 

bx 

Cl 


ex 

0 

0 

h 

X 

0 


0 

b 2 

0 

0 

0 

0 

0 

X 

0 

0 

12. 

0 

b 3 

Cb 

d a 

ez 

0 

X 

e 

/ 

g 


0 

b 4 

0 


0 

X 

a 

b 

c 

d 


0 

h 

0 

<*6 

SB 
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13 . 


a 

1 

0 

0 


0 

d 

d 

d 


1 

b 

1 

0 

. 14 . 

a 

0 

a 

a 

15 . 

0 

-1 

c 

1 


b 

b 

0 

b 


0 

0 

-1 

d 


c 

c 

c 

0 



0 a b c 
a 0 y 0 
b y 0 a 
c 0 a 0 


1 a 

a a 




0 

0 



1 X 

a a 



17. 

1 x y 0 



16. 




J— ■ >■ 

O 

** 



1 a 

x a 






1 a 

a x 




1 0 0 x 



0 1 

1 

1 



a b c 


d 

1 b -h c a 

a 


19. 

— a b x 


y 

18. 







1 b 

c -\-a 

b 



— a —b c 


z 

1 c 

c 

a-\- b 



— a —b —c 


d 

l+a 

1 

1 1 1 


a+ b b 

c 


1 1 + 6 

1 

1 

. 21 . 

a b + f 

c 


20. 

1 

1 1 -\- c 


a be 

-\-d 

1 

1 

1 \+d 


a b 

c 



X 

0 

0 

0 

0 a n 




-1 

X 

X 2 

X 3 

X"- 1 a„-i 




0 

-1 

0 

0 

0 &n — 2 



22. 

0 

0 

-1 

0 

0 dji — 3 




0 

0 

0 

0 

0 ai 




0 

0 

0 

0 

— 1 do 




a i 

62 

0 

0 

■ 0 0 



d2 

-61 

h 

1 0 - 

0 0 



a* 

0 

— &2 b 4 

0 0 


23 . 

a 4 

0 

0 

-b 3 

0 0 



a n 

0 

0 

0 • 

■ — 

&n+l 


&TL+1 

0 

0 

0 ■ 

0 - 

K 



I 

I 



d 

d 

d 

d+e 
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Establish the following identities: 


a 2 + 1 

ab 

ac 

ad 

ab 

b 2 + 1 

be 

bd 

ac 

be 

c 2 + 1 

cd 

ad 

bd 

cd 

d 2 + 1 


25. Resolve into simple factors 


X 

ai 

a 2 

03 

1 

ai 

X 

a 2 

03 

1 

ai 

a 2 

X 

03 

1 

a\ 

a 2 

03 

X 

1 

ai 

a 2 

03 

04 

1 


= Q 2 +b 2 + C 2 + d 2 + 1. 


26. Without finding the ordinary expansion of the determinants, 
show that 


01 

02 

03 

0G 


01 

02 

03 

05 


02 

03 

04 

00 

1 

01 

1 

02 

05 

+ 

1 

01 

03 

04 


1 

01 

02 

04 

0 

01 

04 


0 

1 

02 

03 


0 

1 

01 

03 

0 

0 

1 

03 


0 

0 

01 

1 

02 


0 

0 

1 

02 


76. If the first constituent of a row of a determinant be multiplied by 
the complimentary of the first constituent in another row } the second con- 
stituent in the former row be multiplied by the co?nplimenlary of the 
second constituent in the latter , and so on } the sum of the products with 
alternately positive and negative signs is equal to zero. 

For if in the identity, 

( ) p 1 a p \A p i ~f- (' ) r a p oA p 2 -f- ■ ■ ( ) 71+77 ~a pn A pn = A 

we write a qT for a pr (r= 1, 2, , n) q^p* The right hand member 

will vanish having two rows identical. Therefore 

QqiApi — a q2 A P -2 + • ( — ) n ~ ] a Q „A pn ^ 0 q ^ p. 

If A = 0, then this is true for />=1, 2, ■ , n. 

77. If the first pair of elements in the first row of a determinant be 
taken in succession with every pair below it , and the determinants of 
the second order which have these pairs for rows be placed in order as 
the elements of the first column of a new determinant , and if the like be 
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done in the case of the second and following pairs of consecutive elements 
in the row , then the new determinant thus obtained divided by the product 
of all the elements of the first row of the original determinant except 
the first and last is equal to the original determinant. 

Let the given determinant be 

01 b\ c i d\ • ki l\ 

a 2 b% C2 d^. ■ k 2 I2 

a 3 b 3 c 3 dz ■ kz I3 I or 

a n b n c n d n k n l n 

Multiplying each element of the first column by — bi and adding to 
the result 01 times the corresponding element of the second column, 
we have (§ 58 ) 


0 

bi 

Cl 

di ■ 

■ h 

h 

— 02^1 ^201 

b* 

c 2 

d'i ' 

ki 

h 

— 03^1 + ^301 

b 3 

c 3 

d 3 - 

ki 

h 

— a n bi + b n a 1 

bn 

Cn 

d n ■ 

■ k n 

In 


Again, multiplying each element of the second column of this de- 
terminant by —Ci and adding to the result bi times the corresponding 
element of the third column, we have 



0 

0 

Cl 

d\ m m ' k\ 

h 

- 

02^1 “1“ ^201 

~ ^2^1 + 02^1 

C2 

^2 ■ " * h>2 

I2 

(- iyb lCl A = - 

a 3 b\ -|- ^>30i 

— b 3 C\ + 03^1 

Cs 

dz ’ kz 

h 

\ - 

■ anbi+ b n ai 

— l) n C 1 + 

C n 

dn ‘ fen 

ln\ 

This process being continued, the final result is 

(- 

■l) n -‘Wi ■ 

■ ■ eJiA 

0 

0 

0 


0 

li 

— 02&1+ ^201 

— &2 c i4~ Cib\ 

— C2di~\-d2Ci ’ 



h 

— 03^1“f“^301 

— bzC\-\-Czbi 

— c 3 d\~\~dzc 1 • 


— kzhf-hki 

h 

““0n^l+^n01 


Cnd\~\~dnC\ 


knl\ ~j“ In k 1 

In 
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— 02^1+^2^1 —bzCx + Cobx -Cidi-^dvCi * ■ ■ — Wl+^2^1 
—a$bi-\-b$ai — &3C1 + C361 — c^dy-\-d^Ci - ■ ■ — Wi + Wi 


I 0n&l+Ml — ^n^l + C„Z)i — C n ^i+^ n Ci ■ ■ 
and dividing by (— 1 ) n ~ l byCydy ■ ■ - l u we obtain 


dy 

by 

Cl 

dy • 

' / 

&2 

b. 

Cz 

d 2 ■ 

> l 

a-A 

bz 

C3 

d :i ■ 

l 

(l n 

bn 

Cn 

dn ' 

■ ■ l, 




ai b i 


by Cy 




b 2 

y 

bz Co 

y y 

1 


a\ b\ 


by Ci 


byCydy - ■ kj 



’ 

b^ C 3 i 

> y 



ai by 


by Cj 




dn b n 

y 

b n C n 

y " ’ ' y 


■ -k n li-\-lnk\ 



as was to be proved. 

78. The new determinant found in the preceding paragraph being 
one degree lower than the original, the theorem is important as afford- 
ing an easy means of evaluating a determinant whose elements are 
expressed in figures. Thus, taking the example already dealt with 
(§75), we have 


10 4 3 

4 2-1 


17 8 

13 6 


8 20 
1 17 


= 1/12 


I 


4-10 22 

12 8 4 

8-14 44 

2 - 5 44 

3 2 1 

4 - 7 22 

19 -27 

6 -33 
= - 4/5(— 209 + 54), 
- 124. 


= 4/3 


= - 4/15 



66 


THEORY OF DETERMINANTS 


Here, looking at the first two rows of the given determinant, we at 
once mentally evaluate 


10 4 


4 3 


3 7 

4 2 

> 

2 -1 

1 

-1 5 


and place the results 4, — 10, 22 for the first row of the new determin- 
ant; similarly we proceed with the first and third rows, ind with 
the first and fourth rows. This gives us a determinant of the third 
order, from which we remove the factors 2, 4, 2; then we treat the 
resulting determinant as the first was treated, and thus have\at last 
only to deal with a determinant of the second order. 

If one of the elements included between the first and last of 
the first row be zero, the theorem is clearly inapplicable; but then it 
has to be remembered in such a case that any row or any column 
may be made the first row. 

Examples. Use the process of §77 to find the simplest equivalent 
of each of the determinants 


1 . 


3 4 12 

6 9 7 5 

7 10 5 8 

4 2 9 3 


2 . 


7 3 9' 4 
3 9 4 7 

2 6 15 

10 7 14 10 


3. 


3 

-3 

6 

5 

1 



-3 


7 2 

2 5 

3 -1 
-2 3 

5 3 



Prove that 


4. 


16 14 12 9 15 

5 4 3 1 6 

2 8 4 9 7 

3 -2 -2 -3 -6 

1 3 2 3 2 


a i 

02 

#3 

04 

• • a n 

b i 

b 2 

^3 

bi 

■ ■ b n 

Cl 

Cl 

C) 

Ci ■ 

■ ■ c n 

d l 

(%2 

d 3 

di 

■ ■ d n 


l\ 1 2 / 4 ‘ 
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1 

hi 

| fli b 3 | 

| di b 4 | • 

| a] 

bn 

1 ffll 

Ci \ 

| ai c a | 

\ ai c A \ • 

■ | di 

Cn 

| ai 

d-i | 

| di (h 

| 0\ d A | 

■ | ai 

d n 

| 

h\ 

| d\ h | 

| «i h | 

' | <7! 

In 


79. If a determinant is equal to zero it is possible to so transform 
it as to have all the elements in a row or column equal to zero. 

Let A= \a nn \ be the determinant which is given equal to zero. 
Add to the nth column multiplied by eyfi„, the first times the 
second times cyfi 2 , the third times cyfm, and so on, and it is readily 
seen the elements of the last column become zeros. Similarly we may 
make the elements in any column or row zeros. 

Since in a determinant which has two of its columns proportional 
we can readily reduce the elements in one of the two to zeros, it 
follows that this is a necessary and sufficient condition that the de- 
terminant is zero. 

80. Given the set of n equations in 7t variables 


flllA*! + &\2%2 “b 

II 

+ 

021^1 ~\~ ^22-^2 "b 

■ ' + tfinA’n — yt 

dniXi + a„ 2 ^2 + 

1 d rin x n y-n 


let us denote the determinant of the coefficients | Q\n | by A and by 
e A ra the cofactor of a rs in A . 

In §42 we saw that the problem was to find multipliers which 
would, after multiplication and addition cause all terms to vanish 
except one. 

From §§68, 76 these multipliers are obviously cofactors and if 
we multiply these equations by e Ai kj zAw, ; ?Ank respectively 
and add, we have on the left XkA, for the coefficients of all the other 
x’s vanish by §76. On the right we have yizAn+y^ 2 k+ ■ ■ + y n *A nk 

or as it may be written 


dll ■ 

■ di,k-l 

yi 

dl,k-ll * ’ 

* d i n 

d2l * ' 

' • dz.k-l 

y* 

02.A4-1 ' 

■ dzn 

d n l - 

• • a n ,k- i 

yn 

d n k + 1 ’ 

' ' d n n 


— A k say , 
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Therefore x k A = A k) or if A 9 ^ 0 
(2) Xk = A k /A . 

Giving k the values from 1 tow we have the values for the n x’s. 

81. If now we add to the above set of equations another, namely 

@71+ 1 , 1 1 “1“ @71+1,2X2 d - ’ ' ■ @n-j 1 , 7 iX n = 3^4 1 

and substitute in it the values of the x’s from (2) §80, then w^ get 

@n+l ,1 A i + fln+1,2^2 + ‘ ’ ‘ + @7i+l,nA n = Jn+lA 

or as it may be written 

@11 @12 @ln yi 

@21 @ 22 ' ’ ' @2n yi 

= 0. 

@nl @n2 ’ ’ ■ @nn y n 

@ 71 + 1,1 @7i+l 1 2 ' ' @n+l ,n y rt-f-1 

This is then the relation which must exist between the coefficients 
of the jz+ 1 equations in n variables if they are to be satisfied by the 
same set of values of the x’s. It is called the Resultant or Eliminant 
of the set of equations. 

If in equations (1) §80 the y’s are all zero then we see that the x’s 
must all be zero unless the determinant of the set is zero. 

82. If the equations are to be satisfied by values of the x’s not all 
zero we may suppose x n not zero and divide them all by it, then 
we have n non-homogeneous equations in the n— 1 ratios x k /x n 
{k= 1, ■ ■ * , n— 1). Then by §81 we must have A =0. 

We see therefore that if ^4^0, the only solution is that the x’s 
are all zero, but if A = 0 then there may be a solution other than all 
zeros for the x’s. 

Exercises. Set VII 

With the help of determinants solve the following sets of equations: 

1. 4x + 7y + 3s — 2u> = 9 2 . 3x + 2y + 4s — w = 13 

2x — y — 4z + 3w =13 5x + y — z + 2 w = 9 

3x + 2y — 7s — 4 w = 2 2x + 3y — 7s + 3w = 14 

5 x — 3y + z + 5w — 13. 4x — 4y + 3z — 5^ = 4. 
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3. v w — y = a 4. v + w x — y = a 

w + x — z = b w-\-x-\-y — z = b 

x + y — V = c x+y + z — v = c 

y + z — w = d y -\- z v — w = d 

z v ~ x = e. z-\-v+w — x — e. 

5. w+x+y+z= 1 6. w + ^+ > , 4-2=1 

aw + bx + cy + dz = e w 4- a# + &y + cz = 0 

o 2 7 £; + + c 2 y + </ 2 z = c 2 w + a 2 x + b 2 y + c 2 z = 0 

a z w + b 2 x + c*y + d*z — e 3 . w + fl 3 # + b 3 y + c 3 z = 0. 

7. v — 2w — 2x + y + 3z = a 
w — 2# — 2y + 2 + 3?; = 

# — 2y — 2z + v + 3x = c 
y — 2z — 2v + w + 3x = d 
z — 2v — 2w + x oy — e. 

8. What relation must exist between a, b, c, d if the equations 

ax + by + cz + </ = 0, 
ft# + ay + </z + c = 0, 
ax + cy + + d — 0, 

cx + ay + dz + b = 0, 

be simultaneously true? 

9. If the equations 

aix 3 + bix 2 + ci# + ^i = 0, 
a\x* + bix* + Ci# 2 + d\X- = 0, 
b^x 2 + c 2 # + d% = 0, 

&2 # 3 + c 2 # 2 + dix = 0 , 
biX* + c*x 3 + diX 2 = 0, 

be simultaneously true (which evidently will be the case if the first 
and third be simultaneously true, that is, have a common root), 
find the relation which must exist between a u b h c u d u fo, c 2 , d 2 . 

Similarly find the resultant in the case of each of the following 
pairs of equations: 
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10 . 



dyx 2 

+ 

bix 

+ 

Cl 

= 0 




a 2 x 2 

+ 

b 2 x 

+ 

C2 

= 0 

11 . 

aiX A + byx z 

+ 

C\X 2 

+ 

dix 

+ 

C\ 

= 0 




C 2 X 2 

+ 

d 2 x 

+ 

e 2 

= 0 

12 . 

a^x 3 

+ 

b,x 2 

+ 

C\X 

+ 

di 

= 0 


a 2 x 3 + b 2 x 2 + c 2 x + ^2 = 0. 

13. aiX A + b)X 3 + c\X 2 + d\x + ei = 0 

b 2 x :i + c 2 x 2 + d 2 x + ^2 = 0. 

14. aix A + C\X 2 + d\x + ei =*= 0 
a 2 x A -f- b 2 x 3 -f- d 2 x -f t *2 = 0. 

15. aj£ 6 + bix 2 + Ci = 0 

d]X A + e\X 2 + /i = 0. 

83. Looking upon the determinant | d\ n |, or A as a function of n 2 
independent variables, namely, the constituents, and since all terms 
of A which contain a u are included in a n A n and A\ i is independent of 
an, we have by differentiation of 

A = a u-4 ii — a 1 2-4 ! 2 + fli:^4 is — ■ * + ( — ) ri_ 1 air 4 ^4 irl , 

the relation 

dA 

= An. 

da n 

Similarly 

dA dA 

= A 12, — = A 13, 

dd[ 2 dan 

dA dA 

“ “"-4 21, 7 = A 22 , 

dtf 2 i da 22 

and generally 

dA 

— = (-) ,,+ m pq . 

da„„ 

We have thus a less arbitrary notation for the cofactor of the con- 
stituents than that of §68, and we may write 

dA dA dA 

A — an + a i 2 - b • ■ .+ a\ n > 

da ii dd\ 2 da\n 



etc . 
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84. If all the constituents are functions of the same variable x then 
dA „ dA da T 


If 


~dx ~ ^ 


ddjj 


dx 


Clki — &d>ik y 


then 


dA dA dA ddki 

ddik ddiic ddfci da xfi 


= A ik + cA k\ - 


If 


dfci “ k ) 


then 

— Ak i 


dA 

and 

= 24 

da xk 


If Qki = — d ,1 


then when n is even A — — A kX) 
dA 

and ~ = 2Aik 

dd lk 


but when n is odd A lk — A kx 
and A = 0, 


dA 

= 0. 

dd x k 


85. For the differential we have 


dA= £ —da vq (/>.? = 1,2.- - ,«) 

Odpq 

= — ) p + q A pqddpq 

= Y i (-)’'+ 1 A P ida p i + L(-)" + M p 2 da J , 2 + ■ ■ ■ , 

(p = 1,2, 
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Therefore 


dA 


dan 

012 • 

' 01n 1 


011 

dd\2 ’ 

' ’ 01n 

dcLi\ 

022 ’ 

1 02n 

+ 

021 

dd’i 2 ■ 

• 02n 

da nl 

0n2 ' 

0»n 


0«1 

d(l n 2 ■ 

0nn 





011 

012 ' 

da ln( 



+ • 

+ 

021 

022 

da 2n \ 





071 1 

0n2 ’ ' 

■ da nn 


so that the differential of a determinant is the sum of n determinants 
formed by substituting for the constituents of each column of A in 
succession their differentials. The rth derivative of A may be written 
(di+d 2 + • ■ ■ +d n ) r A where d h denotes differentiation of the Ath 
column. 

86. Making use of this principle to find the derivative with respect 
to x of the determinant 


we have 


L n (x ) = 


d 

1 

dx 

d 2 

1 

dx 2 


a n - 

~ X 012 

• 01n 

021 

r; 

1 ; 

07 

N 

‘ 02n 

0n 1 

0712 

0n n 

<n(x) 

= (- l) 1 E£,-i 

i 

'71 ( A ) 

= (- 1) 2 2 XX- 

~2,n(x) 


—-L n (x) = (— 1 ) T r\ ^2Ln- r ,ii(x) 
dx r 


Where L n -r,n(x) represents a coaxial minor of order n — r. 
Example 1. Let 



?! 

yl 

yl' ■ 


A = 

3^2 

yi 

yi: ■ 

. . y 2 (.n- 1) 


3>n 

yn 

yl' ■ 

. . y n ( n-1) 
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where yi , y 2 , ■ • ■ , y n are functions of x and the accents denote dif- 
ferential coefficients with respect to x. Then 


1 

yi 

yl • 

■ y^ n— 2 ) 

yi ( ") 

1 

dA 

?2 

yi • 

. „(*-» 


= 





dx 


y»' ■ 

• • y,l"- 2) 



Since each of the other 1 determinants vanish having two 
columns identical. 

If the functions yi, y 2 , y * , ■ • , y n are each multiplied by any 

arbitrary function u y then the whole determinant A will be multiplied 
by u n . 

Example 2. 


Let 


A 


n 


Then 


dAn 

dy i 


and 


a- 1 *, 

dyi dy 2 ■ ■ ■ dy n - 1 


1 

l 

l 

y i 

J’2 

■ 

yi 2 

** 

• 3',, 2 


-y 2 (»-0 . 

. . (ii—l) 

yn 


0 

1 

1 

1 

y 2 

• * yn 

2yi 


• ■ y* 


V 2 (n-D . . 

• yj ■” 

0 

0 

• 1 

1 

1 

•• • y 

2yi 

2y 2 

■ ■ ■ y, 


(w — l)) , i <n_2) (»-l)y^ _,) - ■ • y» n 11 

= ( — ) n - 1 (n — 1) ! An_i . 
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Example 3, Find the complete differential of 


d\ CL 2 #3 CL\ 


C\ C2 C 3 C4 


due to the independent variation of all the elements. I 

87. If a determinant be differentiated with respect to the element com- 
mon to the first row and column deleted to form any minor , tins differen- 
tial coefficient be differentiated with respect to the element common to the 
next row and column deleted , and so on , the result equals the said minor 
or differs from it only in sign , according as the sum of the numbers 
indicating the deleted rows and columns is even or odd. 

Let A be the determinant, and let the rows which are deleted to 
form the minor be in order the Ath, £th, £th, ■ ■ ■ , and the columns 
the rth, sth, wth, ■ ■ - , so that the minor would be denoted by 
A hkl ■ ■ ■ ,rau ■ • ■ • Then (§83) we have 


(- D^ r - 


and, since the element of the &th row and Jth column of A is the ele- 
ment of the (k— l)th row and ( 5 — l)th column of A hr , we have further 


= (- D* 


( dA I 


= (- D* 


daicdahr 


so that if the minor be of the mth order, we have generally 


.... = (" 1 ) 




dahrd&kadab 


It has to be carefully noted that in the identity here provec 
h<k<l< ■ ■ ■ and r<s<u< ■ ■ ■ . If this were not the case, then 
would still be equality as to magnitude, but the sign would be other 
wise determined than from the sum of h, k } l, ■ ■ , r, s, u, ■ ■ ■ . 

If this proviso with regard to h, k, l } • • ■ and r, s, u, • ■ ■ be no 
made, the sign factor would evidently be 



MINORS AND EXPANSION 


75 


where Xh = h+k+ ■ ■ ■ , Xr = r+s )-■•*, 

^1 = number of inversions in A, , 

v 2 “ number of inversions in r, s, t, ■ ■ ■ 

88. Since 


and 

} Therefore 

* 


A h k,rs = ( - )h+k+r+ a+Vl+V2 

da ka da hr 

d 2 A 

A hkf „ = (-)M-*+r +.+*+* 

d(lkrd(lfii 


A 


hk ,r b 


Ahk,er • 


a 2 A a 2 A 


dQ' ks dQ'hr dQk r dGhfi 


89. In a determinant the cofactor of the product of any number of 
elements which may come together in one term is equal to the result of 
differentiating the determinant in succession with respect to the said 
elements. 

Just as by differentiating or A say, with respect to a hr we 

obtain the cofactor of a hr in A, so by differentiating the result with 
respect to an element of another row and column, a ks say, we obtain 
the cofactor of a ks in dA /da hr \ and thus we see that the cofactor of 
atirdka in 


i 


d 2 A 

A = 

dahrddkt, 


Similarly, the cofactor of ahra ks aiu in 




§ and so generally. 


d 3 A 

A 

dah T dak$dai u 

d 3 A 


dakrddteddhu 
= etc. 
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90. If, in a determinant of the nth order, the minor formed of the 
elements common to the first m rows and the first m columns be 
multiplied by its complementary, the product gives m\(n — m)\ 
terms of the original determinant. 

Let the determinant be denoted by A. The minors would be 
andi4 , m+ i...„ ?w+ i... n respectively, which for conven- 
ience we will denote by M and N. j 

If any term of M be taken and any term of N , the product of the 
two terms must contain one and only one constituent frim each row 
and each column of A, and must therefore, setting aside me question 
of sign, be a term of A. \ 

Further, suppose that the numbers whose inversions of order, de- 
termine the sign of the term taken from M are 

0 , 5 , 7 >■■->*■ 

The number of said inversions being r\ and suppose that the corres- 
ponding numbers in the case of the term taken from N are 

£, Pi T, • ■ 

the number of inversions being s. Then the sign factor of the product 
of the two terms would be 

But the series of numbers for determining the sign of it viewed as 
a term of A would be 0 , 5 , 7 , • ■ ■ , k, m + £, tn+ tt, ■ ■ ■ , w+t; and 
as each of the numbers w + £, m-\- tt, ■ ■ • , m+r is greater than any 
one of the numbers 0 , 5 , • • • , k, and the number of inversions in 
m+£, ■ ■ ■ , m + r, is the same as in f, ir, • ■ * , r, the total number 
of inversions in the series must therefore be r+j. Consequently 
the sign-factor of the product viewed as a term of A would be 

which, as we have just seen, is the sign it actually bears. 

Thus the product of any term of M and any term of N is a term of 
A; therefore if M which consists of m\ terms be multiplied by N 
which consists of (n — m)\ terms, there will result m\(n — m)\ terms 
of A. 

This theorem is also evident from the fact that the combination 
of the numbers in the first line of the suffixes of the elements in the 
term of the one minor is the complementary with respect to n of 
the combination of the numbers in the first line of the elements in 
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the term of the other minor and that the numbers in the one combin- 
ation are all greater than those of the other. 

91. If, in a determinant of the nth order , the minor of the constituents 
common to m rows , namely , the hth , kth, lth } - ■ , and m columns, 

namely, the rth, sth, uth, - be multiplied by its complementary , the 
product taken with the sign ( — )*+*+*+ ■ •■ +*■+*+ *+ . . . gj ves m\(n — m)\ 
terms of the original determinant. 

Let the determinant be A, the minor M and its complementary N . 
Making the hth. row pass over the h — 1 rows which precede it, then 
the kth row over k — 2 preceding rows, then the Ith row over 1 — 3 
preceding rows, and so on, we have a determinant A' whose first m 
rows are the hth , kth, Ith, ■ ■ • of A and such that 

A' = (_y<-J + A— 2+/-3f ■ £ 

Again by treating the rth, 5 th, uth, - ■ , columns of this determinant 

in like fashion, we obtain a third determinant A" whose first m rows 
and first m columns are the m rows and m columns of A out of which 
M is formed, and such that 

l+i 2fu-3+'-‘A 

— ^ ^/t+A-fZ+»- +r+«-lM+’- 

since —1 — 2 — 3 - ■ ■ —1 — 2 — 3 is even. 

Now (§90) the product MXN gives m\{n — m)\ terms of A"; 
therefore, taken with the sign-factor ( — ) h + k + H * +'+-+«■•■ ^ will 

give m\(n — m)\ terms of A. 

Example. Taking the first, second, fifth rows, and the third, fourth, 
fifth columns of 

(L\ CL 2 #3 #4 #5 

fti hi fta b 4 b 5 

C ] C% C$ C 4 C& 

d\ d 2 d$ d$ d§ 

e\ e% C 3 en 

we have the minor 

a 3 a 4 ^5 

b 3 ^ 4 ft 5 

e 3 £4 £& 
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whose complementary is 

Cl Co 

d\ d 2 

hence (— l) 1+2+B+3+4 " Hi ja 3 b 4 e 6 | jcid 2 j gives 3!2\ terms of \aib 2 c 3 d 4 e h \. 
Similarly, \c\d 2 e 3 \ \a 4 b$\ and — \b 2 c 3 d^\ \aie 4 \ each give /twelve 
terms; and, as we already know (§31), — b 3 \a\C 2 d 4 e 6 1 and e\ \a\bzc 4 di | 
each give twenty-four. \ 

92. The proposition of (§91) is equivalent to the statement that 
the cofactor of a minor of a determinant is the complementary 
minor, the sign to be taken with the product being + or — * according 
as the sum of the numbers indicating the deleted rows and columns 
is even or odd. As, however, the sign of the product of the two minors 
must be the same as the sign of the product of their principal terms, 
it is evident that we have another and perhaps easier mode of fixing 
it, namely, by determining the sign of the latter product as a term 
of the original determinant. Thus, taking the first example above, the 
sign to be prefixed to |a 3 6 4 c 5 | \c\d 2 \ is the sign of a 3 b 4 e^Cid 2 or 
a 3 b 4 Cid±e b as a term of \aib 2 c 3 d 4 e$ 1, and therefore (§21) is (— l) 4 . 


Exercises. Set VIII 

Write down the complementaries of the following minors of 
\aobiC 2 d 3 e 4 f a | : 


1 . b 3 . 

2 . | C<L C 4 ] . 

3 

• | Co / 5 I . 

4. 

| bo C& | . 

5 . | d 2 e 3 f\ | 

6 . | 61 c 3 c It . 

7 

• 1 bo 02 ft I 

. 8. 

I Co d 4 C 2 I ■ 

9. What are 

the complementary 

minors of 

| 0130.16 | 

and (012035056 


in I 001012023031045056 | ? 

10. Express as determinants. 

a 2 , - d 3 

I 016 | and I 001 012 023 034 04b 056 | ■ 

$025 $053 $013 $042 $03 5 

11. What is the cofactor of 1 022043 1 in 1 021032043054065 1 and in 

| 001012023034045056 J ? 

12. Express in symbols the theorem regarding the effect of trans- 
posing two rows of a determinant. 
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13. Find the single number which is the equivalent of 


1 a b c 
a 1 0 0 
b 0 10 
c 0 0 1 


1 a b 

+ — a 1 c 

~b — c 1 


14. Find the final expansion of 

0 — b — c — d 

b 0 -c -f 

c e 0 -g 

d f g 0 

15. Express in terms arranged according to descending powers of x 

x -1 -1 -1 

1 — 1 — 1 
11 X s -1 

1 1 1 X 7 


16. Find the quadratic in x, y , z equivalent to 

0 x y z 
x a h g 
y h b f 

* g f c 

17. Find the quadratic in x } y, z , w equivalent to 

0 x y z w 

x 1 — 1 — 1—1 
y — 1 1 — 1—1 

2 - 1-1 1 -1 
W — 1 — 1 — 1 1 
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18. Find the quadratic in x, y, z equivalent to 


1 0 0 ax + hy + gz 

0 1 0 hx + by + fz 

0 0 1 gx + fy + cz 

x y z 0 


19. Prove that 

1 0 0 0 ax+ hy+gz 

0 10 0 hx+by+fz 

0 0 10 gx-f fy-\-cz 

0 0 0 1 Ix+my+nz 

x y z 1 k 


1 

0 

0 

x 


0 0 
1 0 
0 1 

y z 


ax-\~hy-\-gz-\\ 

hx+ by-\- fz+m 
gx+ fy + cz+n 
k 


= — ( ax 2 + by 2 + cz 2 + 2fyz + 2 gzx + 2 hxy + lx + my + nz k) . 


93. Laplace's Theorem.* If any m rows of a determinant be selected 
and every possible minor of the mth order be formed from them , and if 
each be multiplied by its complementary and the sign + or — be affixed 
to the product according as the sum of the numbers indicating the rows 
and columns from which the minor is formed be even or odd , the aggregate 
of the products thus obtained is equal to the original determinant. 

Let the given determinant be of the rath order. 

The number of different minors of the wth order that can be formed 
from these m selected rows is clearly the number of sets of m columns 
that can be formed out of n ) and therefore is 

nl 

m!(n — m ) ! 


Now the product of each of these minors and its complementary 
gives, when its sign is fixed in the manner stated, ml(n — m)l terms of 
A . Using all the different minors, therefore, we obtain 

f m\{n — m) \n\ 

? or n ! 

m\(n — m ) ! 

different terms of A } that is, the full expansion of A. 


See Hist. I p. 115. 
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Examples. Taking the first two rows of 


0 i 02 

b\ ^2 

Cl C 2 
d\ d*i 

we have in all six minors, namely 


01 d\ 


d\ dz 


d\ d\ 

b\ b 2 

j 

b\ bz 

i 

bi 64 


hence 

| d\ b 2 Cz d\ | = | 01 b 2 1 | 63 di 

+ | 02 1 \ Ci d, 


#3 04 

&3 64 

03 C 4 
dz d 4 


02 d$ 

02 

04 

os 

o« 

b 2 b 3 

’ b 2 

b 4 

’ b 3 

b t 

bz | | 

c 2 d 4 1 

+ 1 

Oi 64 | | 

c 2 d$ 

02 b 4 | | 

Ci dz | 

+ 1 

Os bi I 1 

C\ d 2 


By selecting any other pair of rows except the last pair or any pair 
of columns we should obtain a like development: by selecting one 
row or three the development is that of §69. 

Similarly, we find 


0i b 2 03 d 4 e& | — 

01 b 2 c 3 1 

| d 4 e 5 1 — | 0| b 2 0 4 1 

| da 0 b 

+ 

01 b 2 c 5 1 

| da Ci | + | 01 ^3 04 1 

1 d 2 6 b 

— 

1 01 bz 05 I 

| d 2 04 1 + | 01 b 4 05 1 

1 d 2 03 

— 

1 02 bz C4 I 

1 d\ Cg | + | 02 &3 0B 1 

| di e 4 

— 

I 02 b 4 0B | 

1 ^1 03 I + | 03 bi 06 | 

| d\ e 2 


The theorem of this article is an extension of that in §69 and may 
be symbolically expressed thus: 


A = — )^4 (« | ma) , (n | mp) ‘-4 (« | ma) , (n \m0) 

1 


where ii — n m and v is the number of inversions in (n |w«) + the 

number in (n \mp\n \mp)j that is, 


s(n | m a ) 


+ s(n | mp) 


(m + l)m 


or s(n\m a )+s(n\m0) — m{ 1+m) (§14). 


9 
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94 . Since either of the determinants in each of the products re- 
ferred to in the theorem of the preceding article may itself be expressed 
as an aggregate of products of complementary minors, we see that 
by repeated use of the theorem we can develop a determinant as an 
aggregate of products of more than two minors. Thus 


| ai bi Cs d± | = | b% 03 1 

| d 4 Cfi/fil 

— | 01 &2 O 4 

1 1 h e*f» I 

+ 

= a\ | bz Cz | 

| d 4 e& f 6 1 

— fl-2 [ bi C3 

1 <*« e &/l| 


+ ^3 I 6l C2 I 

| d\ e B /6 1 

— CL\ | ^2^4 

| | da ej/e\ | 


+ a 2 1 biCi\ 

| ^3 *b/g | 

— #4 1 bi C2 

| | dz 6 6 /c | 

\ + 


where each term is a product of three minors, one of the first, one 
of the second and one of the third order. 

The symbolic expression for this general theorem would be 

nh (n—h)^ ( n—h—i— • ■ — k)^ 

A = ( — ) l 'i4(n|Aa) ( (n|W)-4(n|fc«|ip) I (n|fc«'|ifl') 

1 1 1 

# 

' -A (n\k a \if}\ . • | otj ) ,(w|W| l/S'| - ■ • !«,) 


where v is the number of inversions in 


+ the number in 


( » I K\n | h a | ifi\ ■ ■ \n\ h a | ift | • ■ ■ | mf) 
(n | h a 'ln | h a > | ip \ • ■ \n \ h a * | ip ■ • ■ | nh) 


and where n = h+i+ • ■ ■ +l+m. 

We might extend the meaning of complementary minors and call 
a set whose row and column numbers form a set of complementary 
combinations (§ 12 ), as in any term of this expansion, a System of 
Complementary Minors. 

Making use of the theorem of the preceding article to expand the 
determinant of §46 we get: 

nh 

£«' E P 

i l 


( n-h k) t 

^5' ( — ) V A (n I A u ) , (n \hc‘ )B (* \ha | i/9) , (n| ha’ | <0') 

1 


P(n\ha\i0\' • - [mi) ,(n|W| i/J' | * ■ ■ |mj) 
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where v is the number of inversions in 

(n | h a \n | K | ip! ■ ■ ■ \n \ h a \ ip \ ■ ■ • | mi) 


+ the number of inversions in 

in \ K'\n | h a ' | ip’i ■ ■ ■ \n | h a > 


n). 


95. Making use of the theorem of the preceding article, together 
with the expansion of §46 we get: 

n n n (n— Ji)i 

A = ^ h t * "• lH m 51“' 5J 3 ' 

0 0 011 

( 7i— h — t • ■ ){ 

• ■ ■ 5^5' ( — )"^( n |M.( n |W)-S(n|/i«[t^).(u|/to'|»^) 

1 

B (n\h,a\ i0| • ■ ■ (mi) ,(n|W | %$' | ■ • ■ | m\) 


where the value of v is found as in the above case. 

96. For any fixed value of a, (3, y, ■ ■ ■ , 1, there are n\/h\i\j\ ■ ■ ml 

ways of forming a system of complementary minors which is the 
same as the coefficient of the general term m the expansion of the 
multinomial (#i+# 2 +#a+ • ■ + #,0". 

We may write symbollically for the expansion of A 

A = {^4 ( n |*„) ,(n|/itt') + A (n\ha\tfi) ,(n|W|i0') 

H“ • • ■ + A {n \ha\tfi\ ■ • Imj) .(nl/ia'It/J' | ■ ’l^i) } H 


where the exponents are to be dropped having no effect but simply 
indicating the order of the determinant factors, and where the coeffi- 
cient of every term is to be replaced by a summation sign, the number 
of terms in the sum being given by the coefficient. This is Albeggiani s 
theorem. 

Example. If 




yn 

>'12 ■ ■ 

■ ym 



y< 1 

y r 2 ■ ■ 

’ yrn 

Xu ■ ■ 

■ #lr 

an 

012 ■ 

‘ 01n 

#21 ‘ ■ 

■ X 2r 

an 

022 ’ 

1 ‘ 02n 

#nl 

‘ ' #nr 

a n 1 

0n2 ■ 

■ * a n n 


B = 
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and if X be any r-line minor of the x array, Y any r-line minor of 
the y array, and A the minor got by deleting the rows and columns of 
(ain | which are the continuations of the rows and columns of X and 
Y respectively then 

B = £(- \y+'X-Y A., 

where a is the sum of the numbers of the columns taken fro|n the y 
array and the number of the rows taken from the x array. I 

97 . Starting with a determinant of the 4 th order, we have W La- 
place’s expansion-theorem \ 


Ox 

&2 

a 3 

a 4 

bi 

nQ 

b 3 

b 4 

c 1 

c 2 

c 3 

Ci 

d, 

d 2 

d 3 

d< 


= I ai 

M 1 

Cz d± \ — 

| ai 

c 2 | | 

b 3 d 4 | 

+ 1 

d\ d 2 

j | b 3 Ci | 

+ 1 

b i c 2 

| | 03 d 4 | 

-1 

b\ d 2 

| \a 3 c t \ 

+ 1 

ci d 2 

| | a 3 b 4 | 


Now the sum of the first and last terms here is clearly equal to the 
permanent 


I I 

1 1 ■ 

| ai b 2 1 

|«3 b 4 \ 

| Ci d 2 1 

| C3 d\ | 


the sum of the second and fifth equal to 


" r 1 


1 1 

| d\ 

c 2 \ 

|03 C 4 | 

l*i 

d 2 1 

| b 3 d 4 1 


and the sum of the third and fourth equal to 


so that we have 


__ 

1 7 1 

1 



J cij d 2 1 

| #3 04 

1 


|^i c 2 1 

| b 3 c 4 

1 ’ 





1 

a\b 2 \ | 

\ c 3 d t \ 

+ 


+ \\ aid 2 
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98. Taking next the determinant of the 6th order we have, as 
before 


1 

62 £3 | di c 5 / 6 j 

— 


| C4 e& /c | 

+ ! 

CL\ 62 £3 | | 

Ci dh /( i ] 

— 

| ^1 62 fa | 

| C4 d§ Cq 1 

+ 1 

£2 d 3 1 1 

bi /e ( 

- 

1 t h c 2 e 3 1 

\bid,f,\ 

+ 1 

di c 2 fa\\ 

64 d$ | 

+ 

<i i d 2 e 3 1 

| 64 c 5 / 6 1 

— | 

tfi d 2 fa | | 

bi C(y | 

+ 

j e 2 fa | 

| 64 Cf, de | 

— | 

bic 2 d s | | 

Zb /o | 

+ 

b\ C 2 C3 | 

| 0 4 ^5/6 1 

— | 

c 2 fa | | 

0>4 dfr | 

- 

61 d 2 c 3 1 

1 a 4 /o | 

+ 1 


(2 4 C 5 £ 6 | 

- 

b\ c 2 f 3 | 

1 0 4. C5 d§ | 

+ | 

C\ d 2 €3 j | 

Oj b 5 ft $ 


Ci d 2 fa | 

| <14 65 e% | 

+ 1 

Ci e 2 fa | | 

a 4 65 da | 

- 

| d\ e 2 fa | 

| «4 65 Cq 


and as the sum of the first and last terms of this development is equal 
to 

^2 C3 | | Q 4 65 Cfi | 

di Czfa | | (h Cbfb | 

the sum of the second from the beginning and the second from the 
end equal to 

| 1 b 2 d 3 | | (I 4 bh dn | 

| Ci C2/3 1 | c* Cb /e | 

and so on, there results the identity 

I Cl\ b 2 Cg di £5 fc | = | | (li b'2 f 3 I I di 6<j f% I | , 

there being ten terms on the right included under the sign of sum- 
mation, and the sign preceding each being the same as the sign of that 
particular term of the original determinant which is brought into 
prominence by the notation employed. 

99. Taking next the expansion of \a^b 2 c 3 die^f % 1 iu terms of minors 
of the 2nd order, we should obtain 90 terms of the form 

(li 62 £3 di | | £5 /e 

and these we should find capable of being collected into 15 sets of 6, 
with each set expressible as a permanent of the 3rd order, the identity 
reached being 
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01 | 

03 64 | 

06 ^6 

0] &2 03 04 /e I = 52 c l ^2 | 

c 3 di I 

C 6 d% 

e\ f%\ 

«3 U 1 

1 e & /e 


100. Towards the establishment of the theorem in all its generality 
the first step necessary is to prove the following: / 

If the rows of a determinant of the ( mn)th order be separated by hori- 
zontal lines into n sets of m rows each , and the columns be similarly 
divided , the result may be viewed as roughly representing a determinant 
of the nth order {called a compound* determinant) each of whose elements 
is a determinant of the mth order and a minor of the original determinant, 
and each term of the compound determinant thus arising will produce 
(m!) n terms , differing at most only in sign from terms of the original 
determinant. 

The original determinant being denoted by 

| On 022 033 ' ‘ ‘ a mn ,mn | 

the compound determinant referred to will be 


0ii 

012 * 

‘ 01m 

021 

022 ’ 

’ 02m 

0ml 

a m 2 ■ 

0mm 


0m+l,l 0m+l,2 ■ 

0w+ 1 , m 

0m-f2,l 

0m+2,2 ' 

0m +2, m 

02m. 1 

02m ,2 

02m ,m 


or say, for shortness sake, 

M n 

Mti 


01 ,m+l 

01,m4-2 ’ 

■ ■ 01,2m 

02,m+l 

02,m+2 ‘ 

02,2m 

0m , m-f-1 

0m,m-f 2 

0771 ,2 m 

0m+l,m+l 0m+l ,m+2 

0m-fl,2m 

0m+2 ,m4 1 

0m+2,m-f2 ’ 

0m-J-2 ,2m 

02m .m+l 

02m ,m4-2 

02m ,2m 



r ‘ 

m 12 ■ ■ 

■ M ln 


Mn ■ 

■ M 2n 



Id n y Id n2 ' ' ’ Id, 


* Such determinants are defined and dealt with in Chapter VI. 
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any term of which will, of course, be of the form 

"M. hk pq 1$ rs 

where no two of the M’s, by the definition of a determinant, belong 
to the same set of m rows or m columns of the original. Now, each 
term of the development of the minor M hk being in this way the 
product of m elements taken from m rows and m columns of the 
original determinant, and each term of the development of the minor 
Mpg being the product of m elements taken from m other rows and m 
other columns, and each term of the development of the minor 
M ra being the product of m elements taken from a third set of m 
rows and a third set of m columns, and so on, it follows that each 
term got by multiplying together a term of each of the n minors 
Mhk , M vq , M ia , ■ ■ ■ will contain an element from each of the mn 
rows and mn columns, and therefore by definition be a term of that 
determinant. Further, since the number of terms in each minor is m \ , 
the number of terms of the original determinant which arise from 
the fee rm M] lk M pq M rs - of the compound determinant is (m!) n , and 
therefore the number of those which arise from all the terms of the 
compound determinant is w!(w!) n . 

101. In the preceding the mn rows of the original determinant were 
separated in the simplest way into n sets of m rows each, but it is 
clear that if they had been separated in a different way into n sets 
of m rows each, the same mode of reasoning would have led to the 
same result. Now the number of different ways of breaking up mn 
things into n sets of m each is 

C mn ,m ' Cs mn — — 2m, m £ j m,m 

Ti 

or(what is the same thing, since C r a = r/sC r -. 


that is 

(mn ) ! (mn — m ) ! (mn - 2m ) ! ml 

m\(mn- m ) ! m \(mn - 2m) \ml(mn-3m)! ml 0 

n\ 

(mn ) ! 


(m\) n n\ 
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If, therefore, we form this number of different compound deter- 
minants, the total number of terms of the original determinant 
which we shall thus obtain is 

W ! 

— -r— 7 ■«!(«!)“ 

(w!) n w! 

that is {mn) ! which is exactly the full number of terms in the original 
determinant. It is consequently manifest that the terms of the 
original determinant can be represented, so far as magnitude is con- 
cerned, by a sum of compound determinants obtainable in the manner 
indicated. \ 

102. From §4 we see that when m is even the sign in ever^ case for 
MhkMp q - is positive and when m is odd the sign must be the sign 
which it bears in the compound determinant to which it belongs. 
This is equivalent to saying that when m is even the compound de- 
terminants with which we started should all be viewed as permanents 
and that this change is not necessary when m is odd. 

103. When the given determinant of the {mn) th order is of the 
form \aW*d>\ which is called an alternant , (Ex, 2, §60) interesting 
changes are possible in connection with each term of the development. 

Thus in the case of the simplest form of alternant of the 4th order 
we have 



.+ 

+ i il 

, . 1 6 1 1 

I a 2 b 3 1 

1 a 0 c J \ 

a 0 b ] c 2 d 3 \ = 

' — 

1 1 \c°d'\ 

| c 2 d 3 1 

\ I 


b — a a 2 b 3 — a 3 b 2 
d — c c 2 d 3 - c 3 d 2 

tl a 

= (b — a){d — c) I 


1 a 2 b 2 

In the case of the simplest alternant of the 6th order we have 


a" b' c 2 d 3 e* p | = J2 


a 3 b l c 1 1 
d° e‘ f 


= X) I ^b l c 3 

= 2| a°b l c 3 


| a 3 b* c 6 1 
| d 3 e 4 P \ 

| d 0 e l p | 

d° e'P | ■ 


1 a 3 b 3 c 3 
1 d 3 e 3 P ’ 

| (abc)° (def) 3 \ 
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where it should be noted that each term of the development con- 
sists of three factors, each of which is a simple alternant, and each 
of which is, therefore, expressible as a product of binomial factors. 
Thus the specimen term here given after 2 is equal to 

(c — b){c — a)(b — a)(f — <*)(/— d){c — d)(dV*/ 3 — a 3 6V) . 

Similarly we have 

\a°b 1 c 2 d 3 e i fgW\ = E|aW|- |dV/*|. \g a h l i 2 \ ■ \{abc) a {def)\ghiy\, 

where each term under the sign of summation is expressible as a 
product of twelve binomial factors, the first, for example, being equal 
to 

(c - b)(c - a){b - a ) (/ - e)(f - d)(e - d)(i - h)(i - g)(h - g) 
X(g 3 hH 3 - dVf)(g 3 hH 3 - a 3 bV)(dVf - a z bV ) . 

104. Let 


011 + bn + • ■ ■ + p n • • ai„ + bi n -f ■ ■ ■ + pin 
&21 + ^21 + ■ ' + p 21 ‘ ' 02 r, + &2/i + ' + pin 


Onl + Kl + ‘ + Pnl ' ' 0/m + b nn + ■ ■ + p nn 


be a determinant of the nth order , each of whose elements consists of p 
terms ; let ^ Z) n , p _ i denote the sum of p determinants formed from 
D np by omitting , first , all the first terms of the elements , secondly , a// 
Me second terms and so on ; let ^2 D JllP - 2 denote the \p{p— 1) de/er- 
minants formed by omitting , firstly , a// Me j'trj/ and all the second terms 
of the elements , secondly , a// the first and all the third terms , and an; 
and /^^Z} n , p _ 3 ,^Z) ni p_ 4 , e/e., tear similar interpretations , Men 

( Z^n.p-1 + IX.p-2 ~ ' + ' ( ~ ) ^ IX , 1 

^ 1 ) 4 - 1 — .^. 4 1 — pCfl+1— y ’ ’ 1 — 


where n — p^a^P^y^ • • ■ and where, since the sub- 

scripts of a, b, ■ ■ - , p are by definition essentially positive, we are 
to interpret the righthand side of (1) as zero in case of a negative 
subscript which occurs when £>n. 

To prove this we have but to partition all the determinants 
in (1) having polynomial elements into determinants with monomial 
elements according to §46 and then it may be seen that the complete 
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coefficient of any one of these determinants with monomial elements 


Take for instance one of these S lf whose elements are in order the 
first n terms of the n 2 polynomials. It is clear that the number of 
times 5i, occurs in Z)„^is 1 time; in D n , P is (p— 1) times; in D niP - 2 is 
\{p-l)\p-2) times; ■ ■ • . 

Hence the coefficient of <5i is j 


‘-(VMV) 


= (1 - l)*" 1 = 


The same holds for any other of the p n determinants with monomial 
elements. If p = n, the right-hand side of (1) becomes 


If we make all the terms vanish in all the elements of A except those 
in the principal diagonal, it reduces to the product of n p- termed poly- 
nomials. 

If TTn.j, denote the product of the n p-termed expressions ; if yV n . P -i 
denote the sum of the p products formed from ir niV by omitting firstly 
all the first terms of the expressions , secondly all th€ second terms , and so 
on ; if ■ bear similar interpretations ; and if tt a a bpc y 

■ * p v denote the products of a a’s, fi b’s, y c’s - • ■ , w p's then (1) 

becomes 

(2) 7 Y n ,p ~ ' ‘ + ( — ) p ~ 1 ^7T» , 1 

= ^ p-H— qbq+1— -0 ■ ■ -Pw + 1 ■ 

If further we make all the polynomials in T n , P identical there results 
the relation 

(ai + 02 + ■ • ■ + a P ) n ~ + a 2 ~b * ■ • + a P - i) n 

+ •• • + i -) p ~ 2 Z (® i + « 0 " +’(-) ) ’ -1 X > i n 

= n-p+l-c^a+l-fi . . . a *+l 


If 0 1 — 02 — 


P n ~ PiP - I)” + 


0 p =l, we have from (3) 

. P(P - l)(P - 2)* 

■D-+ 2! 


p(p — 1)2" 

+ ( — + {-)*-'P 


r/ » y*- 1+b Y'~ 2+ *V. V r+1 ^ 

\» — P + 1 — at)\a + 1 — 0/V/3 + 1 — y) \ir — 1/ 
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(4) = £ 

(n - p + 1 - a)! (a + 1 - 0)J ■ ■ ■ (tt + 1)! 

If p>n the right-hand sides of (1), (2), (3), (4) become zero. 

If p = n the right-hand side of (1) is 2^A0 U £> u c u * • ■ p lu of (2) 
isJ^Gii&iiCu ■ ■ ■ pu of (3) is n\aia 2 • ■■ a ny and of (4) is n\. 

105. As illustrations of these identities we have for n = 3 f p = 3 

0n + + di 012 + £>12 + c X2 013 + £> ]3 + c u 

021 + £>21 + c 2 i a 22 + b 22 + c 22 a 2 3 + £>23 + £23 

031 + &31 + C 31 032 + b 32 + c 32 033 + b 33 + C 33 


0 n + bn 012 + b \ 2 a 13 + b 13 

yi 021 + £>21 022 + b 22 a 2 3 + £>23 

031 H - ^31 032 + £>82 033 H“ £>33 


011 012 013 
021 022 023 


031 032 033 


011 £>12 ^13 

= 21 021 £>22 ^23 • 

031 £>32 £33 


011 = 022 “ 033 — 0, £>11 = £>22 = £>33 “ £> j 

Cn = C22 = £33 = 0 i? = b t j = G t] 0 (i ^ 7") 

this becomes: 

(0 + £> + c) 3 — (0 + 6) 3 — (0 + c) 3 — (£> + cY + 0 3 + £> 3 + c 3 = 6abc 
for p = 2 and n = 3, we have 

011 + ^11 012 £>12 013 ”1“ £>13 011 012 013 £>H £>12 £>1® 

031 £>31 033 + £>33 031 032 033 £>31 £>32 £>33 

011 012 £>13 011 £>12 013 £>H 012 013 

+ + 

031 032 £>33 031 £>32 033 £>31 fl 32 033 

011 bi 2 bn bn a X2 b u £>n £>12 013 

+ + “f“ 

031 £>32 ba * £>31 032 £>33 £>31 £>32 033 
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For n — 2 and p = 4 , we have, 

All 4" ^11 + All + dn dl 2 + b 12 4" c 12 + du 

fl 2 i 4~ ^2i 4~ Cn + dn fl 22 + b 22 + fl 22 + dn 


flu4-ftu4*flu 

fll2 4"^l 2 4"fll2 


an+bu+dn 

dl2-\-bn~\ 

l 

hrfwl 

fl2l4"&2l4“fl21 

fl2 2 4"^224"fl22 


fl 2 l4"^2l4"^21 

fl224-^22|l“fl22 1 
\ 

flu4 -flll + ^U 

fll24~fll24"^12 


bn+Cn+dn 

&i 2 4“fli2H 

Ml2 

fl2l4-fl2l4~^21 

fl'22 4“ fl 22 4“^22 


^2l4"fl2l4"^21 

6 22 4"fl22H 

M22 


+ 

flll4"^U fll 2 4"6l2 

+ 

flu4-fln fli 2 4-fli2 

+ 

flll4“^U fll 2 4"^12 

fl 2 i4“^2i fl 22 4 ~ ^22 

fl 2 i4-fl 2 i fl2 2 4~ fl 22 

fl2i4“d 2 i Q>n~\~ dn 


^u4“flll ftl 2 4“fll2 

+ 

6ii4-du di2-\-bn 

+ 

Cn~\~dn fli 2 4"^i2 


^2l4"fl 2 l ^ 22 4“fl 2 2 

^2l4“^21 ^22 + ^22 

fl 2 l + ^21 fl 22 4“^22 


flu 

fll2 


bn 

bn 


flu 

fll2 


dn 

dn 

fl‘2l 

fl 22 


bn 

bn 


fl 2 i 

fl 2 2 


di\ 

dn 


and putting a lJ = b l] = c l] = d l j = 0, we have 

(an + b n + c u + ^u)(fl 2 2 + b 22 + A22 + d i2 ) 

“ (flu + bn + flu) (fl 22 + 622 + C22) — (flu 4 ~ bn "I" dn)(a 2 2 + 622 + ^22) 
(flu 4 “ flu 4 “ ^n)(fl22 4 “ fl 22 ~\~ dn) — (^n + Cn 4 “ ^11) (^22 + fl 22 +^22) 

+ (flll + ^ ll) (fl'22 + 622) + (flu + Cll)(fl22 + ^22) + (flll + cfn)(a22 + ^22) 

+ (bn + Cu)( 6 2 2 4 " C 22 ) + (bn + dn)(6 2 2 4 ~ d 22 ) + (flu + dn)(c 22 + d 22 ) 
— flufl22 — b\\b22 — cufl 22 — dndn 3=1 0, 
or 

“ (flu 4 ~ &u + flu 4 ~ ^n)(fl22 + bn + C22 + ^22) 

“ (flll + ^11 + All, All 4“ ^11 + ^11) flu 4“ All + ^ 11 , 

^u + flu 4 " dn\a 22 + bn 4 “ A22, fl22 + £>22 4 ~ dn , a 22 4 " fl 22 4 “ ^22, 
622 + fl22 4 ~ ^22) — (flu 4 - &u, flu 4 " flu, flu 4 - di\) bn 4 “ flu, 

611 4 " di\j flu 4 " ^U$fl22 4 " bn, fl’22 4 “ fl22, fl’22 4 “ ^22, &22 4 " fl22 , 

^22 4 " ^22, fl 2 2 4 “ fl?22) “ (flll , bn, Cn, ^U$fl22, &22 , fl 2 2, ^22 = 0 ) 
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and finally by making an = a 2 2 = a, bn = b 2 2 = b, c n = C 22 = c, d n = d 22 = d 
there results the identity expressing the sum of seven squares as the 
sum of eight squares, namely, 

(a + b + c + d) 2 + (a + b) 2 + (a + c) 2 + (a + d) 2 + (b + c) 2 

+ (6 + d) 2 + {c + d) 2 = (a + b + c) 2 + (a + b + d) 2 + (a + c + d) 2 

+ (b + c + d) 2 + a 2 + b 2 + c 2 + d 2 . 

Example. If 6 is an imaginary nth root of unity, show that for 

n = 2s + 1 

(-)* +1 E(i + o + + • ■ + 0 , - i ) 2 ' +i + (-)»+ 2 Ed + e 

+ ■ • ■ + (9>-2)2.+ l 

h — + (-) 28 - 1 Ed + 0) 2s+1 

+ ( — ) 2 "(2j + 1) = i(2i- + 1)! 

and for n=2s 

(-)• Ed + e + <? 2 + ■ + o- 1 ) 2 * + (-)■+> 2 Ed +o 

+ • ■ • +<?- 2 ) 2s + • ■ +(-) 2 - 2 2Ed + ») 2 ’ 

+ (-) 2 ’- 1 2.2j = (2s)! 

106. If any m rows of a determinant be selected , and every possible 
minor of the mth order be formed from them , and each minor be multiplied 
by the complementary of the corresponding minor formed from other m 
rows } and the sign + or — be affixed to the product according as the sum 
of the numbers indicating the rows and columns from which the comple- 
mentary is formed be even or odd } the aggregate of the products thus 
obtained is equal to zero. 

Let |ai n | be the determinant, then the aggregate of products re- 
ferred to is equal to a determinant of the nth order having for m 
of its rows the m rows from which the first' factors are found, and 
for its other rows the n — m rows from which the second factors are 
found. But the rows of the latter set cannot be all different from 
those of the former; for, if from n things a set of m be taken, and 
from the same n things another set of m, the n — m left the second time 
must include one or more of those taken the first time. Hence, 
(§52) the aggregate of products is equal to zero. 

Exprfessed symbolically this theorem is: 

t* 

y^ Qg( — 1) V A (n|m«) ,(n\m, 3 )A |m«) .(u|m>) ^ 


where 
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Example. Taking the first and second rows of \aJ>2cA |, we have 
the minors 


| 0i b 2 1 , | 0i b 3 1 , | 0i b 4 1 , j a 2 b 3 1 , | a 2 b 4 | , \a 3 b 4 \ ; 

and the corresponding minors formed from other two rows, the second 
and third, being 


| b x c* | , \bic B \ , | bi c 4 1 , | b 2 C3 1 
we have as their complementaries 

| a-3 di | , | a 2 di | , | a 2 d 3 1 , | 0i 1 


| b 2 c 4 1 , | b 3 c 4 |j , 

| 0i d 3 | , | cti 1 


then 


1 | a 3 ^ 4 1 + | 0i b 3 | | 02 di | + | fli 64 1 | 02 d'a | + | a 2 b 3 1 | ai d 4 1 
a 2 b 4 \ \a x d 3 \ + | 03 b A \ \a x d 2 \ = 0, 


being in fact equal to 


01 b 2 03 


d. 


The theorem here exemplified is seen to include that of §76 as the 
theorem of §93 includes that of §68. 

107 . If in any determinant of the nth order there be myrows all having 
in the same places n — m zero constituents , the determinant is expressible 
as the product of two of its minors , namely the minor whose constituents 
are the remaining constituents of the m rows , and its complementary: 
the sign of the product being + or — according as the sum of the numbers 
indicating the rows and columns from which the minor is found is even 
or odd. 

Seeking to find a development of the determinant as an aggregate 
of products of complementary minors by Laplace’s theorem, we 
see that there are in the m rows only m vertical lines of non-zero 
constituents, and that consequently there can be formed only one 
non-zero minor of the wth order. The products therefore all vanish 
except that arising from this minor and its complementary. 

Example. 


a 1 

a 2 

03 

0 4 

05 


01 

02 

03 

04 

05 


02 

04 

01 

03 

06 

h 

0 

bs 

0 

hi 


di 

d 2 

d 3 

d\ 

ds 


d 2 

d. 

d 1 

d$ 

d h 

Ci 

0 

c 3 

0 

c 5 

= 

bi 

0 

bs 

0 

h 

= - 

0 

0 

bi 

b 3 

h 

di 

d 2 

d 3 

d\ 

db 


Cl 

0 

C 3 

0 

c 6 


0 

0 

Cl 

c 3 

Cb 

ei 

0 

e* 

0 

e 6 


€1 

0 

e 3 

0 

eh 


0 

0 

ei 

*3 



b\ bs 65 


a 2 a 4 


d 2 d 4 


Ci C 3 Cfi 


e x e 3 e 6 
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108. If, in any determinant of the nth order there be m rows all having 
in the same places more than n—m zero-elements , the determinant 
vanishes. 

109. In like manner we see that conversely, the product of two 
determinants of the rth and sth orders may be expressed as a determinant 
of the ( r-\-s)th order whose elements are (1) the r 2 +s 2 elements of the 
two determinants, so placed that the said determinants may be comple- 
mentary minors of the new determinant , and that the sum of the numbers 
of the rows and columns they occupy may be even, (2) rs zeros completing 
the rows in which the elements of one of these minors stand and (3) any 
rs finite elements whatever for the remaining places . Thus 

ai a 2 Wi w 2 ai 0 a 2 0 

ai a 2 Xi x 2 bi b 2 W 3 w 4 tt 1 #1 tt 2 oc 2 

bi b 2 yi y 2 0 0 xi x 2 bi 0 b 2 0 

0 0 yi y 2 tt.t yi y 2 

110. Cauchy's Theorem: Any row and column of a determinant 
being selected , if the element common to them be multiplied by its cofactor 
in the determinant, and every product of another element of the row by 
another element of the column be multiplied by its cofactot, the sum of 
the results is equal to the given determinant . 

Let the selected row and column be the rth and sth respectively, 
then the theorem may be symbolically stated thus: 


A = a r3 + / jOnO k 


da,i daha 


(M = 1,2, 

i 7 ^ s 
k 7 ^ r 


= (- O' 


1 “b ^ ^ i a r iQ ksAr 


The sign before a ri a ks A rk , ia is determined by the formula (— 
where v\ is the total number of inversions in the suffix and i> 2 denotes 

the sum of the numbers r+i+h+s. 

The multiplication of a ra by its cofactor gives all the terms of the 
determinant which contain As each of the terms containing 

flr must also contain one of the constituents of the column and 
cannot contain a„, we see that by multiplying a^-.an, 

factor, we obtain all the terms containing a r ,,-i- Similarly by mul- 
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tiplying 0r,8~ 201x> 0r,s— j 0r,s~20r— -1 ,« > 0r ,s— 2<Ir+l ’ > 0r> a— 2, 

0 na , by their respective cofactors, we obtain all the terms containing 
a r , 5 - 2 - Consequently if we continue this process we shall finally have 
every term in which one of the constituents of the row occurs, that 
is to say, we shall have the full development of the determinant — 
and this was the theorem to be proved. 

If a„ = 0, then A=^(— i)‘ ,i+r2 a rl a ks A r k, ta . 

Example. 


011 

012 

013 

014 

. 













011 

013 

014 

. 



\ 


021 

022 

023 

024 






033 

034 

+ 021032 

0iV 

014 





— 022 

031 

0'33 

034 

021012 



\ 


031 

032 

033 

034 






043 

044 


043 

044 






041 

043 

044 






041 

042 

043 

044 











013 

014 

+ 023012 

031 

034 


011 

014 

— 021042 

033 

034 

041 

044 

~ 023032 

041 

044 


+ 023042 

011 

014 

— 024012 

031 

033 

“V 024032 

011 

013 


031 

034 


041 

043 


041 

04 3 


— 024042 


an a 13 
#31 032 


111. The theorem of the preceding article is useful for expanding a 
determinant which has been bordered. For example let the determi- 
nant A = I di n I be bordered thus 


<200 

<*01 

«(?2 

<*03 

<^0n 

O!l0 

011 

012 

013 ‘ ‘ 

01n 

a 20 

021 

0-22 

023 

02n 

&n0 

0/1 1 

0n 2 

0/i 3 

(l nii 


= A' say 


then 


A' = orooA + ^ 


&tooto/r 


dA 

da ik 


= aooA + (— !)*+*+" 


where v = number of inversions in ik. 
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Again let the determinant 

Xi &2 d 3 • d n 

ax x 2 a 3 • ■ ■ a n 
di a >2 x 3 a n 

A = 

di 0*2 d 3 • ' a n 

d\ a* a 5 x n 

be bordered thus 

1 0 0 0 0 

1 Xi a 2 d 3 ■ ■ a n 

1 d\ %2 d 3 ■ a n 

1 ai a 2 x 3 ■ ■ • a n 


1 a\ &2 d 3 ■ ■ • x n 
and before expanding let us subtract ai times the first column of the 
bordered determinant from the second column, a 2 times the first 
from the third, a 3 times the first from the fourth and so on. This 
will not alter the value of A and we have 

1 — d\ — CL n d 3 - ' ' d n 

1 — di 0 0 ■ ■ 0 

1 0 x 2 — a 2 0 ■ ■ - 0 

1 0 0 *s - d 3 • ■ • 0 


1 0 0 0 • ' Xn — dn 

which when expanded by Cauchy's theorem gives 

n ” d w 

A = TTz(#, — a x ) -\-z2,id x — \\i(x x — d t ) , 
i i dx l i 


a form due to Sardi. 

112. That the sum of the signed primary minors of the determinant 

k - |iS 0 1 1 

1 dll ’ ' din 

1 d'zi * d 2 n = A say , 


1 dn 1 ’ ' ' dnn 
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is readily seen on expanding this latter determinant by Cauchy's 
theorem in terms of products of the elements of the first row and 
first column. 

If on A' we perform the following operations: col 2 — col 3; col 

3 — col 4; col 4— col 5; • • • then row 2 — row 3; row 3 — row 4; row 

4 — row 5; ■ - we see that the order reduces by two and we have 


A 


The element in the position (r, s) being 

0r ,s H 1 ,3 + 0r-|-l ,s+l - 

It is obvious that we might obtain different forms of order n—1 
for A', the law of formation for the element in the position (r+ 1, s-\- 1) 
being 

0j l-I.A-f-l 0r-f- 1 , h “f" 0 k ,h 

where k^r -\- 1 and h^s+ 1. 

113. If the elements of a determinant A are all increased by the same 
quantity w, the determinant is thereby increased by w times the sum of 
the signed primary minors. 


1 

1 


1 



1 



1 



0 

011 + 

w 

012 + 

W 

013 

+ 

w 

014 + 

W 


0 

021 + 

w 

022 + 

W 

023 

+ 

w 

024 + 

w 


0 

031 + 

w 

032 + 

W 

033 

+ 

w 

034 + 

w 


0 

041 + 

w 

042 + 

W 

043 

+ 

w 

044 + 

w 



1 1 

1 

1 

1 





0 

1 

1 

- 

w an 

012 

013 

014 





1 

011 ■ 

' 014 

— 

w a 2 i 

022 

023 

024 

= 

A 

— 

W 

1 

021 ■ 

' 024 

— 

W 0 3 i 

032 

033 

034 





1 

031 

' 034 

— 

W 041 

042 

043 

044 





1 

041 ' 

’ 044 


114. If from a determinant A = \a nn | a new determinant be formed 
by altering the order of p of the elements of the first row and then 


#11 — 012 — 021“t“022 012 — 013 — 022 “1“ 023 013 014 023“l“024 ' 

021 — 022 — 03 1 “I - 032 022 — 023 — 032“l - 033 023 024 033“l~03l' 

031 — 032 — 041 “h 042 032 — 033 — 042“l“043 033 034 043”l“044\' 


\ ‘ 
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multiplying these altered elements by e h e 2 , ■ ■ ■ , e v respectively, 
a second determinant by making the same alteration of order in the 
corresponding elements of the second row and multiplying by 
€i, 02 , ■ ‘ , e p as in the first row, and so on, then the sum of the n 

determinants thus derived is ( n — p ) times the original determinant. 

Without loss of generality we may assume that the p elements 
which have their order changed are the first and let a lt a 2 , ■ ■ ■ , a p 
be the numbers 1, 2, 3, ■ ■ ■ , p in their changed order, then the 1st, 
2nd, • ■ ■ , nth rows of the 1st, 2nd, ■ ■ , nth determinants respec- 

tively would be 



02&1 a 2 

CpG/\ a p 

a l,p+l ’ 

01 n 

0ld2a x 

02^2ai * ’ 

0ji&2aj) 

02 ,p-\ 1 

- 02 71 

01 ®noj 

0'2 dna-i 

0 ptlna, i 

&n , 1 

0ri7i 


Expanding these n determinants in terms of the elements in the 
altered rows and their complementaries we have 

0ldla l ( ^ll~\~02O'la 2 ^ / i 12~\~ ’ * ' + CpQ'lap ^A\ p~\~ a 1 . <^1 , p+1 ‘ ‘ 
e 1 d7-2a 1 C^21 + C2^2a 2 < ^12+ ’ ' ' ~\~0p^2 ap ^2p+02 ,p-\-l^2 ,pf 1 ’ ' * +^2n t ^2n 

Cia 7tai eyf 7l l+C2ttna 2 CV^ rl 2+ ‘ + Cp0na 7 , ,p- \\^n.p+\ m - 'hdnn^nn 

Summing these column-wise we readily see that each of the first 
p columns is zero and each of the last n — p columns gives A , so that 
the sum of the n determinants is (n — p) A. 

When p = n , then the sum is zero. 

We may apply the theorem to each of the n determinants while 
keeping one row exempt from further change. 

Similar equalities may be obtained by operating on columns in- 
stead of rows. 

115. If from any w-line determinant A we form another A r such 
that the rth row of A' is the sum of all the rows of A except the rth, 
then 

A' = (-) n ~ l (n - 1)A 

For example 


X? 

+ x" 

y' + y" 

z' +z" 


X 

y z 

x" 

+ X 

y" + y 

z" + z 

= 2 

x' 

y z 

X 

+ x' 

y +y' 

Z + z' 


x" 

Jt -ft 

y z 
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The theorem is readily established by performing the following 
operations in order 

row 1 + row 2 + ■ - ■ + row w, 
row 1 -5- (n — 1), 

row 2 — row 1, row 3 — row 1, ■ ■ , 

row 1 + row 2 + • ■ + row n. 

116. If from a determinant A of the nth order, we form another A' 

such that the first row of A' is the sum of the first p rows\of A and 
every other row of A ' is got by subtracting the corresponding row of 
A from the row preceding it in A then \ 

A' = (— \) n ~ l pk . 

The proof of this may be brought about by performing the following 
operations upon A'. Row l + (p — 1) row 2 + (/> — 2) row 3+ • ■ • 
+ row p , which will give p times row 1. Take out the factor p and then 
add the first row to the second, then the second to the third, and so 

on. The elements of A' will now be the same as those of A except that 

those of the last n— 1 rows are negative. 

117. The determinant A' got from A= 1 4X in | by diminishing every 
row by the sum of all the other rows is equal to 

- (n- 2)2"-! | ai„| . 

The truth of this may be seen on performing the following opera- 
tions: row n — row (n— 1), row (»— 1) — row (n — 2), ■ - * , row 3 

— row 2, row 2 — row 1; then take out the 2 which will be a factor 
of all rows except the first. Next perform the operations 
row l + (w— 1) row 2 + (w — 2) row 3+ ■ • ■ +row n and — (n — 2) 
times the first row of |<zi n | will be the result. Take out this factor 

— (n— 2) and perform the operations row 2+row 1, row 3+row 2, 
• ■ ■ , row n + row (n— 1) in order. 

118. If any n-line determinant has all the elements in any p by q 
array multiplied by x and all the elements in the complementary array 
divided by x , then the determinant is multiplied by x p+q ~ n . 

If the array has p rows and q columns we may multiply the re- 
maining 7z — q columns by x and then the result will be p rows with x 
a factor of all the elements in those rows and hence the truth of the 
theorem. 

It is readily seen that x p+q “ n will be a factor even though the 
elements of the complementary array are not divided by x . 
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Problem. Use this theorem to show that 


d\ b% c 3 d\ C 5 


12345 

21345 

32145 

42315 

52341 

21345 

21345 

23145 

24315 

25341 

32145 

31245 

32145 

32415 

32541 

42315 

41325 

42135 

42315 

42351 

52341 

51342 

52134 

52314 

52341 


21345 32145 42315 52341 

where pqrst stands for the term a } ,b q c T d s et of the determinant 
| dib^d^e^ | . 

In general, any n-line determinant can be expressed by means of 
l + (n—l ) 2 of its terms. 

If we use rs to denote the result of performing on 12345 the inter- 
change of r and s 7 and rs uv to denote the result of performing on 
fs the interchange of u and v , then the foregoing may be written as 
follows: 


a i b 2 C 3 d\ fa ( 


11 

12 


13 


14 


15 


2l 

21 

or 12 

21 

13 

21 ' 

14 

21 

15 

1 ^ 

31 

•12 

31 

or 13 

31 

14 

3l 

15 

4l 

41 

•12 

41 

13 

4l 

or 14 

41 

•15 

5l 

51 

12 

51 

13 

51 

14 

51 

or 




12 

T3 14 

15 





119. If the successive diagonals on the upper side of and, parallel 
to the main diagonal of any determinant be multiplied by x, x 2 , x 3 , ■ ■ ■ 

1 espectively and those on the underside by x ',x % ,x , respective y, 
the value of the determinant remains unaltered. 

This is equivalent to multiplying the element in the (r, j)th place 
by and therefore equivalent to multiplying any term by 




When x=-l, this is the same as saying that a determinant is not 
altered by changing the sign of every element whose place-indexes 

have an odd sum. , 1 , 

120. The product of the two determinants I 

| may be written as a determinant of the 6 th order, thus 
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#11 

#12 

#13 

#14 


#21 

#22 

#23 

#34 


#31 

#32 

#33 

#34 


#11 

#42 

#43 

#44 


in 

£>12 

b 13 


£>11 £>12 

£>21 

£>22 

£>2 3 


£>21 £>22 


where dots are used instead of zeros.* 

This becomes, after performing the operations, cole 


#11 

#12 

#13 

#14 

— #11 

#12 

#21 

#22 

#23 

#24 

#21 

#22 

#31 

#32 

#33 

#3 4 

— #31 

— #32 

#41 

#42 

#43 

#44 

— #41 

— #42 

in 

£>12 

i.a 




iai 

£>22 

£>23 


• 



col 2 ; cbl 5 — coli, 


Expanding in terms of minors from the last 3 columns and their 
complementaries we get 



#41 

#42 

#4 3 


#31 

#32 

#33 

#11 #22 #34 | 

in 

£>12 

£>13 

+ | #11 #22 #44 | 

in 

£>12 

£>13 


£>21 

£>22 

£>23 


£>21 

£>22 

£>23 



#21 

#22 

#23 


an 

#12 

#13 

| #11 #32 #44 | 

in 

b 12 

£>13 

+ | #21 #32 #44 | 

in 

£>12 

£>13 


£>21 

£>22 

£>23 


in 

£>22 

£>23 


If before expansion we had inserted £>u, 624 in their places in the 
last two lines the original product would not be changed but the 
expansion would be 

I #31 #42 £>1S 624 | I #11 #22 I — I #21 #42 £>13 £>24 | | #11 #32 | 

+ | an #42 £>13 £>24 | | #21 #32 | ~ | #11 #32 £>13 £>24 | | #21 #42 | 

+ | #n #22 £>13 #24 | | #31 #42 | + | #21 #32 £>13 £>24 | | #11 #42 | ■ 

* This method of indicating zeros by dots will hereafter be generally used, where 

no confusion can thereby arise. 
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So in general, w 

riting 

1 ai J> 1 1 big 

in the form 


an 


a lP 0 • 

■ 0 


d 2 l 


& t p 0 

■ 0 


dpi 


ft] ip 0 

■ ■ 0 


bn • 

■ ■ bik • ■ 

• 0 bn- 

■ ■ 


Kr 

bqk 

• 0 b gi ■ 

b gg 


where q^k^p and subtracting the 

1st col. from the (^4“l)th 
2nd col. from the (/> + 2)nd 


q th col. from the {p~\~q ) th 

we get 

d 11 ' ’ dip d\\ ■ ■ ■ dlq 

«21 ' • ■ d 2p am * • ' Cl2q 

( 1 ) 1 dpi dpp dpi ■ ' • dpg 

bn ■ ■ ’ bik ■■'00 0 

b q 1 ‘ bqk ■ ■ 0 0 ■ ■ 0 

Expanding this by Laplace’s theorem in terms of minors of order 
p + q — k formed from the last p + q—k columns and their comple- 
mentaries gives us the theorem that this expansion is equal to the 
product of the two determinants |a ]p | \bi Q \. Since k can take p — q 
different values we would have p — q different forms in which this 
product might be expressed and since all of these forms are equal 
to the same product any two may be placed equal to each other. 

121. It is readily seen that 

a\ a 2 a 3 ■ d4 as 

b i b 2 b 3 b 4 b 5 b\ b 2 b a b\ b a 

(1) | di b 2 c 3 d 4 e$ | = ci c 2 c 3 c 4 c 5 + C\ c 2 c 3 c 4 c 6 

di d 2 d 3 d 4 d& di d 2 d 3 di d$ 

€i e 2 c 3 e\ es e 2 e 3 c 4 
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ai 

a>2 

a 3 




ai 

a 2 

a 3 

04 a b | 



bi 

b 2 

b 3 

b 4 

b* 


bi 

b 2 

bs 

• 



= 

Cl 

Cl 

C 3 

c 4 

c 5 

+ 

Cl 

c 2 

Cs 

C4 C 5 



di 

d 2 

d . 

d 4 

d 5 


di 

di 

d 3 

d 4 

h 



ei 

C2 

e 3 

e 4 

Ch 


Cl 

c 2 

c 3 

e 4 

i 

5 



ai 

0*1 








a A (fi 

^5 



bi 

b 2 

b 3 







b A \ 

l 6 

(2) 

— 

Cl 

c 2 

c 3 

c 4 

c 5 

+ 

Cl 

c 2 

c 3 

C4 c 




di 

d 2 

^3 

d 4 

d b 


di 

d 2 

d 3 

d 4 c 

\ 



Cl 

c 2 

€s 

c 4 

Cb 


C\ 

e 2 

c 3 

e A c 

5 






a 4 

a 5 J 


a 1 

Cl 


04 

lb 



bi 

b 2 

bs 

b 4 

b$ 





b 4 l 

H 


or = 

Cl 

C2 

Cs 

64 

Cb 

+ 

Cl 

c 2 

C’A 

C4 i 

'5 



di 

d 2 

d s 

d 4 

d b 


di 

d 2 

0 

d 3 

d 4 d b 



C\ 

e 2 

Cs 

€4 

e 5 


Cl 

C2 

e 3 

€4 

’fl 






ai 

a* 


ai 

a 2 

a 3 








b 4 

b 5 


bi 

b‘2 

b 3 



( 3 ) 

— 

Cl 

C‘2 

c 3 

Ca 

Cb 

+ 

Cl 

C-2 

c 3 

c 4 r 

5 



dl 

d<2 

ds 

di 

db 


di 

d'2 

d 3 

d 4 c 

1 5 



Cl 

e 2 

€s 

e 4 

Cb 


Ci 

C2 

e 3 

c 4 t 

"5 


The general theorem exemplified in these examples may be stated 
as follows: 

If A denote any n-line determinant with its first r rows conceived as 
separated into two arrays , namely , an r-by-s array {r^s) called P and 
an r-by-(n—s) array called Q, and i/^A p i be the sum of all the deter- 
minants got from A by zero-ising in it a single row of P 7 ^A P 2 the similar 
sum got by zero-ising in A two rows of P , and so on, then 

A = IXl - + IX, = • ■ + (- l)' +I A rr - (- l)' + 1 A„r, 

where of course A qr is the determinant obtained from A by zero- 
ising all r rows of Q. 

The truth of this general theorem is seen on expanding the terms 
on the right in terms of minors of order 5 formed from the first s 
columns and their complementaries. 
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There is of course an alternative statement for this theorem 
corresponding to (2) and (3). Thus 

a = - £>,2 +•■■ + (- ir+‘A ar - (- l) r+ 'A pr . 

122. If the sum of the elements in every row of a determinant 
A = \ai n | have the same value then 

Air - Au = (-1 y+'~ l S\Q, 

where Aik is the signed complementary minor of aik in the deter- 
minant, £ is the sum of the elements in each row, and Q is the deter- 
minant formed from A by deleting the first row and the rth and sth 
columns and inserting a column of units in the first place. 

If we bring the column of A i r headed by and the column of Au 
headed by dz T to the first place the two differ by the first column 
only and may therefore be added and if in the result we add all the 
other columns to the first then S will be the values of all the elements 
in this column. After 5 is removed the determinant Q remains. 


Exercises. Set IX 

1. Show that if when x is put equal to a in the determinant A 
the elements of p columns become identical or proportional, then A 
is divisible by (x— a) p ~ 1 . 

2. Ifs = aiA~<h+ ■ ■ ■ +a u , and A k — s — a k show that: 


x — Ai 

dz 

• d u 



di 

x — Az 

du 

= x(x — 

s y~i 

di 

dz ' ■ 

■ x — A ' u l 




(« 



\ x — (u — 2).v} (x — s) u 1 


3. Show that 
a\ • • b 1 - 

&2 ' b% ' 

■ da ■ ba 

Ci C2 Ca fi ft h 
di da gi g2 g3 

e\ ea hi hi ha 


difi — biC\ dzfi — bzCz o>afa baCa 

digi — b\di dzgz bj,di daga bada 

d\h\ — b\Ci dzhz — b^ez daha ba&a 
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4. If 


<?» = 


1 a 
1 a + d 
1 a + 2d 


a(a + d) 

(a d) (fl ~h 2 d) 
(# -J- 2d) {a -|- 3d) 


a(a + d)(a + 2d) ■ - ■ 
(a J) (fl ~h 2d) {a + 3d) 
(a + 2d)(a+ 3d)(a + 4d) 


show that 


Q n = d n ~ l (n - 1) ! • d n ~ 2 (n - 2)! - - d 2 2\ dll 

123. As in §110 we expanded a determinant by products \n pairs 
of the constituents of a row and column so now we may expand it by 
products in pairs of the minors formed from the constituents in two 
or more rows and two or more columns. 

Expanding the determinant A, by §93 we have 

A = A 12 t llA 12, 12 — A 12 , l 3 d 12,13 + A 12 , 14^4 12 , 14 _ 

+ -d 1 2 ,23-4 12.23 ~ A 12 .24^12 ,24 + * * ' 

+ A 12 , "i\A 12,34 — ^ 12 , 35 ^) 2.35 + 1 ’ ■ + etC. 
n 

— d12.12d12.12 + E x ( — l) Vl A 12, iid 12, n 
3 

71 

+ E*(~ l)" 2 dl 2 , 2 td 12 , 2 i 

3 

+ E? : E^( — 1 ) p *a 12 ,i/fd 12 . ik 

3 4 

where k>i and ^i = t+4, ^ 2 = ^+S, v 3 = i+^+3, and since 

<t—n ,p— 7 i—l 

A 12 ,ik = E (~ i) H Apv ,uA I2ptr,12ik 

«r=4 ,p— 3 

where j '4 = p+o-+3, and a>p y we have 

n n 

A = d12.i2d12.i2 + E z ( — l)*' 1 d 12, lid 12 .1! + E<(“ l)"^ 12 ,2id 12 ,2i 

*= n , i= 7i — 1 ir,= n , p— 7i— 1 

+ E E (~ l) v S'^* , <d 12 , ikA pu . 12d 12pir , 12ife \ 

i=4,i=3 «r=4 , p=3 



MINORS AND EXPANSION 


107 


which is the expansion by products in pairs of the constituents of the 
4irst two rows and the first two columns. 

If 0-11 = (ixi = — (h.'i = Q, then 

k=n,i=n— 1 <r=--n 

^ ~~ 22 (“ \) Vs+Vi A 12,j4-4 p(r ,12^1 I2pff 

fc= 4,i=3 ir=4 ,p— 3 

124. In a determinant of the n\Ai order it is evident that the number 
of coaxial minors of the rth order is the number of ways of taking n 
things r at a time or n r . The total number of coaxial minors of all 
orders is therefore 

ni + n 2 + n 3 + - • + n n ^i + n u = 2 n — 1 . 

125. Cayley’s Theorem. Any determinant of the nth order may 
be developed in a series of terms , the first of which is got from the given 
determinant by changing all the elements of the principal diagonal into 
zero, the next n by multiplying each element oj the principal diagonal by 
its cofactor in the determinant and altering the said cofactors as the given 
determinant was altered, the next \n(n— 1) by multiplying the product of 
each pair of elements of the principal diagonal by its cofactor altered as 
before , and so on, the last term being simply the product of the elements 
of the principal diagonal. 

By taking the given determinant and changing all the elements of 
the principal diagonal into zero, we delete all the terms containing 
any of these elements; also no other terms are thereby deleted. Thus 
the altered determinant represents the sum of the terms which are 
independent of the elements in question. 

By multiplying any element of the principal diagonal by its cofactor 
we obtain exactly all the terms containing that element. This 
cofactor, however, has its principal diagonal composed of elements 
from the original principal diagonal. If, therefore, we change these 
into zero, the altered product will represent the sum of the terms 
which contain the element in question and none of its fellows in the 
principal diagonal. 

In this way it is seen that the expansion specified in the theorem 
gives, first, all the terms of the determinant involving no element of 
the principal diagonal; secondly, all those involving only one element ; 
thirdly, all those involving only two elements, and so on; so that the 
full number of terms is in the end obtained. 

It is worthy of notice that there is a break in the series: we pass 
from those terms involving only n — 2 elements of the diagonal to the 
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term involving them all, there being no term involving only n— 1 of 
them. 

Example: 


011 

012 

013 

021 

022 

023 

031 

032 

033 



0 

012 

013 


0 

023 

+ 022 

0 

013 

— 

021 

0 

023 

0 

+ 011 

032 

0 

1031 

0 



031 

032 





1 



4" 033 I 


0 fli2 
021 0 


+ 011012 033 . 


A determinant having the elements along the principal diagonal 
all zero has been called by Sylvester an invertebrate or zero-axial 
determinant. 

126. The theorem of the last article may be described as giving an 
expression for a determinant in terms of its own devertebrated (if we 
may so term them) coaxial minors and its principal diagonal elements. 
Exclusive of the elements of the principal diagonal there are 2 n — 1 — n 
coaxial minors and if we use Cayley’s expansion theorem in connec- 
tion with each of these we get 2 n — 1 — n equations, linear with respect 
to the devertebrated minors. So that on solving for the latter, there 
must result an expression for each devertebrated coaxial minor in 
terms of the vertebrated coaxial minors and the principal diagonal 
elements. 

The general theorem thus obtained is 


0 

012 

013 ‘ 

■ 1 01n 




021 

0 

023 

‘ 02n 




031 

032 

0 

■ 03n 

— (011 022 * ■ 

’ 0nn) 2^01l(022 033 ‘ 

0nn) 






+ 022(033 ■ ■ 

0nn) 

0ul 

0n2 

0n3 

0 


+ . . . 



It may be viewed as a sort of converse of Cayley’s, which in outward 
form it very closely resembles. 

127. The determinant 


A = 


011 ~ #11 012 ■ ■ ■ 01n 

021 022 — #22 ‘ * ‘ 02n 

0nl 


0n2 ' ' ’ ,0nn #nn 
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may be looked upon as a special case of the determinant 

On ~h Xii tf j? + X12 ■ ,(ii H + -Virt 


Onl ~ f~ %nl On'2 ~f~ X n 2 ' Qjin “I - 

n which every x;y (i^j) is zero. 

It may therefore, by §44, be partitioned into 2" determinants with 
monomial elements. The term independent of the x’s is \a\ n \ or A, 
the coefficient of xn is An, the coefficient of x„x J3j ib A tJ and so in 
general the coefficient of x tl x 3 * 3 * • - ■ x kk is (— l) /c A it . l3 . . k, and 

we have 

A = A — 2^ %llA 11 + 2Zxun:22^12,12 — y^X|iX22Xj3 A 123.123 

(1) + (— l) fc 2^^nX22 ■ XuAn- A , 1 2 • • A 

+ ■ ■ + ( — l) n Xn ■ ' X n * - 

If Xn = x?,2 = ■ * 1 “ x nn x, then 

A = A — x TAh + x 2 2 ZA 12,12 + ■ + (" 1 )kvk ^2 Ai . k ,1 • • a 

(2) + ■ • • + (“D n .v"- 

If in A we put x tl = a t i (i= 1, 2, • • , n) then A becomes an in- 

vertebrate or zero-axial determinant which we may denote by 
A 0l n and (1) becomes 

A 0l „ = A — >4 11 + 2^11 ^22 '1 12,12 + * + (~ 1) ; 

J2ail ■ ■ * O/ckA 1 . . - A-,1- ■ A 

-j- ( — l) n—1 (Zil £122 ■ ■ O'nn ■ 

This suggests a simple way of obtaining Cayley’s expansion theorem 
as follows: 

Expanding as a determinant with binomial elements 

(a u - *n) + arn «** " ' flln 

<J U (tf 2 2 — * 22 ) + *22 ' ’ 


(3) 


A = 


Q'n 1 


O ri 2 


Inn X/m) "d" Xnn 


we have 

A = A + 5>nAn + S*nar22Ai2,i2 
(4) + • ■ • + - ■ ar/uAi.- ■».!*■ ■■*+• ■ + *“*» 
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If now we put x i% — a i% (i= 1, 2, • • ■ , n) we have Cayley's theorem, 
for the determinants on the right of (4) all become invertebrate - 
coaxial minors of A . 

128. If in A we put x xl —-—a lll ( i = r \ , r 2 , - ■ ■ , ) and x lt - = 0 for 

{i — ric + i, ■ ■ ■ , r n ) where r i, r 2 , - • ■ , r n are the numbers 1, 2, ■ ■ ■ , n 
in some order and denote by A 0| / c the resulting determinant, then 
equation (1) §127 becomes j 

Ao , h A ^ ^j O't ,r 1 A r . “I - ^ ; 0r.r ,dr.,r n A r ,r ,r , d - ' \ 

“h ( 1)^^?^! ' ‘ ' . . -rfc .rjVj ■ -rfc- 


If ^ = ^ this becomes (3) §127. ^ 

Problems. Prove the truth of the general theorem as exemplified 
in the example 



X 

02 

d 3 


X 

02 

d 3 


X 

d 2 

d 3 

di b 2 c 3 1 — 


b 2 

b 3 

- £ 

*1 


b 3 

+ 

bi 

y 

b 3 


Ci 

C 2 

C:i 


0 

C2 

Cs 


Cl 

c 2 

z 


+ (ai — x)(b 2 — y)(c 3 — z). 

When x = y = z = 0 we have the theorem that A— ^Ai+^A 2 — 

= lhe diagonal term , where A r is got from A by deleting r diagonal ele- 
ments. 

Prove that 


di b 2 c 3 d\ = ai c 3 d 4 + bi 


Prove that 


0i b 2 c 3 d A e^\ — 


a 3 t/4 


(7 2 04 

Cl C 3 Cti 

+ c 3 

61 • 64 

d 1 d 3 d/\ 


C/ 1 f/ 2 ^4 







0 2 

a a 




+ d\ 

b 1 



+ 





Cl 

C 2 



01 

a 2 

a 3 

Q\ 

05 




&1 

b 2 

b 3 

b A 

6 , 




Cl 

c 2 


C 4 

Cfi 

+ 

£ 

( c> 



d 3 


d 5 




Cl 

e 2 

e 3 

e 4 






a 2 d 3 a A 
b 1 ■ b 3 64 

Ci c 2 ■ C4 
d\ d 2 d 3 


di d 2 a A a 5 
b j b 2 b A b 5 
d 1 </ 2 ■ <^6 

t’l e 2 e 4 
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bi ■ b- 

C\ C 2 

d\ d 2 d 


H (bit 


dl, 

^2 

da 

b 1 


b 5 


c 2 


a 3 

a 4 

a 5 

*3 

bi 

*5 


c 4 

Cb 



* 

c 3 

e 4 


gi 

a 4 


di 


* 

Cl 

e 4 



+ t '3 d 4 


<l\ (Z 3 fl 4 

Cl ’ C4 C b 

C?1 <^2, * 

Cl (?2 C 4 * 


“‘I) 




129. /w a determinant of the nth order the full number of terms which 
are independent of the elements of the principal diagonal is 

( 111 1 ) 

1 2-3 - • -n{ — + * • ■ + (,- l) n >. 

(1 2 1 2-3 1-2-3 4 1 2 3 • ■ • n) 

Let Aq ,n. be the determinant, and <£(n), as yet unknown, the number 
of terms in it of the kind referred to; so that 0(3) = 2 and </>(2) = l. 
Then the general theorem (3) of §127 readily gives 

</>(w) = n\ — n {n — 1)! + ny (n — 2)! — n 3 -(n — 3)! + * - ■ . 

The first two terms on the right cancel each other and taking n\ 
out of the remaining terms we get 

4>(n) = n\( h -■•■+(— 

' \1 ■ 2 12 3 1 ■ 2-3*4 12 3 ■ * - nt 

as required. 

130 . Let « n ,r represent a determinant with a diagonal of r zeros, 
then by expanding, it may readily be found that 

(1) U n ,T = (n — r)u n -l.r-l + ( r — l) w n-l.r-2 
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and 

(2) ,r U n ,r+l “1“ W n _ i ( r 

If E and F are two operators operating on w, and such that E 
refers to n alone and F refers to r alone then from (2) we have 

(3) E = EF + 1 
or 

l - ,+ i 

Using this last form on (1) we get 

(4) U n ,r = (n — IjMn-l.,-! + 0 — l)tt„_ 2 .r-2 
Giving r in this, the value n we get 

l)^n— l,7i— 1 H” l)^n—2,n — 2 

or 

(5) U n , n + Wn-l f n-l = WW ri _i, n ,i + (ft — l)w„_ 2 ,n~2 

,n == W^n-1 ,n— 1 H - ( 1)” 

131. If V n .r represents a determinant of the nth order having two 
adjacent diagonals of zeros, the one having r and the other r— 1, 
then it may by expansion be found that 

(1) Vn,r = (n — 1) V n -l ,r— 1 — (» — 2r + l)T / n ._2,r-2 + Un-S.r-g 
which when r is n becomes 

(2) V n |H = (« — l)(U rt _i |7l __i + V n —2 ,n— 2 ) + U n _ 3|n _ 3 

and hence 

(3) O - l)K„.n = O 2 - n - l)7n- lin ,! + «K n . 2 , n _ 2 - (- 1)“2 

132. If tU n denotes the number of terms in a determinant having 
zeros in the main and the lower adjacent diagonal and also zero in 
the position (1, n) } then it has been found that 

Wn = nWr^ 1 + — — Wn-2 + (“ l)- 1 — — 
n — 2 n — 2 

which implies that {n—2)W n +{—\) n + l 4 is a multiple of n. 
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Exercises. Set X 

to 

1. Find the number of possible arrangements of n things a x , a 2 , 
03 , ■ ' ’ , subject to the condition that no one shall be in its 
original place. 

We may have 0 i in any place except the first, a 2 in any place except 
the second, and so on — data which we may present to the eye in the 
form 


( ) 

01 

01 

01 • 

• 01 

02 

( ) 

02 

02 ■ ‘ 

■ 02 

03 

03 

( ) 

03 

' 03 

04 

04 

di 

( )• ’ 

• ’ 0 4 

0n 

0n 

(In 

0« * ’ 

■ ■ ( : 


an 0 i being written in the places which it is allowable for a x to occupy, 
and ( ) signifying that the suffixed letter found in the same line with 
it may not occupy its place. Looking to this table we see that for the 
first place in any of the arrangements we may take any letter that is 
in the first column ; for the second place any letter that is in the second 
column, provided it be not in the same line with the letter taken from 
the first column; for the third place any letter that is in the third 
column, provided it be not in the same line with either of the letters 
previously taken, and so on. This law of formation, however, is 
identical with that in accordance with which the terms of a determi- 
nant are got from the elements; so that the problem we are con- 
cerned with is transformed into finding the full number of terms of a 
zero-axial determinant of the nih order. Hence (§129) the required 
number of arrangements is 

/ 1 1 . 1 

, 2 .3".„| r _-__+r 234 

+ <- ‘>' .-2 3-4 ■■■„ }■ 


2. If <*>(«•) denote as in §129 the number of terms of a zero axial 
determinant of the »th order, prove with the help of §124 that 


rv , 

<t>{n) H 4>{n — 1) + 


1 2 


n{n — 1) 


0 ( 2 ) 


+ i»0(l) + 1 = 1-2-3 ■ ■ 


1-2 



114 


THEORY OF DETERMINANTS 


3. Find the number of minors of the (n — 2)th order in a deter- 
minant of the nth order. 

4. If k particular elements of the principal diagonal of a deter- 
minant of the nth order be fixed upon, find the number of terms 
which contain these elements and no other elements of the same 
diagonal. 

5. Find the difference between the number of positive andf the 

number of negative terms in a zero-axial determinant of the\ nth 
order. \ 

6. Prove that 


0 1 

1 


i 

1 





1 0 

1 -f- a 

1 + b 

1 + c 


1 d 

1 

1 

1 d -\- 1 

0 


a + b 

a + c 

= 2 3 

1 

1 4- b 

1 

1 b + 1 

b + 

a 

0 

b + c 


1 

1 

1 + c 

1 C + 1 

c + 

a 

c + b 

0 





7. Prove that 








<?] 0,2 tf l 

#2 

1 







b\ b% l f 2 

bi 

1 

_ J 

(di — bi)(b i — 

■ Ci)(ci 

- d.i)(di 

~ dz) 

C\ Cl Cl 

Ci 

1 

l- 

Uh - b,)(b 2 - 

Cl)(C2 - 

— d\)(di - 

-ai). 

di d>2 d-2 1 

di. 

1 








8. From the theorem of example 2 above, prove that 




n! 

C„ ,i 

C«. 2 ■ 

c 

^ 71 ,n — I 

c 

'-'n ,71 


(n 

- D! 

1 

C 71 — 1 , 1 

Cji— 1 ,71 — 2 

Cn-1 ,n—l 

<t>(n ) = 

(n 

- 2)! 

0 

1 

Cn— 2,n— 3 

C n — 2 ,7i—2 



1! 

0 

0 

1 

Cl ,1 



1 

0 

0 

0 

1 



5,2 

fli 

£ l 2 

fl3 

521 

522 

?21 

^22 

£23 

vn 

^12 

an 

#12 

d 13 

V21 

1722 

#21 

#22 

#23 

VZl 


d 3 l 

dsz 

a 3 3 
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£21 £22 £23 

__ I * s I I I - . Vl2 @11 @12, @13 

““ | 011 022 I * | 0.11 022 @33 I + On 

*722 021 ®22 023 

^32 031 032 033 

£21 £22 £23 * £n £l2 £l3 

Vll 011 012 013 I? J 2 011 012 013 

— O12 — < 5 2 i 

V 21 021 022 023 V ‘22 @21 @22 @23 

V 31 031 032 033 V 3 2 @31 @32 @33 , 

. . . £ll £l2 £l3 

£11 £12 £ij 

£11 £22 £23 

1711 011 012 013 

I 022 + VU V12 011 012 013 

Wl 021 022 023 

V 21 V 22 @21 @22 023 

1731 031 032 033 

*731 V 32 @31 032 033 


10. Show that the number of positive terms in the ordinary 
development of a determinant having negative elements in the di- 
agonal and positive elements elsewhere is 


(- 2 )-*(» - 2). 


11. Show that the number of terms containing a particular set of m 

diagonal elements is <t>(n — m ) ; that the number containing m diagonal 
elements without restriction is ( n) m — \ that the number con- 

taining not more than m isJ^M^o </>(w — /x); that the number con- 
taining not less than m is i+e: =m 

12. If yp{n) denote the number of terms in a determinant with zeros 
in bofh diagonals, then 


P(n) = ( n — 1 )\!/{n — 1) + 


( 2 (n — 2)\ f/(n — 3) if n is even 
\2(n — 1 )p(n — 2) if n is odd 


133. It is evident that if the rows of a determinant of the /zth 
order be multiplied by x 1} x 2) ■ ■ ■ , x n respectively, and the columns 
be then divided by x x , x 2 , ■ * ■ , x n respectively, the determinant is 
unaltered in value, and each of the minors of the transformed de- 
terminant is, to a factor pres , equal to the corresponding minor of the 
original determinant, the connecting multiplier being XhXkXi * ■ * 
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/x r x 8 x t ■ ' ■ if the minor belong to the /zth, &th, Jth, * • ■ rows, and 
the rth, 5 th, /th, ■ ■ * columns of the original. The connecting 
multiplier in the case of the coaxial minors is manifestly 1 : in other 
words, the principal minors remain unaltered by the transformation. 

Next it is clear that x Xj x^ - • ■ , x n may be so chosen that all the 
elements of any one of the rows or columns, except the diagonal 
element, shall be 1. I 

For example, the first row, \ 

Xi Xi , 0C\ 

fill , #12 ) #13 > m m ' ) din 

X<2 X3 Xn 

may be made to take the form 

#11 jl>l) ‘ , j 1 > 

* 1 

by giving xi, x 2 , x 3) • ■ ■ , x n the values 1, #12, #i 3 , • • ■ , #i n respectively. 

It follows that 

Any determinant of the nth order may be transformed so as to have 
1 for n— 1 of the elements , and yet the determinant itself and all its 
coaxial minors remain unaltered in value. 

134. This is the same as saying that 2 n — 1 quantities, namely, the 
determinant and its coaxial minors, can be expressed in terms of 
n 2 — (n— 1) others, namely, the modified elements, which are not 
equal to unity. Eliminating the latter, we have 2 n — n 2 +n — 2 re- 
lations connecting the former, which gives us the theorem: 

There are 2 n — n 2 -j-n — 2 relations between the coaxial minors of any 
determinant of the nth order. 

135. In the case of a determinant of order 4 the actual expressions 
for these special relations have been found but are too ungainly in 
their explicit form to be reproduced here.f 

t For their consideration and for problems 1, 2, 3, 4 vide. Nanson- Phil. Mag. 
5th series, xliv, pp. 362-367. Muir: Trans. Royal Soc. Edinb. vol. XXXIX, part II, 
pp. 323-339. Cf. Stouffer: Trans. Am. Math. Soc., Vol. 26, pp. 356 + 
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Problems. 

1. Show that the rationalizant of the expression 


* + Hbc) 1 ' 2 + jfe(ca) 1 ' 2 + Z(o4)»/» is 

X 

h(bc) 112 

k(ca) in 

l(c lb) 1 ' 2 

k(bc) 112 

X 

l(ab ) >' 2 

k(ac) 112 

k(acyi 2 

i(obyi* 

X 

h(bc) in 

l{ab) in 

k(ca) 

h(bc) 

X 


x h k l 

hbc x lb kc 

kca la x he 

lab ka hb x 

2. Use example 1(a) to obtain a determinant expression for 

(a) cos (or+jS + y) in terms of cos a, cos 0, cos y. 

(b) cos (a+/3+y+5) in terms of cos a, cos cos y , cos 5. 

3. Express cos _l jr+cos" 1 y + cos~ 1 z+cos~ l ^= : 0 in purely algebraic 
form. 

4. Express the resultant of 

Bx 2 — 2 C'xy + Ay 2 = 0 
Cy 2 - 2A'yz+ Bz 2 = 0 
Ax 2 - 2 B'xz + Cx 2 = 0 

in the form 

1 A'/(BC) 112 C'/(AB)u 2 . 

A'/(BCy > 2 1 B'KCAY 12 = 0. 

C'/(AB ) 1/2 B'/(CA) 112 1 

136. The product of two determinants of the same order is equal to the 
sum of like products obtained from the original by interchanging a 
particular column of the one determinant with the columns of the other in 
succession. 

Let |oi„|, |fi lB | be the two determinants, and, first, let the par- 
ticular column fixed upon be the first column of | oi„ | . 
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If a determinant of the 2n\h order be formed, having \ai n | for the 
minor situated in the first n rows and first n columns, a determinant 
of n 2 zero elements for the minor situated in the last n rows and first 
n columns, and |£>i n | for the complementary of both of these; and if 
the first column of |ai n | be interchanged with the column of zeros 
below it, we have the determinant 


0 

ai2 • • 

■ din 

*11 

£>12 ■ 

‘ bln 

0 

a22 

0-2 n 

£>21 

#22 ‘ 

b'ln 

0 

0n2 ■ 

Q'nn 

^nl 

b n 2 ■ 

, bnn 

an 

0 

0 

*n 

£>12 ' 

b\ v 

021 

0 • 

• 0 

*21 

£>22 ‘ 

’ bin 

a n i 

0 

■ 0 

bnl 

b n 2 

bnn 


or A, say. 


Looking at the first n rows oE this and seeking to form from them all 
the minors of the nth order, with a view to obtain the expansion of the 
determinant as an aggregate of products of complementary minors, 
we see that we need only take those minors into which enter the n — 1 
columns surmounting the zeros, for every other minor has a comple- 
mentary which vanishes. Consequently all the minors worth attend- 
ing to are got by taking along with these n — 1 columns the columns of 
[din | in succession; and thus the expansion referred to is 



#12 ' 

01n 

*n 


011 

£>12 ■ 

bln 


(- 1)“ 

022 

0271 

b 21 


021 

£>22 ' 

’ ’ bin 



0n 2 ‘ 

07171 

bn 1 


071 1 

b n 2 

bnn 



012 ’ 

■ 01n 

bi2 


011 

*n 

bn ■ - ■ 


+ '(- 1)" +1 

022 1 

* ,02ti 

b 22 


021 

£>21 

£>23 ■ ■ 



d n Z ■ 

07171 

bn2 


0 71 1 

£>7ll 

b n 3 ‘ ’ ■ 



012 ■ 

0 171 

bln 


011 , 

in 

’ ' £>1,71—1 

+ (- l ) 2 "- 1 

022 ■ 

1 02ti 

£>2ti 


021 

£21 

’ £>2,71- 

-1 


0n2 ‘ 

■ 07171 

bnn 


071 1 

bnl 

£>n,n 

-1 
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the index of the sign-factor of the first product being n because n 
- interchanges make its first factor the leading wth minor of A. Making 
the b column of each of the first factors pass over the columns before 
it, and making the 0 column of each of the second factors pass over 
to the place of the missing b column, we have 


b 11 012 * ' ’ ,01n 


011 £>12 ■ ' £>ln 


£>21 022 ' ’ ,0271 


021 £>22 ‘ ‘ £>2n 


bnl 0n2 ' ' , 0nn 


071 1 £>7 12 ‘ ' ,£>7171 


£>12 012 ' ‘ 0ln 


£>u 011 £>13 ■ 

£>ln 

£>22 022 ‘ - 02ti 


£>21 021 £>23 ■ 

£>2ti 

£>772. 0712 ' 07171 


£>71 1 071 1 £>71 3 

£>717 

£*171 012 ‘ ' 01ft 


£>n • ■ £>1 ,n— 1 011 

£>2 71 022 ■ • 02n 


£>21 • ■ £>2.71-1 021 

£>7171 0«2 ‘ ‘ ,07171 


£>ti 1 ' * £>7j,n- l 07il 


the sign of every product being now — , since the number of changes 
of sign in the first is n— 1, in the second n ) in the third n+ 1, and so on. 

Again, returning to A, and subtracting each element of the (w+l)th 
row from the corresponding element of the first row, each element of 
the (w+2)th row from the corresponding element of the second row, 
and so on, we have a determinant from whose first n rows it is possible 
to form but one non-zero minor of the nth order, namely, — |^m|; 
hence it is seen (§108) that 

A = — | (l\n | ‘ | b\n | ■ 

This and the former expression obtained for A at once give the 
required identity in the special case under consideration. 

Secondly, let the particular column fixed upon be not the first of 
| ain | , but some other, the ftth say. Then it is readily seen that to 
establish the theorem we have only to make this ftth column pass 
over the ft — 1 which precede it, and apply to the product of the result- 
ing determinant and \b\ n | the already established case, and in every 
first factor of the result make the first column pass over the next ft — 1 
columns. 
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As another way to write the theorem of this article we have 
| #i hi c 3 1 • | a 4 b& c& | — | a\ hi c A 1 | #3 br, c% \ + | #1 b 3 c 4 1 | #2 b 6 | 

— \ a 2 b 3 c A \ ■ | #1 b b c 6 1 







#1 

a 2 

#3 

a 4 

#5 

#6 

# 1 , 

b i 

Cl 

| Ch b 5 C6 | 


bi 

b 2 

h 

b 4 

h 

*6 

#2 , 

b 2 

Ci 

| a 2 b !t c e | 


Cl 

Ci 

c 3 

C 4 

Cb 

^6 

#3 

b a 

C 3 

| a 3 b b c c | 


#i 

#2 

#3 

a 4 

0 

0 

#4 

h 

Cl 

| b b c 6 1 


hi 

bi 

b 3 

b 4 

0 

0 






Cl 

Cl 

c 3 

C\ 

0 

0 


137 . Sylvester’s Theorem. The product of two determinants of 
the same order is equal to the sum of like products obtained from the 
original by interchanging k chosen columns of the one determinant with 
every set of k columns of the other in succession; the interchange of k 
columns with k columns being effected by interchanging the first column 
of the one \tt with the first colum?i of the other , the second of the one with 
the second of the other , and so on. 

Let | tf'in j j \b\n | be the two determinants, and, first, let the k 
columns fixed upon be the first k columns of \a\ n | . 

If a determinant of the 2nth order be formed exactly as in § 136 , and 
the first k columns of its minor \ai n | be then interchanged in order 

with the k columns of zeros below them, we have the determinant 

0 ■ ■ ■ 0 #1,A;+1 ■ ’ ■ Q-In b 11 b\2 ' • • bln 

0 ■ ■ ■ 0 #2,*H-1 * ■ #271 ^21 b 22 ■ ■ ■ b 2n 


b 0 #n,A:+l 1 ' ’ a nn b n i t b n 2 

#n ■ " ■ #ifc 0 * * • 0 b ii b 12 

#21 ■ ‘ #2 k 0 ’ 0 ^22 


#ni * * * #t ik 0 ■ ■ ■ 0 b n i b n 2 ■ • ■ b nn 


bnn 

bln 

bin 


or A , say . 


Preparing to express this as an aggregate of products of comple- 
mentary minors of the wth order formed from the first and last ft 
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rows, we see that the first factor of any non-zero product of this kind 
must contain the last n — k columns of |a ln | and a set of k columns 
from | bi n J , and that the cofactor must contain the remaining columns 
from | o>\n | and |0i„|; in other words, that this product is derivable 
from \ain \ |fcin| by transferring the first k columns of \a ln \ to |ii n | 
and a set of k columns of |^i n | to |ai n |, — the transferred columns 
occupying the last k places in the first factor and the first k places 
in the second. If the columns taken from |& ln | be the 0ith, 0 2 th, ■ ■ ■ , 
0fcth, the index of the sign-factor of the product is 

(1+2 + ■ ■ + ft) + (k + 1 + £ + 2+ ■ • ■ + » + « + 0 1 

+ ft +02 +•■■+«+ ~Qk) ; 

that is 

|n(» + 1) + [\{n — k)(n + k + 1) + kn + 0] + 0 2 + ■ ■ • + 0*} ; 
that is 

\n(n + 1) + \n(n + 1) — \k(k +1) + kn + 0i + 0 2 + • * • + 0*. 

Now, were it not for the positions of the transferred columns, the 
series of products thus obtained would be that referred to in the 
statement of the theorem; and if, in each case, we pass the b columns 
of the first factor in order over the n — k preceding a columns, and in 
the second factor transfer the &th column to occupy the 0fcth place, 
the (k— l)th column to occupy the 0jk_ith place, and so on, we obtain 
the said series of products exactly. The number of changes of sign 
caused by these transferences of column is seen to be 


k(n — k) + (fir — k + * ■ ■ + di — 2 + 0i — 1) ; 

that is k(n — k) — \k(k+ l) + 0i+0 2 + * ■ ■ +0*. Consequently the 
index of the sign-factor of the product will now be the sum of this 
number and the former index; so that, those parts of the sum being 
neglected which are even, the sign-factor is found to be 

(— 1)”^ that is (— l)* 2 that is (— l) fc . 

Hence A is equal to the aggregate of the products referred to in the 
theorem each taken with the sign-factor (— l) fc . 
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Again, subtracting each element of the (w+l)th row of A from the 
corresponding element of the first row, each element of the (w+2) th 
row from the corresponding element of the second row, and so on, 
we have (§ 107) also 


A = (— 1)* | a in I I bin\ . 


Hence, by equating these two expressions for A, we have the required 
identity established for the particular case under consideration. \ 


When the k columns fixed upon for interchange are not the first k 
columns of |<zi n |, we may prove the theorem by making them the 
first k columns and then using the already proved case, exactly after 
the manner of §136. 


Example. Taking the determinants \aib 2 c 3 d 4 \ and | Xiy 2 z 3 w 4 | , and 
selecting the first two columns of the former as the columns for inter- 
change, we have 


| aihcsdi | | Xiy^zsWi | = | Xiy 2 c 3 d 4 \ \ a x b 2 z 3 w 4 \ + | xi z 2 c 3 dn | | a x y 2 b 

+ | xiw 2 c 3 d 4 1 | a x y 2 z 3 b 4 1 + | yiz 2 c 3 d 4 1 | x x a 2 b 3 w 4 1 

+ | yiw 2 c 3 d 4 1 | x x a 2 z 3 b 4 1 + | z x w 2 c 3 d 4 1 | xxy 2 a 3 b 4 1. 

138. From the elements of two determinants \ai n |, \b Xn \ a number 

of different zero-determinants of the 2wth order can be formed 
resembling A in §137, and thus a corresponding number of identities 
similar to the one there established can be at once obtained by ex- 
panding in terms of products of complementary minors of the wth 
order. Any one of the first n columns of such a zero-determinant is 
formed by taking for the one half of it the corresponding column of 
| ain | and for the other either a repetition of this or n zeros; the last n 
columns are formed in like manner, but from \b\ n | ; and the number of 
columns independent of zeros is not less than n+ 1, this being neces- 
sary in order that the determinant may vanish in accordance with the 
theorem of §108. If, in the determinant, \a\ n | and \b\ n \ are comple- 
mentary minors, the resulting identity may be expressed like that of 
§137, namely, so as to give an equivalent for the product of |flin| 
and |£> ln |. 

Example. Taking the determinants \a\b 2 c 3 |,|*iy 2 Z 3 1, and seeking 
to express their product as an aggregate of like products, in which 
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the first factor shall contain the column of b’s and the second factor 
the column of x’s, we form the determinant 


ai 

b i 

Cl 

0 

yi 

Z 1 

d 2 

bi 

C2 

0 

y 2 

32 

d 3 

h 

c 3 

0 

>'3 

23 

ai 

0 

Cl 

Xi 


Zl 

cl 2 

0 

C2 

oc 2 

y 2 

22 

a 3 

0 

c 3 

x 3 

y$ i 

23 


which (§106) is equal to 

| aib 2 C3 1 | x x y 2 z 3 1 + | a x b 2 y 3 | | Cix 2 z 3 1 — | a L b 2 z 3 1 | c x x 2 y 3 \ 
+ | bic 2 y 3 1 | a x x 2 z 3 1 — | bic 2 z 3 1 | aix 2 y 3 1 
- | bj y 2 z 3 1 | a!C 2 x 3 1 . 


But by subtracting each element of the last three rows from the cor- 
responding element of the first three rows, it is at once seen to be also 
equal to 0; hence 


a } b 2 c 3 1 | x x y 2 z 3 1 = | a x b 2 y 3 | | x x c 2 z 3 1 + | a x b 2 z 3 1 | x x y 2 c 3 1 
+ | y x b z c 3 1 | x x a 2 z 3 1 + | z x b 2 c 3 1 | x x y 2 a 3 \ 


yib 2 z 3 1 | x x a 2 c 3 . 


139. If the two given determinants in the immediately preceding 
theorems have one or more columns in common, the number of 
products in the resulting identity is less (§51) than it would otherwise 
be. Special cases of this kind are of sufficiently frequent occurrence 
to merit the student's attention. 

140. It is readily seen that identities, similar to those of §138, but 
having for the factors of each product two determinants of different 
orders, might also be established. They do not admit of very simple 
statement, but are often of use. 
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Example. Since 

b\ b% 0 63 64 

C\ C2 0 c 3 C\ 

bi 0 b% b^ &4 I = 0 

Ci 0 c 2 Cj C4 

0 d-2 d$ d\ 

it at once follows that 

| b\C 2 1 | bzCzdi | = | 62^3 1 | 61^2^4 1 — | b' 2 Ci | | biCzdz | . \ 

141. Schweins’s Theorem. If we expand the determinant A by 
Laplace's theorem , first in terms of the minors of order r formed from 
any r rows, with their complemenlaries, and second in terms of the minors 
of order m, formed from any m columns (r<m), with their comple- 
mentaries; then the sum of the (n — r) m _ r terms of the second expansion 
which have in common the elements in the intersection of the selected r 
rows and m columns is equal to the sum of the m r terms of the first 
expansion which have for one factor the minors of the rth order formed 
from the elements in the intersection of the selected r rows and m columns . 

Stated symbolically the theorem is 


(n r) m _ r 

^ i(— 1 ) V A (n I n~rp)(n | n-rfl | m-r t ) , (71 1 m a )A (n | (n-rfi]m-r t ),(n\ma) 

m r 

^ (*H»— rfi) , (n\ma\rj)A (n|n— rjj) , (n|ma) (n| ma\rj) 

where >-1 = 110. of inversions in {n\n-r g ){n\n-r g \m-r x \n\ iTT,\ 
w— r f )+ no. of inversions in (m | w a j« | w a ), 

, 2 = no of inversions in (#|*-frf*|*-,jO+no. of inversions in 
(n\m a \r,l{n\m a ){n\m a \r,)), and where (n\n-r g ) is used to denote 
the /3th combination of the n numbers 1, 2, ■ • • , » taken n-r at a 
time. 

Expanding the determinant 
A 


(nl n — r|3) (n | n—r0| m— r ( ) ,(n\ma) 
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in terms of its minors of the rth and (m — r) th orders by Laplace's 
theorem we have 


A 


(n |n— r/3) (n|n— r0| m—r,) , (n | m«) 


But 


m r 


UK- 


(n|n— r/3) , (n j | 




A 


(ti | n — rf} | m — r f ) , (n | mat |r, ) ■ 


(n-r)„ 


^2 ^ ) r< A („ | n — r p | m~r t ) , (n | ma \r } )A ( n | ( n-fir ) |m-r,) , (/'i | m«) 


= -4 


(n | n—rfi) ,(7t|ma) (n | m a |r 7 ) 


therefore since evidently ^ 1+^3 = ^2 + ^4 the truth of the theorem 
appears. 

This theorem is due to Schweins. 

If m = n it becomes 


«r 

■A ~ (n |rfl) , (n |r 7 )-d (>1 |r/S) , (» frj) 

1 


which is Laplace’s theorem. 

142. Perhaps the simplest proof of Schweins’s theorem is obtained 
on equating the two expansions by Laplace’s theorem of the deter- 


minant, 

( 111 d-12 ' Aim 0 ' ' ' 0 

Cl21 (I'll ■ ' #2 m 0 • 0 


(Irl a T 2 ■ ■ arm 0 ■ ■ 0 

0r+] ,1 0H-1.2 ' * 0'r+l.m + ‘ ‘ 0r+I ,n 


0'nl 0n2 ' 0'nm 0?i p rnfl ‘ ’ 


first in terms of minors of the mth order got from the first m columns 
and second in terms of minors of the rth order got from the first r rows. 
143. As an immediate consequence of Schweins’s theorem we have 

(«-l>r 

y^J(— 1 ) V [A (n |n — 1 u \ry) (n | n— 1 a ) . (». |n - \p |r t ) (n | n-10) 

1 

X A (n | (n— J a) |r 7 ) , (n | (n— 1,0 lO 

+ A (n|n-l«|r 7 ) .(n\n-lfi\r t )A („| ( 7~«) |r 7 ) (n ) , (n | (n-lib |r t ) (n | n-1/3) ] 

= ^2 [A (n | r-f la I l t ) i (nlTi-l/aj-d (n | |? T ) ("I (ir+i*) Mj) - l»l»— 10) 

“I” A (n*|n — la | Ty) (n | (n— ra) 1 1,-) p (n|n-l/3)^ (n|n— ra|lj) 10)] 
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where (w|r+l*) represents the r+1 numbers in ( n \ n— l g \r y ) 
(n n— l a ) and (n\n— r a ) represents the n — r numbers in (n |»— l a \r y ) 
(n n~ l a ). 


= A+ A (n | n— la) , (71 \ n— 1 ( 1 ) A (n\n~la) , (n|»~l/J) 

“ A (ji|n— la) , (n\n-~lfl)A (n|n— la) ,(n|n— 1(J) 
n 

“1“ ^^iA (n |n— 1J , (n fn—10)A (n|n— l t ) , (« |n— 1/9) 


2 A (rl|n— la) , (fHn—l 0 )A ( n | n — la) , (n\n~ 


1/3) 


( n 1 ) j 


H" A (nln-lall,) ,(n\n-l0)A 


(n| (n—la) 1 1,) (n|«-la) , (n |n— 10) • 


144. In §137 we have seen that the theorem comes out of expanding 
a certain determinant in two different ways. The determinant in 
question may be pictorially represented by 


k n — k n 


( 0 ) 

(y) 

( 2 ) 

(x) 

( 0 ) 



where (0) denotes that the elements in the rectangle are all zeros. 

In §141 we have another theorem (Schweins’s) arising from the 
twofold expansion of the determinant 


m n — m 


(*) 

( 0 ) 

(y) 

( 2 ) 


There are certain types of special cases of this determinant which 
are worthy of consideration. The first would be the determinant 
represented by 
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m 


n — m 


(*) 

(0) 

O) 

(?) 

( 2 ) 

(w) 


n — r 


where the elements in h of the m columns of the n — r rows are the 
same as in h of the n—m columns of the n — r rows; or what amounts 
to the same thing 


m 


n — m 


(«) 


(*) 

(0) 

(0) 

(y) 

(2) 

(w) 


n — r 


h h 

since we may subtract the last h columns from the first h . 
Another type would be represented by 


m 


n — m 


(b) 


(*) 

(0) 

(w) 

(*) 

(w) 

(2) 


n — r 


h h 

Still another type is the determinant represented by 

m n — m 


(c) 


(w) 

(x) 

(w) 

(0) 

(y) 

(z) 




n — r 


h 


which is obviously zero. 
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145. The symbolic relation* obtained from the expansion of (a) is 
(n | n — r Ul )(n | n — r ai | m — ri) 

U | | A/jJfw | | VJ 

(n | n — r ai | m — r ,) 

(» I Wflil W(»l ^il W 

(it | » - r ai ) 

(n \ mp J /?^)(»|^,| /^J r - A,) 

(w | n — r ai ) 

(n [ m fil | h fit )(n | nip, | hp t )(n | m fil | 

where the numbers in (n \mp l \hp 2 ) and (n \mp x \hpi) are the same by 
hypothesis. In the place of (n |w/ji \hp 2 )(n \mp x \kp 2 ) and (it \mp x \hp t ) 
(n\mpi\hpi) we may of course write (n\mp x ) and ( n\mp 2 ) respectively 
if we remember that they have a set of h numbers common to the two. 
The symbolic relation obtained from the expansion of (b) is 


E i(-«' 



(« t) m — r 

(1) E H- l)'' 1 
1 


( 2 ) 


("-*■) m-r-fc 

z »■(- 


1 


I)-. 


(n | n - r„,)(n \ n - r a J m - r - 
(» I m fil \ 2h„, | /»„,)(» | mp l | 2/?^ 2 ) 

(n | n - r tt] | m - r — hi) 

(n | mp)(n | nip } | 2 hp 2 | hp t ) 



(n | n - r a j 

O | nie l | 2 h Qi | hpi)(n | m fil | 2hp t | r — hi) 

(n | n — r Ql ) 

(h | vipi)(n | nip l | 2hp z | kp t )(n\mp l | 2 h 0I \ r - h 3 ) 

where the numbers in (n \nip x \2hp\hpi) and (n | mp 1 \2hp i | hpi) are thesame. 

If we proceed to write the symbolic relation obtained from the 
expansion of (c) we will find that it is exactly (2). This is due to the 
fact that the elements in (x) which are in the columns (n | nip x \2hp 2 \ hpi) 
are not involved in relation (2), and therefore the relation is inde- 
pendent of these elements. 

146. We may of course have similar sets of rows with identical 
elements at the same time that they occur in the columns. Thus if k 


K m—2rl r - h 

EX- i)” 


* Whenever, as in this formula, it presents no printing difficulties we shall use 

| y x yl . . ■ | to indicate a determinant whose row numbers are Xi x 2 - ’ • and whose 

column numbers are Vi y 2 ■ • • instead of the notation gives in §67. For convenience 
in printing we shall also use (n\m— r t ) to denote the i th selection of n numbers taken 
m~r at a time 
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is the number in each of two sets of rows with identical elements and 
we combine (1) and (2) the result is 


(n-r-2fc)( m _ r _ fc) 

T,i (- 1)' 

1 


(ra | » — n.,)(» | n — r ai | 2k ai | k a ,)(n | n^fa, \ 2k« t \ m — r - k x ) 

(m | mp,) 

(w | n — r a , | 2£ ai | £„,)(« \n — r ai \ 2k a , | m — r — £,) 

(m | OT/J,) 


(3) 


(to— lOrhfc-h 

= E X- 1)" 1 
1 


(» I « — !»-»•«,! | *„,) 

(ra | mp 1 1 Au,)(ra | m.0 l | h, | r + k — hj) 


(n\n — r ai | 2k ai \ k at )( n \ n | 2k ai ) 

(n | m^(n | m Pl \ h Pi | r + k - Ay) 

where the numbers in (n \n — r al \ lk ai \k at ) and ( n \n— r al \ 2k az |& a> ) are 
the same; and where the h numbers in (n \ m 0l \h^ are found in 
(n\m Pl ). 

147. If in (3) §146 we put & = 0 it reduces to (1). 

If in (1) we put n = 2n ; h~k, m = n-\-k and r = n, then it becomes 
the theorem of §137. 

If in (1) h = r, then it becomes 


d') 


r > m—r 

E <(- 

j 






(ra | n — r„,)(ra \ ra — r ai \ m — r,-) 
(ra | m fl ,) 

(ra | w — r„, | m — r,) 

(ra | mpj 


(ra | ra - r a> ) 


(ra | ra - r 0j ) 

(ra | mu, | r $1 ) 


(ra| mu,)(ra| mu, | r 01 ) 


C n r) m _ r 

E *(- I)* 1 


( 1 ”) 


If in (1) h>r then it becomes 

(ra | ra — r«,)(ra | n — r ai \ m — r.) 
(ra | mu,) 

(ra | w — r„, | m — r<) 

(ra | mu,) 


= 0 


Similar results would be obtained from (2) by putting first h = r, and 
then h>r. 
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It should be observed that in (1), h , the number of numbers com- 
mon to the two factors in the columns, is less than r, the number of 
numbers constant in the rows, in (l 7 ) these numbers are just equal, 
and in (1") the first is greater than the second. 

Example of (1). Let w = 8, w = 5, r = 4, h = 2, 

(n | W/?i ) == 12345, (n | m $,) = 678, (n | m^ l | k 0i ) = 12 j 
(n | n — r ai ) s 1234, (n | n — r) = 5678 | 

(1234) (5) (678) _ (1234) (6) (578) \ 

(12) (345) ' (12) (6) “ (12) (345) ' (12) (6) \ 

(1234) (7) (568) (1234) (8) (567) \ 

+ (12) (345) ' (12) (6) ~ (12) (345) ' (12) (6) 

(1234) (5678) (1234) (5678) 

= (12) (34) ' (12) .(5), (6) ~ (12) (35) ' (12) (4) (6) 
(1234) (5678) 

+ (12) (45) ' (12), (3) .(6) 


This may be verified by expanding the second factor of each term on 
the right. Thus 


(5678) 

5 

678 

6 

578 

7 

+5 

568 

8 

567 

(12) (5) (6) 

~5 

(12) (6) 

5 

(12) (6) 

(12) (6) 

~5 

(12) (6) 

(5678) 

5 

678 

6 

578 

7 

+ 

4 

568 

8 

567 

(12) (4) (6) 

~ 4 

1(12) (6) 

4 

(12) (6) 

(12) (6) 

4 

(12) (6) 

(5678) 

5 

678 

6 

578 

7 

568 

8 

567 

(12) (3) (6) 

= 


— 


+ 





3 

(12) (6) 

3 

(12) (6) 

3 

(12) (6) 

3 

(12) (6) 


Then recombine them as follows 


678 I/! 1234 5 1234 5 1234 1 5^ 

(12) (6) It 1(12) (34) 5~ (12) (35) 4 + (12) (45) 1 3 / 
_ 578 in 1234 6 _ 1234 6 1234 151 

(12) (6) |t 1(12) (34) 5 ~ (12) (35) 4 + (12) (45) I 3 / 

+ 568 If | 1234 7 1234 7 1234 | 7 \ 

(12) (6) It 1(12) (34) 5 (12) (35) 4 + (12) (45) I 3 / 

567 111 1234 8 _ 1234 8 1234 181 

(12) (6)1 1 1(12) (34) 5 (12) (35) 4 + (12) (45) I 3 / 

and by addition get the four terms on the left. 
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Example of (1')- Let n=7, m = 5, r= 2, h = 2, 

(»| = 12345, (» | mpj = 67, 

(»| w fll | hp t ) = 12, (« | M — »•„,) = 12, (n\n — r ai ) = 34567 
(12) 345 67 12346 57 12347 56 12356 47 

12 345 12 12345 12 + 12345 12 + 12345 12 

12357 46 12367 45 12456 37 12457 36 

12345 12 + 12345 12 12345 12 12345 12 


12467 

35 

+ 

12567 

34 

12 

34567 | 

12345 

12 

12345 

12 

12 

123451 


Example of (1")- Let n = 5, m = 3 , r= 1, h = 2, 

(«| me,) = 123, (« | w 3l ) = 45 

(* I »*/>, I = 12, (n | n — r a ,) = 1, (n \ n — r ai ) = 2345 

(1) (23) 45 124 35 125 34 134 25 

(12) (3) 12 123 12 + 123 12 123 12 


135 

24 

145 

23 

123 

12 

123 

12 


Example of (3). Let w = 8, m = 6, r = 3, h = 1, k=l, 

(« | » — r a ,) = 123, (« j » — r 0l ) = 45678 

(n\ nip,) = 123456, (» | mpj = 78, 

(w | | /^.) = 1, (n | n — r Ql | 2k ai ) s 48, 

(w | W 1 I 7.k ai | & a| ) = 4, {71 | n T ai | 2ka t | &«,) = 8, 

8 = 4 in rows, 8= 1 in columns. 

(123) (4) (56) 47 _ (123) (4) (57) 46 (123) (4) (67) 45 

123456 17 123456 17 ... 123456 17 

1234 4567 1234 4567 1234 4567 

= (1)234 ' (17)56 ~ (1) 235 ’ (17) 46 + (1) 236 (17)45 

1234 4567 1234 4567 1234 4567 

+ (1) 245 (17) 36 ~ (1) 246 (17) 35 + (1) 256 (17) 34 

1234 4567 1234 4567 1234 4567 

~ (1) 345 (17) 26 + (1) 346 (17) 25 (1) 356 (17) 24 

1234 4567 

+ (1)456 (17)23 
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148. Tht product of a determinant and any one of its minors M 
is expressible as an aggregate of products of pairs of minors: the first 
factors of the products being obtained by taking q rows in which the rows 
of M are included and forming from them every minor of the qth order 
which contains M , the second factor of any product being that minor 
which includes M and the complementary of the first factor , and the sign 
of any product being fixed by transforming the second factor so as to have 
its principal diagonal coincident with those of the two minors which it 
was formed to include , and then taking + or — according as the sum 
of the numbers indicating the rows and columns from which the first 
factor was formed is even or odd . \ 

Let | a\ n | be the given determinant, \a vv a p +\ tP +\ ■ ■ ■ a qq | the chosen 
minor M , and let the q rows of \a\ n I taken to include the rows of M 
be the first q rows. 

We have at once an equivalent for the product of |ai n | and its 
minor if, by forming a new determinant in which |<zi n | and M are 
complementary minors, the former being situated in the first n rows 
and first n columns with nothing but zero-elements below it. Such a 
determinant is , 


<*11 

<*12 

' <*1 , p— 1 

flip 

■ ■ <*10 

<*1.0+1 

• ■ <*ln 

0 

■ ■ 0 

<*21 

<*22 

' <*2,p— 1 

<*2p 

■ ■ <*2g 

<*2,0+1 

■ <*2« 

0 

■ ■ 0 

<*P~ 1.1 

<*P— 1,2 ■ 

<*p— l.p— 1 

<*P-1,P ‘ 

flp-1,0 

<*p— 1.0+1 ‘ 

<*P — 1 , 71 

0 

■ ■ 0 

<*pl 

<*p2 

<*p,p-l 

flpp 

<*Pfl 

<*p.0+l 

* * <*p n 

0 

■ ■ 0 

<*fll 

<*<J2 

' a Q.p - 1 

<*0P 

‘ <*oo 

<*0.0+1 

<* qn 

0 

■ ■ 0 

<*0+1.1 

<*0+1.2 * * 

* <* tf+1. P-1 

<*0+1. P ' 

<*0+1.0 

<*fl+l . o+i ■ ■ 

' <*0+1. n 

<*0+1. P 1 

■ ■ <*0+1. 

<*nl 

<*n2 

’ <*n,p- 1 

<*np 

’ * <*ng 

<*n, o+l 

* <*nn 

<*7ip 

■ ‘ <*ng 

0 

0 

■ • 0 

0 

■ - 0 

0 

■ ■ 0 

flpp 

■ ' <*P0 

0 

0 

■ • 0 

0 

■ • 0 

0 

■ ■ 0 

flop 

<*00 


or A, say, where it has to be specially noticed that the q chosen rows 
of |ain| are prolonged with zeros, and that each of the other rows 
is prolonged by repeating in order the elements of it which are in 
the same column with any of the elements of M. 

In A the minor M occurs twice. Adding each element of the first 
set of rows to which M belongs to the corresponding element of the 
second set, and then subtracting each element of the second set of 
columns to which M belongs from the corresponding element of the 
first set, we find 
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an 

Oi2 

’ ’ a l,p-l 

dip 

dig 

d l.Crl 

* ■ (hr, 

0 

• ■ 0 

021 

022 

' ’ 

d‘lp 

1 dig 


■ ' 

0 

■ ■ 0 


dp~l,2 * 1 

* dp— l.p— 1 

dp-1 ,p 

‘ dp-1 , <1 

a P-l, <7-11 ' 

dp-\ t n 

0 

■ ■ 0 

a P i 

Op2 

' dp.p - 1 

dpp 

(Jpg 


’ dpn 

0 

■ ■ 0 

dgl 

dql 

a q.p-l 

Qpq 

dqq 

d-q.q |1 

dqn 

0 

■ 0 

1 

dq+ 1.2 ‘ ' 

dq+l,p-l 

0 

■ 0 



dg\-l p ' 


dni 

0 7J 2 

■ dfl.p — 1 

0 

■ 0 

fl w,V-U 

0;m 

dnp 

' dr q 

dpi 

Op2 

• Ojj,p_i 

0 

■ 0 

a p,q + 1 ' 

* dp n 

dp P ■ ■ 

' ■ dpq 

dql 

dql 

’ * dg t p—\ 

0 

• 0 

a q,q+ 1 

dqit 

dqp 

* dqq 


If now wc take the first q rows of this determinant, and form every 
minor of the gth order preparatory to finding the expansion of the 
determinant as an aggregate of products of complementary minors, 
we see that, although the full list of minors would be exactly the same 
as if we had been dealing with |ai» |, we need take only those which 
include the selected minor M } because all the others have here comple- 
mentaries which vanish; also, we see that each of the complementaries* 
of those thus taken includes the complementary of the same minor 
in | (i\ n | and the selected minor besides* and that each is itself a minor 
of |flin|, being formed from those n — /> + l rows of |tfi n | which are 
made up of the n — q rows not included in the chosen q rows and the 
q— p-\- \ rows in which M is situated. 

But this aggregate of products is exactly the aggregate of products 
specified in the enunciation of the theorem, and as it is the equivalent 
of A and therefore of \a\ n | XM, the theorem has b£en established. 

Examples. Taking the determinant 


and its minor 


oi a t 
bi b 2 

Cl Ci 

d i d o 

ei c 2 


a 3 
b 3 

C3 

d 3 
e-A 


b$ b 4 


O 1 d 5 

bi b ' 0 

Ci C 5 
d 4 (l* 
€ 4 C 5 


C 3 C\ 
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we have 

| Ja C\ | | fli b 2 Ca d 4 e& | = | d\ b 2 c 3 d 4 1 | b 3 c 4 e 3 j — | a>\ b 3 c 4 d h | | b 3 c 4 e 2 1 

— | a 2 b 3 c 4 d 6 | ■ | b 3 c 4 ,ei | , 

= — | a\ b 2 c 3 e 4 1 | b 3 c 4 d[> | 

+ | a,\ b 3 c 4 e$ | | b 3 c 4 d 2 1 

— I d 2 b 3 Ci €s | I ^3 c 4 d\ \ , 


the factors of the fourth order being formed in the first case from the 
first, second, third, fourth rows, and in the second from the first, 
second, third, fifth rows. 

Taking a minor of the next lower order for the cofactor of 
| dib 2 c 3 d 4 e 6 | , we have 

d 2 1 d\ b 2 c 3 d 4 e 3 1 =| c 1 d 2 e 3 1 | d 4 b$ d 2 1 — | C\ d 2 e 4 \ | d 3 b 5 d 2 1 

+ | Ci d 2 C5 1 | a 3 b 4 d 2 1 + | c 2 d 3 e 4 j | a\ b$ d 2 1 , 

— | c 2 d 3 I | di b 4 d 2 1 

+ | c 2 d 4 e b I I ai b 3 d 2 1 


= — | d\ e 2 1 | <23 b 4 c$ d 2 1 — [ d 2 €3 1 | cii b 4 c$ d 2 1 
— \ d 2 e 4 \ \ d\b 3 C5 d 2 1 
+ | d 2 | | d] b 3 c 4 d 2 1 


If the cofactor of \d\b 2 c 3 d 4 e 3 | be of a lower order still, namely, the 
order 0, and as such be taken equal to unity, we have the theorem of 
§93, which in this way we may view as being here generalized. 

149. At the opposite extreme from the theorem of §93 viewed as a 
case of the foregoing, we have another theorem of sufficient impor- 
tance to be specially noticed. This is the case in which, the original 
determinant being of the nth order, its cofactor M is of the (w — 2)th. 
Here the rows from which the first factors of the development are 
formed must be n— 1 in number, and as the said first factors must 
include M, there can be only two of them, so that the development 
must consist of two terms which are each the product of two deter- 
minants of the (n— l)th order. 
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Examples. 


bz 03 di | 

| di b% 03 d^ e b 1 

= \ bz Cz d^ e b 1 

| d\ b 2 cz di | 



— \ b\Cz dz C\ | 

| az bz Ci d b | 

d\ b 2 c 3 | 

| d\ b 2 Cz d\ e b | 

= | ai 62 Cz di | 

| ai bz Cz 06 1 



| 0i bz cz d b | 

| a 1 bz Cz 04 J 


Denoting \aib 2 czdie b \ by D we may (§87) write the first of these in 
the form 

3 2 D 3D 3D dD 3D 

D = ; 

3aide b 3d\ 3a b 3a b 3e i 

similarly, the second; and, quite generally, we have 

3 2 D 3D 3D 3D 3D 

D{a Xn ) = > 

3dti r 3dka 3dfir 3dlcs 3(lha 3dkr 

the form in which the theorem is commonly quoted. 

The theorems of §§93, 148 are connected in another way, which it 
is of still greater importance to observe. As an instance of the latter 
theorem we have (§148), 

| bz | | d\ b 2 cz di e b | =| fli b 2 03 di | | bz C\ e b | — | 01 bz Ci d b | | b 3 0 4 e 2 \ 

+ | a-2 bz Ct d b | | bz 04 61 1 

If now, in place of each determinant here, we substitute the cofactor 
which it has in | | , we obtain the statement 

| di d 2 e b | = e b \ a, d 2 \ - e 2 \a l d b \+ e l \a 2 d b \ , 

which is at once recognized as an instance of the theorem of §93. The 
identities 


a\ bz 03 di e b j 

= 1 

Cl dz 03 

| | di b b dz | — | 

Cl di e A I I 

dz b b dz | 


+ 1 

C 1 dz 06 

| | az bi dz | + 

| Ci d 3 e 4 | 

| 01 b b dz | 




— 

| Ci di e 6 1 | 

d\ bi dz | 




+ | 

| Ci di e 6 1 

| di bz dz | 

| ai bz Ci e b | 


0465 ! 1 

01 03 I — I 03 ^5 I 

| C\C\ | + | 

03 &4 | | 01 0& | 


+ 

I aiM | 

0304 1 — \chbi\ 

| £ 365 1 + 

| 01 bz | | 04 06 | 


are similarly related; and generally it is found that to every instance 
of the one theorem there corresponds in this way an instance of the 
other, so that the two may be spoken of as complementary theorems. 
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150. If the first k elements in the first k—1 rows of a determinant A n 
he taken with the first k elements of the other rows in succession to form as 
determinants of the kth order the elements of the first column of a new 
determinant A n ~k-\ 1 , and if the determinants formed in like manner from 
the second k consecutive columns of A n he made the elements of the second 
column of and so on, them A„ is equal to A„_a-+i divided by the 

product of all the determinants of the (k— 1 )th order , except the first 'and 
last, for med from the first k—1 rows and any k—1 consecutive columns of 

A n . \ 

The case of this in which k = 2 has been already established (§7y); 


so that ii 

i A n = 

= | 0J W | 

, we k 


0n 

012 

013 ‘ 

0 i?i 


021 

022 

023 

02n 

0) 

031 

032 

033 ’ 

03n 


a n i 

0n 2 

0?i 3 ’ ' 

0 Tin 


a utfi3 ■ a i, n -l 


0 u a 22 1 | a vi 023 | * - ■ | a i, n -i 02 n \ 
an an I I 012 033 I ■ ■ I 0 j ,n-i 0 an \ 


0-11 O’ji' 2 \ a 12 0n3 


01 ,n— 1 a nn 


Transforming the second determinant here by means of the identity 
in which it occurs, and putting 


a n 022 1 

| 012 023 

011 032 | 

| 012 033 

0J2 0 23 | 

| 013 024 

012 033 | 

| 013 034 


— a 12 011 a , 22 033 


— 0J3 012 023 034 


as §149 entitles us to do, we obtain the result 

012 | 011 022 033 | 013 | 012 023 034 | ‘ ’ ' 01,n-l | 01,n-2 02,n-l 03n | 

012 | 011 022 043 | 013 | 012 023 044 | ' ' ‘ 01,n-l | 01 , n -2 02 ,n-l 04n | 

012 | 011 022 0n3 | 013 | 012 0 23 0n 4 | * * * 01 ,n-l | 01 , n -2 02,n-l 0nn | 

012 023 | | 013 024 | * ‘ ■ 01.n-2 02.n-l 
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so that by substitution in (1) we have 

| All 022 033 | | 012 023 034 | ’ ' 1 | 01 , n -2 02,n-l 03n | 
| 011 022 043 | | 012 023 044 | ’ ' | 01,n-2 02,n-l 04n | 


(2) | 01n | = - 

which is the next case of the theorem. 

In exactly similar fashion it follows from this that 


011 022 0n3 


012 023 0n4 


01,71-2 02 ,n- 

-1 0fin 


012 023 


013 024 

01 ,71—2 02,71-1 



| 011 022 033 044 | 1 ' | 01,71-3 02,n-2 03,n-l 04 ti | 
| 011 022 033 064 | ' ' | 01,n-3 02,n-2 03 r n-l 06n | 


. I i | ^11 U'TL 4 | | ,n— J ^ 2 ,n~z “'d ,n— j “-Tin | > 

(3) | 0m | = r j j j 1 

| 012 023 034 | ‘ ‘ * | 01,71-3 02,71-2 03.n-l | 

and so on; the extreme case being the identity repeatedly used in the 
demonstration, namely, that of §149. 

Similarly an extension of the identity of Ex. 5, §78, might be 
established, giving 


011 022 033 0n 4 

01 ,7i-3 02,71-2 03.71-1 i 

07171 


012 0 23 034 


01,n-3 02,77-2 03,n — 1 



| 011 022 033 | | 011 022 034 | * ’ | 011 022 03 n 

| 0H 022 043 | | 011 022 044 | * | 011 022 04n 

| 011 022 07i 3 | | 011 022 0n4 | * ' | 011 022 0rm 


011 «22 | M “ 3 , 


and so forth. 
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Multiplication 

151 . The product of a determinant of the nth order by an expression of 
n terms is equal to the sum of n determinants , the first of which is got from 
the given determinant by multiplying each element of the first row the 
corresponding term of the given expression, the second by multiplying 
similarly each element of the second row, the third by multiplying simi- 
larly each element of the third row, and so on. \ 

Let the given determinant be \ 

A = (an a 22 ' ‘ * O'nn) , 
and the given expression 

U\ + U 2 + ' ‘ ' + U n , 

and then the n determinants referred to are 


Uian 

W 2 012 ' 

■ u n a ln 


011 

012 

' 01n 

021 

022 

' ’ 02n 


Wl021 

W 2 022 ' 

■ u n a 2 n 

0nl 

00» 2 

07171 

y 

071 1 

0712 

0nn 


Now the coefficient of U\ in the first of them is evidently ai\An , in 
the second — 021^21, in the third a 3 iA 3 i, and so on: therefore in the sum 
of the n determinants the coefficient of U\ is a u An^<h\A2\A~0'nAzi 
- ■ • a n iA nX or A. 

Similarly the coefficient of 1*2 is seen to be — 012^12+022^22“ ■ ■ * 
a n 2 A n 2 or A, and so on. 

Hence the sum of the n determinants is 


(u\ + « 2 + ■ • • + u n )A . 

Let F( 0 , ni, n 2 , n 3 , • ■ • , nk) denote the determinant 


l 

1 ■ 

■ ■ 1 


02" 1 * 

■ • a*+i 

ai n * 

a 2 n * 

• ■ a V+i 

ai nk 

a 2 nk ■ 

■ ■ a lU 


of order ( k + 1 ) 
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then as an immediate application of the foregoing theorem we have 
(ai + a 2 + ■ ■ • + a k ^)F(0 } n 1} n 2y - ■ ■ ,n k ) = F(l,n 1 ,n 2j • ■ ■ t n k ) 

+ F(0,»i + 1 ,n 2} ■ ■ , n k ) +F(0,tii,n 2 + 1 , • ■ , n k ) 

+ ’ * ■ + F( 0,«i,w 2 ', ■ • ■ , n k + 1) , 

a theorem due to Malet. 

152. More generally we have 


( a i + a 2 + a£ + • - ■ + a k a +i)F(0 ,ni } n 2 , ■ ■ , n k ) 

= F(a,fti 1 n 2l ■ • ■ , n k ) + F(0 } ni + a,»j, •••,»*) 

+ F(0,«i, n 2 + a, •■■,»*) + ■ ■ + F(0 ,Wi,w 2j ■•,»* + a) . 

153. The product of two determinants of the third order is itself a 
determinant of the third order. 

Let 


C — 


^4 = | flu fl22 <*33 | , B = | bn b 22 633 | J 
<*ll6il+fll 2 6l2+<*136i3 <*11621+ <*12622+ <*13623 <*11631+ <*12632+ 013633 

«21^11 + fl22^12 + fl23^13 <*2l6 2 l + <*226 22 + <*23623 <*21631 + <*22632 + <*23633 
<*3l6ll + <*3 2 6l2+<*336l3 <*3l6 2 l + <*3 2 6 2 2+ <*33623 <*3163] + <*32632+ <*33633 


where we observe the element in the first row and first column of C, 
namely, <*11611+012612 + <*13613, is formed by multiplying each element 
of the first row of A by the corresponding element of the first row of 
Bj and adding the products thus formed, that the element of the first 
row and second column of C, namely, <*11621+ <*12622+ <*13623, is formed 
in like manner from the first row of A and the second row of B , and 
that, generally, the element in the ^th row and </th column of C is 
formed in this manner from the ^>th row of A and the £th row of B. 
Now the elements of C being all trinomial, the determinant may be 
partitioned into twenty-seven determinants having all their elements 
monomial. Of these, however, twenty-one will be found to vanish 
on account of the existence in them of identical columns; thus 


<*11611 

<*11612 

<*13613 


flu 

<*11 

<*13 

<*21611 

<*21612 

<*23613 

= 611612613 

<*21 

<*21 

<*23 

<*31611 

<*31612 

<*33613 


<*S1 

<*31 

<*33 


Indeed it is clear that in forming the twenty-seven determinants we 
need not take the set of first terms in the first column of C along with 
the set of first terms in either of the other two columns, nor the set of 
second terms, in the first column along with the set of second terms in 
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either of the other two columns, nor the set of third terms in the 
first column along with the set of third terms in either of the others 
two columns. The only determinants which do not vanish will there- 
fore be composed of a set of first terms taken from one column, a set 
of second terms from another column, and a set of third terms taken 
from the remaining column; and the number of them will conse- 
quently be the number of permutations of the numbers 1, 2, 3 1 that 
is, 6. In agreement with this the result will be found to be 



anb\] 

012^22 

013&33 


012&32 

#13^23 

c = 

021^11 

#22^22 

023^33 

021^11 

022^32 

023^23 


a S \bn 

032^22 

a 33b 33 

#31^11 

a 32b 32 

033^23 


anb'2i 

a 12b }2 

#13^33 

O' \ \ b 12 

#12^32 

013^13 

— 

021^21 

022b 1 2 

#23^33 + 

O' 2 ib 21 

022^32 

023b 13 


031^21 

^32^12 

a 3 3b 3 3 

031^21 

#32^32 

®33^13 


011^31 

a 12b 22 

013^13 

#11^31 

0'l2bl2 

^13^23 

— 

I 021^31 

<222^22 

023^13 + 

0 ' 2 ib 3 i 

a 2 2&12 

G23&23 


^31^31 

^32^22 

O' 3 ib 13 

0 ' 3 \b 31 

032&12 

^33^23 

--- 1 


,A - b 

\\b32b23A — 

^21^12^33^ “I" b 

21^32^13^ 



~~ bzib\ 

I2.h \ 3 A + 

^12&23-d 

= AB. 



154. There are obviously four ways in which multiplication may 
take place, namely, (1) row by row, (2) column by column, (3) row by 
column, (4) column by row, and since by §37 a determinant is not 
altered by interchanging rows and columns it is seen that all four 
give results having the same value. 

155. The Multiplication Theorem. If two determinants A and B 
of the same order he given , and a new determinant C he formed such that 
in every case the element cf its pth row and qth column is obtained by 
multiplying each element of the pth row of A by the corresponding ele- 
ment of the qth row of B y and adding the products thus formed , then 
C = AB. 

Let the two determinants A and B be \a n a n - • a nn \ and \bubm. 
■ • ■ b nn | respectively. The element in the pth row and ^th column 
of C is a p ib g i-\-a P 2 b V 2 -{- ■ ■ • -\-a pn b qn . Allowing q to take successively 
the values 1, 2, ■ * ■ , n we get the n elements in the pth. row of C 
and allowing p to take successively the same values we get the n 
elements in the ^th column of C. If p and q both change we get all the 
elements. 
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The determinant C can be partitioned into n n determinants, the 
^columns of each of which are got by taking from each of the columns of 
C a set of terms in the same vertical line. Of these determinants, 
however, those containing two columns taken from corresponding 
places in the columns of C may be neglected, since, when the common 
factor of the elements of each column of such a determinant is sepa- 
rated from them, the determinant must have two columns identical, 
and therefore be equal to zero. There are evidently n! of those which 
do not vanish. Taking any one of them, say the one having for its 
first column the set of rith terms of the first column of C, for its 
second column the set of r 2 th terms of the second column of C, and, 
generally, for its &th column the set of r k th terms of the kth column 
of C, no two values of r k being alike, the result is the determinant 

01r,^lr, fllr 2 ^ 2 r 2 • r Tl ^nr n 

02r,&lr, 02r 2 b2r 2 ‘ ‘ * ^2r n ^nr n 


O'nr x b \r i 

0nr 2 ^2r 2 

®nr, 

bnr n 

Now this is equal to 


0'lr s ‘ 

‘ ’ a lr n 

b ir, b 2 r 2 ■ * ■ 

02 n 

02 r 2 

■ 02 r n 

b n r n 




0«r, 

0T17-, 

■ • fl nr n 


and since r\, r 2 , r 3 , ■ ■ , r n are the numbers 1, 2, 3, • * - , n in some 

order this in turn is equal to 

( l)^]r,^27- 2 ' ' ' b n r n A , 

Where v is the number of inversions in the combination {r\r 2 ■ ■ ■ r n ). 
But (- 1)*' b lri b 2 r 2 * • ■ bnr n is a term, with proper sign, of B . 

The n\ determinants whose sum is equal to C are thus seen to be 
each expressible as the product of two factors, one factor being A in 
every case, and the other being in succession all the terms of B . 
Hence C — AB. 

Example. 

12 11 — 1 4 2—1 

3 0 1 4 2 -1 3 -2 

X 

0 2 1 -1 0 2 -1 1 

2 3 0 -4 3 0 4 -1 
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- 1+8+2— 1 , 2 — 2 + 3 — 2 , 0+4— 1 + 1 , 3+0+4-1 

-3+0+2 — 4, 6 — 0+3 — 8, 0+0-1+4, 9+0+4-4 

0+8+2 + 1 , 0 — 2 + 3 + 2 , 0+4— 1 — 1 , 0+0+4+1 

-2+2+0+4, 4 — 3 + 0+8 , 0+6-0-4, 6+0+0+4 

8 14 6 
•5139 
11 3 2 5 
14 9 2 10 




156. Since it is possible to alter, in accordance with previously 
established theorems, the form of either or both of the two given 
determinants before going through the process of forming the 
determinant which is to be their product, it is clear that in this way 
there may be obtained more than one form of result. Thus, using 
the theorem (§37) regarding the transformation of rows into columns, 
we have 


#11 #12 | ftn fti2 

#21 #22 I ^21 ^ 22 


#1 ]ftll“|-#12ftl2 ^ 1 lft 2 1 I # 12ft 2 2 
# 2lft 11 “}” # 22 ft 22 #2lft21+ #22ft22 


1 an ai2 

ftll ft 21 


# lift 1 1 “1” # 12 ft 21 #llft 12” 1” # 12 ft 22 

1 #21 #22 

ft 12 ft 22 


#2 lft 1 1 ~ 1” #2 2 ft 21 #2lftl2 + #22ft22 

#11 #21 

ftll ft 1 2 


#llftll+ #2lft 12 # lift 21 “I” #2 lft 2 2 

#12 #22 

ft 2 1 ft 22 


#12ftll+ #22ftl2 # 12 ft 21”l” #2 2 ft 22 

#11 #21 

ftll ft21 


#1 lft 11 H - #2lft 21 #1 lft 12 + #2 lft 22 

#12 #22 

ft 12 ft22 


# 12 ft 11”}” #22ft21 # 1 2 ft 1 2 1 #22ft22 


157. The form of the result in the case in which the two deter- 
minants to be multiplied are identical is worthy of notice, each of the 
elements situated on one side of the principal diagonal being identical 
with that similarly situated on the other side, that is, conjugate ele- 
ments are alike and the product is therefore a symmetrical determi- 
nant. Thus taking |#n# 22 # 33 1 2 as an instance, we have 

| #11 #22 #33 1 2 

2 2 2 

#ll + #12 + #13 #11#21+#12#22 + #13#23 #ll#3l + #12#32 + #13#33 

— #21# 11 “I” #2 2# 12”}” #23# 13 #21+#22 ”l”#23 #21#3l + #22#32“l“ #23#33 

#31#11+#32#12+#33#13 #3l#2l+ #32#22+ #33#23 #31+ #32 +#33 
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158. If one of the two determinants, whose product in determinant 
tform is wished, be of lower order than the other, we can raise its order 
to that of the other in the manner already shown (§71), and then pro- 
ceed as before. As, however, this preliminary change may be ac- 
complished in a variety of ways, there thus arises an increased variety 
in the possible forms of the result. For example, if the product 
wanted be that of (011022033044 | and \bnbm |, we have 

0n 022 033 044 | ■ | b n b 22 | 
an an a 13 an bn b\ 2 0 0 

021 022 023 024 b 2 i b 22 0 0 

031 032 033 034 0 0 1 0 

041 042 0 43 044 0 0 0 1 

011&11 + 012&12 011&21 “1" 012&22 013 014 

021^11 4~ 022^12 021^21 “b 022^22 023 024 

; or 

031&11 + 032^12 031^21 + 032^22 033 034 

041^11 + 042^12 041^21 “b 042^22 043 0 44 

0n 012 013 014 bn b \ 2 613 0 

021 022 023 024 &21 &22 ^23 0 

031 032 033 034 0 0 1 0 

041 042 043 044 ^41 ^42 &43 1 

where the rth (r= 1, 2, 3, 4) row of A is 

07-1&11 ~b 0r2&12 + a r §b 13 , 07-1&21 + 0r2^22 + 0r3^23 , 

0r3, 0rl^41 + 0r2&42 "b 0r3&48 

159. If the process of §156 be used to find the product of two deter 
minants, one or both of which contain one or more zero columns 
there results a determinant whose value might not otherwise readily 
appear, but which, from viewing it as arising in the manner stated, w< 
know must equal zero. Thus the determinant 

011^11 "b 012&12 011^21 "b 012^22 011^31 "b 012^32 

021&11 "b 022^12 021^21 “b 022^22 021^31 H“ 022^32 

031^11 + 032&12 031&21 + 032^22 031^31 + 032& B 2 
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since (§153) it is equal to 


011 

012 

0 


b 11 

5 1 2 

b 13 

021 

022 

0 

X 

^21 

b 22 

b 23 

031 

032 

0 


^31 

^32 

^33 


160. Having found as in §155 the product of two determinants J the 
product of the result and another determinant maybe similarly found, 
and thus we see generally that the product of any number of determi- 
nants of the same or different orders is obtainable as a determinant oj\the 


order which is highest among the factors . 
Example 1. Show that 




— y 2 x 
b 
c 
d 


yx 2 

c 

d 


ax + by 

bx + cy 

cx + dy 

bx + cy 

cx + dy 

dx + ey 

cx + dy 

dx + ey 

ex + fy 


By §156 we have 


y 3 

— y 2 x yx 2 

-x* 


1 

0 

0 

0 

a 

b c 

d 

X 

X 

y 

0 

0 

b 

c d 

t 


0 

X 

7 

0 

c 

d e 

f 


0 

0 

X 

y 


y 3 


0 



0 



0 


a 

ax 

+ 

by 

bx 

+ 

cy 

cx 

+ 

dy 

b 

bx 

+ 

cy 

cx 

+ 

dy 

dx 

+ 

ey 

c 

cx 

+ 

dy 

dx 

+ 

ey 

ex 

+ 

fy 


ax 

+ 

by 

bx 

+ 

cy 

cx 

+ 

dy 

y 

bx 

+ 

cy 

cx 

+ 

dy 

dx 

+ 

ey 


cx 

+ 

dy 

dx 

+ 

cy 

ex 

+ 

fy 


whence by division the identity is established. 
Example 2. Prove that if the expression 


ax 2 + by 2 + cz 2 + dxy + eyz + fzx + gx + hy + kz + l = F 

be the product of two linear factors, a\x+piy +7iZ+5i and cntX+foy 
+ 72 2+ say, then 
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2a d f g 

d 2b e h 
D = =0. 

/ e 2c k 

g h k 21 

Multiplying the factors together and comparing the result with the 
given expression, we have 

a = aia 2 f = cny 2 + a 2 yi 

b = 0102 g = aids + a 2 Si 

c = y 172 h = Pi8 2 + 02 ^i 

d = ol\@ 2 + a 2 3i k = y x 5 2 + 7 2 5i 

e — 0 i 72 + 027 i / = biS 2 . 

Hence 

OtiOt 2 + a 2 ai OL 102 + «201 <*l72 + Of 27 1 «l52 + <*2$1 

Of 102 ~b «201 0102 + 0201 7102 + 7201 ^102 + 6 2 01 

Qfi72 + a 2 7i 0172 + 0271 7 i72 + 727i 5i72 + 6271 

ai 5 2 + ar 2 5i 0i^2 + 02^i 7 i5 2 + 72^1 5i 5 2 + 5 2 5i 

That is 

ai a 2 0 0 a 2 ot\ 0 0 

0i 02 0 0 02 0i 0 0 

D = X 

71 72 0 0 72 7i 0 0 

5i 8 2 0 0 5 2 0 0 

Not only does D (known as the discriminant of F) itself vanish in the 
circumstances mentioned, but so also do all its principal minors. 
Thus, taking the minor obtained by deleting the second row and third 
column, we find 

Ot\ &2 0 OL 2 OL 1 0 

71 72 0 ■ 02 01 0 = 0 ; 

Si S 2 0 S 2 8\ 0 

the first factor here being obtainable from the first factor above by 
deleting the second row and fourth column, and the second factor 
from the second factor above by deleting the third row and fourth 
column. 


2 ad g 

f e k 

g h 21 
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Example 3. Show that if in the F of Example 2 we put 

* = aiX + Pi Y + T xZ, 
y = oc 2 X + P 2 V + 72 Z } 
z = a 2 X + p 3 V + y&Z j 

arrange the result with regard to X, F, Z as the given expression is 
arranged with regard to x , y , z, and denote the coefficients in order by 
A y B, C, - • ■ , then \ 


2A D F G 

D 2 B E II 

F E 2C K 

G II K 2 L 


oil Pi 7i 
= a 2 P 2 72 
oi 3 Pa 73 


2 a d f g ^ 

d 2b e h \ 
f e 2c k 

g h k 21 


Making the substitutions and arranging, we find 
A = aa 1 2 + ba} + ca } + daia 2 + ca 2 a 3 + fa\a 3 y 

G = goL^A- hat 4" 

B = aPI +- bp } + c Pa 2 + dPiP 2 + cPtft + JPiP la 

H = gpi + hp 2 + kPa y 

C — ay 1 + by} + cy } + dy x y 2 + eyiya + /7i7a> 

K = gy x + hy 2 + kya> 

D = 2aa.\P\ + 2baL 2 p 2 + 2cai 3 p 3 + da 2 pi + dotifti + ea 3 P 2 

+ ea 2 p 3 + foi 3 Pi + fa i/3 a , 

E = 2a/3i7i + 2bp z 72 + 2cP 3 y 3 + ^027i + dpi y 2 + £0372 

+ £0273 + /037i + /0i7a> 

F = 2ayiai + 2by 2 a 2 + 2 ^ 73^3 + dy 2 a.\ + dy\a 2 + £ 73*22 

H ^72«3 + fy^a-1 + /71“3- 

Now 





0 «1 

«2 

aa 

0 

«1 


7i 

2 








02 

/3a 

0 

C*2 

02 

72 

X D = 







7i 

72 

Ta 

0 

<*3 

03 

73 








0 

0 

0 

1 


= \ Oil p 2 73 
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2 aai+^Of 2 +/af 3 c£a:i + 26a:2 + 6a3 /a:i + ea2+2caf3 ga:i+ ha^-^rkctz 
• 2o^i+rf/52+//?3 ^/3 i+ 26/3 2 + 6/3 3 y/3 1 — |— e/3 2 +- 2 c:/3 3 g/3i+ ^02+ kPa , 
2 o 7 i + ^ 7 2 +/T3 ^71+2672+673 /7i + 672+2c73 £ 7 i+/& 72+^73 
g h k 21 


2 A 

D 

F 

G 

D 

2 B 

E 

H 

F 

E 

2 C 

K 

G 

H 

K 

2 L 


if in multiplying we use |o!,/? 2 7 3 1 again in its altered form. It is also 
apparent from this that the complementary minors of 2 L and 21 
are connected in the same way by the multiplier |a:ij 0273 | 2 . 


Exercises. Set XI 


Perform the following multiplications, giving the results as de- 
terminants: 


1. 

x y 1 

xi y 1 1 

I CL\ 6 2 63 | . 2 . 

0 ^ 

0 0 

S <o 


-C) 

Q O 

O <0 


*2 J 2 1 


0 e / 


e / 0 


3. 


1 a a 2 
1 6 6 2 
1 c c 2 


— a 1 
-6 1 

— c 1 


4. 


g+ 6 c c 
a 6 + c a 
6 6 c+ a 


a+6 + 


— \c 

—ic 


\c — \a —%b 

6+c + 2 a — 

— \a c+a-\-\b 


5. By changing # 2 +y 2 , y 2 +z 2 , s 2 +# 2 into determinant form and 
multiplying, find an expression for their product as the sum of twc 
squares. 

6. Find the product of 


a 

a 

a 

a 


-1 

1 

0 

0 

a 

b 

6 

b 

and 

0 

-1 

1 

0 

a 

b 

c 

c 


0 

0 

-1 

1 

a 

6 

c 

d 


1 

1 

1 

-1 


and thence resolve the former determinant into simple factors. 

7. Prove the identity of Ex. 14, Set V, by using 

1 -1 1 
1 1 -1 
-1 1 1 
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as a multiplier. Write down the corresponding multiplier in the case 
of Ex. IS, Set V. 

Give the quotients in the following cases as determinants: 



3a 2 

P 2 + /3a + a 2 

7 2 + ya + a 2 


1 a 

a 2 

8. 

1 9* + /3a + a 2 

3/3 2 

t 2 + yp + P i 


1 P 

-p*. 

i 


7 2 + ya + a 2 y 2 + y0 + 0 2 

3y 2 


1 7 

7 2 


2xy 

y 2 + x 

x 2 + y 


X 

y 

0 

x 2 + y 

2 xy 

x +y 2 

-f- 

y 

0 

X 

x + y ! 

y + x 2 

2 xy 


0 

X 

y 


10. Use the multiplication theorem to find the simple factors of 
the determinant of Ex. 24, Set IV. 

11. Find the product of 


a -|- bi 
c + di 


— c di 


a — bi 


and 


at 0 i — y 5i 
y + bi a — 0i\ * 


where i=(— 1)*; 

and thence show how the product of two sums of four squares is itself 
expressible as a sum of four squares. 

12. Show that 



a 

b c 


a 2 

b 2 

c 2 


a 

b 

c 


ab 

be 

ca 

2(a + b + c) 

b 

c a 

= 

b 

c 

a 

+ 

b 2 

c 2 

a 2 

+ 

b 

c 

a 


1 

1 1 


1 

1 

1 


1 

1 

1 


1 

1 

1 


+ 


a b c 
ab be ca 
1 1 1 


13. Show that the identity of Ex. 12, Set IV, follows from finding 
the product of 


ai 

b i 

Cl 

l 


1 

0 

0 

kl 


l 

0 

0 

0 

a 2 


C 2 

l 


0 

1 

0 



0 

1 

0 

0 

#8 

b * 

C 8 

l 

7 

0 

0 

1 

h 

7 

0 

0 

1 

0 

1 

1 

1 

0 


0 

0 

0 

1 


kl 

hi 

hi 

1 
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14. Find the expansion of 


a — X 

h 

g 


a -f- x 

h 

g 

h 

b - X 

f 

X 

h 

b -|- X 

/ 

g 

/ 

c - X 


g 

/ 

c 4" X 


according to descending powers of X, showing that the coefficients are 
alternately negative and positive. 

15. Find the product of 


a i 

a 2 

03 

0 



*3 

0 

0 

0 

ai 

a 2 

03 

and 

b 3 

0 

0 

0 

0 

b! 

b 2 

63 


— a 3 

0 

- 1 

0 


bt 

b 3 

0 


— 02 

-03 

0 

-1 


and thence show that the former determinant is equal to 


| *2 1 

| 01 &3 1 

| ®1 ^ 3 1 

| a 2 63 


Resolve into determinant factors 



a 2 + be 

ab 

bd 


01 

biXi + cxyx 

b ix 2 + C\y 2 

16. 

ac 

be + de 

dj 

. 17. 

0 2 

biX\ + Ciyj 

b 2 %2 + 02^2 


ce 

ef 

de+p 


03 

*3*1 + C3j<] 

b 3 X 2 03^2 


18. 


ax L + cz i 0 fx i + gz\ 

ax 2 + by 2 + cz 2 dy 2 fx 2 + gz 2 
by 3 + cz 3 dy 3 gz 3 


19. Prove that 


1 

#1 

y 1 

*, 2 + yi 2 

1 

*2 

y% 

%2 2 + Vi 2 

1 

X 3 

y 3 

X) 2 + y 3 2 

1 

Xi 

y 4 

xi 1 + yi 2 


— a determinant of the fourth order, A say, where the element in the 
position (if) of A is (xi— Xj) 2 -\-(y l — y,) 2 , and therefore 0 when i=j. 
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20. Prove, as in Ex. 15, that 


01 O' 2 03 04 0 0 

0 01 CL 2 03 04 0 

0 0 01 02 03 04 

0 0 b\ b% b& Z>4 

0 b\ ^2 bt 0 

b\ bz bz bt 0 0 



1 01 62 1 

01 ^3 | 

| 0i b\ | 

= 

1 01 £3 1 

| 01 bi | + | 0 2 b 3 | 

| 02 &4 I 


| 01 ^4 | 

| 02 bi I 

| 0a bi | 


21. Prove, in the same way, that 


01 02 03 04 0 

0 0i 02 03 04 

0 0 b\ &2 &3 

0 £>i b 3 0 

b\ bz bz 0 0 


I 01 &2 I 

| ffli b 3 | 

— 04^i 


d\bz — d\b\ 

— 04&1 + | 0-2 ^3 | — 04&2 

04^2 — 04^3 




01^1 01^2 d\bz 

“ (“” 04) = 01^2 1 0 1 | -|- 02^2 02^3 — 04^1 "T- 01 

01^3 02 bz — 04&1 03^3 — 04^2 

22. Show that the proposition of §77 may be established by using 
the multiplication theorem. 

23. Find the quotient of 

(s - 0i) 2 0 X 2 0^ - ■ ■ 0 X 2 

02 2 (S — 0 2 ) 2 0 2 2 * ■ * 0 2 2 

03 2 0 3 2 (S — 0 3 ) 2 ■ • ■ 0 3 2 


&n a n 2 a 2 • ( s — 0 n ) 2 


5 — 0! 

01 

0] • ■ 

01 

02 

5 — 0 2 

02 ' ' 

0 2 

-i- 03 

03 

S — 0 3 ■ ■ 

03 

O n 

O n 

0n 1 ■ 

■ 5 — 


where 5 = 01+02+ ■ 0 n . 
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24. Prove that 

0 an(aib+abi) — 2baa\ d 2 {aiC-\-ac^) — 2c 2 aa\ 

b 2 {bdi~\“biG ) — 2a 2 bb 1 0 bi{b\C-]rboi) — 2c 2 bbi 

Ci(cia+cai) — 2a 2 cci c 2 (ci&+cii) — 2b 2 cc\ 0 

0 G b\Ci~\~ G\b\C — 2 (L\b Ci cl b 2 c 2 ~\~ G 2 b 2 c — 2g 2 b c 2 

d\bc“\~ &bci — 2ab\c 0 Gib 2 c 2 -\-G 2 b 2 ci — 2d 2 b\c 2 

d 2 bc-\- dbc 2 m ~ 2db 2 c d^) \C i~\~ d\b \C 2 — 2g-J) 2 c\ 0 

Establish the three following identities: 

&-\-b~\~c-\-\d — \d ~~\b — \c 

— \d b-}-c-{-d-{- 2 a ~ \b — \c 

— \d — ffl c-\-d-\-d-\~\b — \c 

— ^ d — 2 ^ — d-\- d-\~b~\~\c 

=i(d+b+c+dy. 

(a+b+c) z d 2 d 2 d 2 

a 2 (£+c +</) 2 a 2 a 2 

b 2 b 2 (c+d+a) 2 b 2 

c 2 c 2 c 2 ( d+a+b) 2 

— 2( a+b+c+d) A Yha^c. 

3d s + d s + d s + d 
$ + a 3a s + a s + a 
s + b s + b 3b s + b 
s + c s + c s + c 3c 
if s = G+b+c+d. 

161. The two different modes which have finis been found for ex- 
pressing the product of two determinants as a determinant suggest 
the possibility of deriving the result obtained in the one case (§155) 
from that obtained in the other (§109). This can really be done, and 
the process of transformation is sufficiently instructive to merit 
attention. Taking the particular case in which the two determinants 
to be multiplied are of the third order, namely: 

| A x B 2 Cz\ or A and | 01 b 2 c 3 1 or A', 



= - 12 J^a 2 bc, 
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we have (§109) 


dl 

by 

Cl 

-1 

0 

0 

a 2 

bi 

c 2 

0 

-1 

0 

az 

bz 

Cz 

0 

0 

-1 

0 

0 

0 

A , 

A 2 

A 

0 

0 

0 


B 2 

B 

0 

0 

0 

c, 

c 2 

C 


A A' = 


where there is specially to be noticed the nine particular element^ 
chosen for the places which may be filled by any nine finite elements 
whatever. Then, increasing each element of the first column by a\ 
times the corresponding element of the fourth column, a 2 times the^ 
corresponding element of the fifth column, and d 3 times the corre- 
sponding element of the sixth column, and increasing each element of 
the second column and each element of the third column in a similar 
fashion, but with the multipliers b\, b 2 , b 3 in the one case, and c 2l c 3 
in the other, the product takes the form 

0 0 0 -1 0 0 
000 # 0-l 0 

0 0 00 0-1 
aiAi+a 2 A 2 + 03^3 biA i + b 2 A 2 +b 3 A 3 C\A \-\~c 2 A 2 ~\~c 3 A 3 A\ A 2 As 
d\B\-\~ Q’ 2 B 2 -\- d 3 B 3 b\B\-\~b 2 B 2 -\~b 3 B 3 c\B\-\~c 2 B 2 -{'C 3 B 3 B\ B 2 B 3 
d\C *i~\~ QzC z b\C i~\~b 2 C 2 -\~b 3 C 3 C\C \~\~c 2 G 2 ~\~c 3 C 3 C\ C 2 Cz 
Hence (§93) it is equal to 

CLiA \A~ & iA 2 -\- dzA 3 b\A \-\~b 2 A 2 A~b 3 A 3 C\A i-\~ c?.A 2 -\~ czA s 1 
d'iB\A~Q' 2 B 2 -\~^ 3 B 3 b\B\-\~b 2 B 2 A~b 3 B 3 c\B\-\~ c 2 B 2 -\~ c 3 B 3 X 
dr 2 C 2 ~\~ dr 3 C 3 b\C\-\~b 2 C 2 -\~b$C 3 CiCi+C2C2“bc3Ca 


-10 0 
0-1 0 
0 0-1 

which becomes at once the result of §153. 

162. In §155 the product of two determinants of the nth order is 
given as a determinant of the nth order; in §109 it is given as a de- 
terminant of the 2nth order. We can, however, further express it 
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multiplication 

is a determinant of each of the Teri^ Thus"’ we 

Cf §§109, 155 may be viewed as the extremes 

have, firstly, 


(1) |i,B.C,| 1 «i fra c 3 1 

secondly, we have 

I Ai B*C 3 \ | a , b 2 ct\ 


( 2 ) 

thirdly, we have 


d\ 

6 1 

Cl 1 

0 

0 

0 l 

a 2 


C2 

0 

0 

0 

da 


C 3 

0 

0 

0 

0 

0 

0 

A 1 

A 1 

A 3 

0 

0 

0 

£1 

Bi 

Bz 

0 

0 

0 

Ci 

Ci 

Cz 

fli 


Cl - 

-1 

0 

0 

a 2 

f>2 

c 2 

0 

0 

0 

03 

63 

C3 

0 

0 

0 

0 

0 

0 

A 

1 A 

2 A 3 

0 

0 

0 

B 

! Bi Bi 

0 

0 

0 

C 

1 Ci c, 

| 0 


0 

0 


-1 

1 dl 


bi 

Cl 


0 

a 3 


63 

Cz 


0 

d\A i 

b\Ai 

ciA 1 

/h 

d\B\ 

b\B\ 

C\B\ 

Bi 

1 oiC i 

b\C\ 

c\C\ 

Ci 




| AiB £»\\ ai& 2 c s | = 
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0 

0 

0 

-1 


0 0 

0 

0 

0 

0 


-1 0 

a 3 

63 

C3 

0 

i 

0 0 

aiA i-j~a 2 A 2 

b\A \ -\~b 2 A 2 

C\A c 2 A 2 

A 

ii 

A 2 A 3 

a\B\~\~a 2 B 2 

biBi~\-b 2 B 2 

c\B\-\~c 2 B 2 

L 

Si 

b 2 b 3 

aiCi+a 2 C 2 

biCi+b 2 C 2 

C\Cy\~C 2 C 2 

C 

1 

c,k, 

03 

b 3 

C 3 

0 



oiA i~f~ a 2 A 2 

b\A \-\~b 2 A 2 

c\A 1 -j-c 2 A 2 

A 3 



0il?i+ a 2 B 2 

b\B i~\-b 2 B 2 

C\BiA-c 2 B 2 

B z 

f 

\ 

J 1 C 1 + a 2 Qy 2 

biCi+b 2 C 2 

c\Ci~\~c 2 C 2 

c 3 




and, fourthly, we have the natural conclusion to these, namely, the 
procedure and result of §161. 

The general theorem, to which we are in this way led, and which can 
be proved in the manner indicated, is 

The product of two determinants of the nth order r^ay be fourtid by 
substituting zero-columns for m columns in the one and for the corre- 
sponding m columns in the other , multiplying the two determinants thus 
obtained , increasing the nmnber of the columns in the result by appending 
in order the deleted columns of the first determinant , increasing the num- 
ber of rows by superposing the deleted columns of the second determinant 
after changing them in order into rows, putting zeros in the places above 
the added columns and to the right of the added rows, and prefixing to 
the determinant thus formed the sign factor (— l) m ( n+1 > . 

The multiplication theorem of §155 is the case of this when w = 0 
although strictly to include it the word “multiplying” here would have 
to give place to a phrase descriptive of the process intended. 

163. If we differentiate the product AB = C with respect to a tiy 
where c t j=a x ibji+ ■ ■ ■ +a in b jni we have 


dA 

dC 

dC 

dC 

B 

= - — b\j 4 b 2 ; 

-0 

1 

l 

+ 

da i3 

dc xl 

dc l2 

dc in 


Multiply this by dB/dbkj— Bk, and add the resulting equations 
obtained by giving j all values from 1 to w; and we have the result 


^d.4 dB dC — 
dan obkj oc , i 


dC _ 

+— Zb, a,- 

dc in 


dC _ 

= ~ — 2 Bkjbkj, 

dc x k 
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since all the other terms vanish. Therefore 
„3A 3B 3C 


Similarly 

3 2 C 


1 


Odij Bbicj 3c%k 
d 2 A 3 2 B 


dCifrdCra 1 ' 2 3d%j3d r h dbkjdbah 


O' = 1.2, 


(j,h = 1 , 2 , ■■■, n) 


and 


d 3 c 


1 




3*B 


dCxicdCra^Gpq 1 '2*3 3dfa3df^3dpn) 3b fc^dbgi)3b qw 

(u,v,w = 1,2, 

and so in general. 

164. The product 


> «) 


d b' c h 


«Vy"\ = - 


d 

b 

c 


a 

P 

■ 7 

a' 

b 1 

c f 


a' 

P' 

* 7' 

a" 

b" 

c" - 


OL f 

P" 

* 7 r/ 



■ 1 




1 ■ 


aa+bp aa! -\rbfi f aa"-\-bP" c 
d'a+b'0 d'a'+b'p' d'a"+b'b" c ' 

d"a+b"P d"a'+b"P' d''a" + b"P " c" 


It is also 




1 

7 



y' 



= 

->4, 

say. 




a 

b c 



a 


■ P 

7 

d f 

V c ' 



a' 


■ P’ 

V 

a" 

b" c " 



a n 


an 

J P 7 


■ * 

1 • 



l 





• 1 




1 ■ 



da 

da! 

aa" 

b 

c 



a!a 

d f a! 

a'a" 

b’ 

c’ 


= 

d n a 

d ,f a f 

a"cc" 

b" 

c" 

= 


$ 

/?' 

P" 





7 

7' 


y" 


■ 1 



7 " 0 
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Therefore 

| a b’ c" | ■ | a 0' y" | = - A = B 
165. The product \aib 2 C 3 d\ | • | • \AiB£iDt |. 

fll d 2 #3 
fil ^4 

Cl <^2 £3 £4 

ai 02 03 04 ai Q!2 «3 «4 

^1 ^2 ^3 ^4 ^1 ^2 ^3 ^4 

di d 2 d 3 d A 71 72 73 74 

c*i a2 «3 <*4 A\ A 2 A3 A\ 

7l 72 73 74 Cl C2 C 3 C 4 

5i 8 2 §3 5 4 Z?i D 2 Dz D 4 

^1 B 2 Bz b a 
C, C 2 C 3 C 4 * I 
£)i D 2 Dz D a 

= £ | 01 &2 C 3 | ■ I fl4 /8l 72 I ■ I «l 74 01 I • I #2 C3 Di 1 . 

To see the truth of the first equation, perform the following opera- 
tions: row 4— row 1, row 5 — row 2, then row 7 — row 4. 

The second equation is seen on expanding the determinant of the 
twelfth order in terms of minors of order three formed from the first, 
second, third, and fourth sets of three rows. 

166. It is readily seen that the determinant 


h\m\ k\X\ h\m 2 kyx 2 


h\ k\ - ■ 


m\ - m 2 ■ 

h 2 m\ k 2 y\ h 2 m 2 k 2 x 2 


h 2 k 2 


■ Xi ■ x 2 

pi^i <J\Zl mpl n 2 <11*2 


' ■ pi qi 


til ' M* 

p 2 fi\ q 2 Z\ p 2 n 2 q 2 z 2 


p2 </2 


Z\ * Z2 

h\ k\ 

p 1 

q\ mi 1 

n 1 

X\ Zi 

= BC = 




. 

h 2 k 2 

P2 

q 2 m 2 \ 

n 2 

x 2 z 2 


From this it is also readily seen that if we take two determinants 
each of order three and three determinants each of order two, we in 
a similar manner obtain as their product a determinant of order six 
each of whose elements is the product of two factors. 
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167. More generally we might take determinants of order n 2 
and »2 determinants of order »i and (by row-by-column multiplica- 
tion) obtain as their product a determinant of order n = ntn 2 , each 
of whose elements is the product of two factors. 

Let 



represent n 2 determinants each of order m, let 

C U,) - I c <!il I (72 = 1,2, , # 2 ) 

represent »i determinants each of order n 2) and let 

A — | fltitj hit j » 

where throughout 

_ ,(»i) (ji) 

then the theorem is A=B™ B ™ • ■ B^> C< 2) ■ ■ C<*> 

Form as in §166 the determinant B of order n~n\ n 2 using the n 2 
determinants J9 (i2) . If in B we consider the n rows and n columns 
divided up into n 2 sets of «i in each, then i 2 indicates the set to 
which any element belongs and i\ji indicates the row and column in 
the set. The arrangement is such that if we number the sets from 
left to right and from top to bottom 1, 2, ■ ■ ■ , n 2 then the ele- 
ments of B w are found in order at the intersection of the ath set 
of rows and the ath set of columns. Also form as in §166 a de- 
terminant C of order n using the n\ determinants C (jl \ If in this 
we consider the n rows and n columns divided up into ni sets of n 2 in 
each, then j\ indicates the set to which any element belongs, and 
i 2 j 2 indicates the row and column in the set. The arrangement in this 
case is such that the elements of !c (1) t2? J occupy the intersections of the 
rows and columns indicated by the numbers 1, (wi+1), (2«i+l), ■ 
(w 2 — l wi+1); the elements of |C (2) i aJ? | occupy the intersections of 
the rows and columns indicated by the numbers, 2, (wi+2), (2»i+2), 
■ * ■ (w 2 — 1 2), and in general the elements of |C (a) tl /,| occupythe 

intersections of the rows and columns indicated by the numbers 
«,(wi+a), (2fh+a), ■ ■ ■ (« 2 -l-»i+a) where a=l, 2, ■ ■ * , Hi. 

From this it is apparent that the product row-by-column of B and 
C will give A in which each element is the product of two factors, 
and since B is the product of the n 2 B^ v s, and C is the product of the 
ni C ( n ) ' s it follows that A =irB (t2) C (,l) as was to be proved. 
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168. We may now form two determinants of the nth order 
(»=Wr» 2 -» 3 ) precisely as in §166 first by taking m determinants 
— 2j • ■ • , « 3 ) each of whose elements is the product of two 
factors such as A there found, and second by taking n\ • n 2 determinants 
D ( ' ll) == ld-^1, {t^:: ■» / na } of order « 3 - From the first of these 
we form a determinant B of order n arranged as in B of §166 and 
from the second we form a determinant C arranged as in C of (§166. 
Then the product of B and C will give a determinant A eath of 
whose elements is the product of three factors, one a b> one a c,|and 
one a d . We have then 


A = \ a 




= H I Cl 

h £ A a A 3 


(A 2 ) | 


,(^a) 


where throughout 


(A,) (A 2 ) {A s) 


and where now 


{ 


hi = 1,2, • - • , w/»i 

h 2 = 1,2, • • - , »/»2 


169. To put the results of the last article in a form better suited 
for further generalization let us write for C {h " ) , D^ h 


A = | | , = | a >„, | , = | a lti , | , 

respectively. 

The theorem may now be stated as follows: 

a = | a!,.-, | 

where throughout 


(i»*2*i) (2,ijji) c 3 » y i y 2 ) 

“ ai i ]\ *^>222 ? 


where 


iuji = 1,2, • - • , ni 

' = 1 ,2, ■ ■ ■ , 

> = 1 ,2, • ■ , w 3 

and where the number of determinants in the product is w/»i+ 
n/nz+n/n*. 
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170. The most general theorem of this type may now be stated as 
follows: The determinant 


A = | a.v, ■ ■ 

of order n = tii • n 2 


( ifiJe =1,2, • , na \ 

9 l & = 1,2, ■ ,k ) ' 


n k , where throughout 


(0,i ■ • j ) 

- TT ^ +l M 

■ ■ 1*7132 1 ' Jk~ L±. a i030 i 

/3-1 

and where ip+i ■ • jp—\ are the k—l indices lying between ip and jp in 
i\ii ' ■ ■ ikjiji • ’ ■ i*, is the product of i/ = n/w l +«/« 2 + ■ ■ ■ +»/»* 
determinants 




( "'\> + l' • ■ w I 


— | GiPifi 

of order ftp. 

The proof of this most general theorem is readily obtained by in- 
duction, assuming the truth for k—\ and then using the theorem of 
§167 to prove it true for k. 

Assume A^ l \ k) = or as we may temporarily 

denote it | |, of order w' = «r» 2 • ■ ■ n k - 1 , with elements the 

product of k — 1 factors, and where throughout 


(Ail*) 


f}= fc— i w, i , • 

(0i l k) tt 0 + 1 


‘ • -ik—lji' ■ -]k~l CLij 1 i 

Then A^'*^ is the product of v’ = n/ni+n/n 2 + ■ 
determinants. 


+ n/n k - 1 


(fl.i 


A 


p+i 


V l) . / ifhjp — 1,2, * ■ ‘ , % \ 

~ |a ‘^ ‘1 /S - 1,2, - if 


Take now w* determinants ^4 Cw»*) = i ; 2, • • , and form a 

determinant 5 of order n = n\- n 2 ■ ■ n k just as B of §166 was formed, 

and also take n r determinants A (p,7) = | | { j' h j k Z\’ t 2 ’, ■ ■ **} °f 

order n kf with single elements, and form a determinant C of order 
n in the same manner as C of §166 was formed, then by the theorem 
of §167, the product B C — A — | a„ fc ,/ fc | = | a Vx ■ • ■ »* ji ■ ■ ■ >* | , where 
throughout a llit ■ ■ * xkjljt ■ ■ * , k = a xi {0lik) a is a determinant of 
order n whose elements are the products of k factors, and is the prod- 
uct of v = n/ni+n/n 2 + ■ ■ ■ +n/n k determinants 


aw % i ) I 1 f ^,//i — 1|2, ■ * * * 1 

I -» I’t 0-1,2, 

as was to be proved. 
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Corollaries 

1. If all the determinants of the same order n 0 (g= 1, 2, * ■ ■ , k) 
are equal then 

a = nV'v-H'r' 

0=1 

2. If ti \ = n*i = ■ ■ ■ = Uk = m then n — m h and 

D =k - mfc-1 

.4 = = II kim| 

0=1 

3. If all determinants are of the same order and all alike then 

A = | oj M | hmk - 1 

The case of the theorem where k = 2 was considered by Zehfuss in 
1858 and such determinants have come to be knoyrn as Zehfuss 
determinants. 

Determinanis of this form occur frequently and their factors may 
readily be found by means of the theorem. Thus 


2 2 

#11 #12 #11#12 #11#12 


#11#12 ‘ 


#11 0 #21 0 

#11#21 #12#22 #12#21 #1 1#2/ 


#21#22 ’ 


0 #12 0 #22 

#11#21 #12#22 #1 1#22 #12#21 


# 1 1# 12 


#12 0 #22 0 

2 2 

#21 #22 #21#22 #22#21 


#21#22 


0 #n 0 #21 


#11 #12 

2# ii # i 2 


# 1 1# 12 

# H #21 #12#22 

#11# 22 + 

#12# 21 

#11#22 

0 

0 

0 

-1 

#11#22 

2 

#21 

2 

#22 

2 #21# 22 


#22#21 


2 

#11 

2 

#12 

2# h # i 2 


#11#22 | 

2 

#21 

2 

#22 

2#21#22 



#11#21 # 12#22 

#11#22 + 

#12#21 
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From which we see that 


0n 0i2 2anfli2 
2 2 

021 022 2021022 
011021 012022 011022 + 012012 


011 012 * 
021 022 


Exercise. Show that 


01 02 — 1 
bi b 2 — 1 

Ci c 2 — 1 

l\ ll l 3 
mi 

Show that 


01 

bi 


h 

h 

+ 

01 

Cl 

. 

ll 

02 

b 2 


mi 

mi 


02 

Cl 


mi m$ 





+ 

b i 

Cl 


li la 





b 2 

Cl 


m 2 m 9 


a b c 


cdh 


d e 
g h 


f 

k 


- BFC + bBfF + fFgG 
+ gG bB- ( bB + fF + gG)(b + g - cdh) 
+ (bfg - cdhY 


and thence if bfg = cdh 

a b c 

d e f 

g h k 


BF FG GB 


BFG 

bfg 


where B , F, G are the minors complementary to b } f, g y respectively 
in the determinant. 

171. If (xtyiZi) and (xl yl z [ ) (i== 1, 2, 3, 4) represent the coordinates 
of the vertices of two tetrahedrons we know from Geometry that six 
times the volumes of these tetrahedrons are given by the determinants 


Xl 

y i 

Zl 

1 


xl 

yl 

z{ 

1 

x 2 


Zi 

1 

, a' = 

Xl 

yl 

zl 

1 

Xa 

ya 

2a 

1 


xl 

yl 

zl 

1 

Xa 

y* 

Za 

1 


x( 

yl 

Za 

1 


respectively. 
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Taking the product of these two in the form 


Xi 

yi 

Zl 

1 

0 


x{ 

y i 

zi 

0 

1 

x 2 

y 2 

s 2 

1 

0 


xi 

yi 

zi 

0 

1 

Xz 

y 3 

*3 

1 

0 


xi 

yi 

zi 

0 

1 

%4 

y ^ 

2 4 

1 

0 


xi 

yi 

zi 

0 

1 

0 

0 

0 

0 

1 


0 

0 

0 

-1 

1 


we get 


2 *i 

52xixi 

2 *i*/ 

J2 x i%i 

- 1 

2 * 2*1 


2 *2*/ 

2 X 2 xi 

- 1 

2*3*1 

YL x * x i 

2*3*/ 

X i 

- 1 

2*4*1 

J^xai 

2*4*3 

H x * x i 

- 1 

1 

1 

1 

1 

. 


where ^x T x f H = x r xi + y r y[ + z 7 z[ . # ; 

If now we multiply each of the first four columns by 2 and then 
divide the last row by 2 we will have multiplied the determinant by 8. 
Next perform the following operations 

row!— ]T}xi 2 Xrow 5 , row 2 — 53x 2 2 Xrow 6 , ■ ■ ■ 
cob — X^ x i 2 X cob, col 2 — J 3 x 2 2 Xco 1 5 , ■ • ■ 
and we obtain 


1 

A- A' = — 
8 


5>i-*»') 2 ) 2 £(£ 1 — xiy i 

S(*»-*i')*Z(**-*i)*E(*i-*. , )*Z(*i-*0* i 

2(*8-*l') 2 2(*3~*/) 2 2(*3~ */ ) 2 2(*3~ XiY 1 
E(*l-*l) 2 Z(*4-*2) 2 Z(*4-X3') 2 Z(*4-*/) i 1 


= A" 


1111 


We have on the right an expression for thirty-six times the product 
of the two volumes in terms of the distances from the vertices of 
the one to the vertices of the other. If the two tetrahedrons coincide 
the accented letters are the same as the unaccented and the principal 
diagonal terms become zero and we have an expression for the square 
of the volume. If all four points lie in the same plane the volume is 
zero and we have a relation satisfied by the coordinates of four points 
in a plane. 
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Exercise 1. Show that the determinant A n when the accents are 
dropped may be obtained from the product 


X X 2 —2:X*1 ■ ■ 1 


1 Xi ' ■ Xi 2 

x 2 2 — 2x 2 ■ ■ 1 


1 x 2 ■ ■ x 2 2 

x 3 2 -2 x 3 ■ ■ 1 

X 

1 x 3 ■ ■ X3 2 

X 4 2 — 2 x 4 • ■ 1 


1 X.i ■ • X4 2 

1 .... 


. ... 1 


where the multiplication is row-by-row. Similarly for any order. 

2. In the case where the tetrahedrons coincide let 2W represent 
the determinant on the right and let the minors complementary to 
the elements in the positions (11), (22), (33), (44), be represented by 
F, G, LI, Kj respectively. 

Show that the result of rationalizing /<’*+£*+//*+#* con- 
tains W as a factor. 

3. Express A in the form 

xi — a 2 y i — y 2 zi — z 2 

xi — *3 yi — ys zi - z 3 

xi — Xi y i - y 4 si — s 4 

and by squaring express the relation between the mutual distances 
of four points in a plane in the form 

2 2 2 

2^12 d 12 d\z 

2 2 2 2 
d\2 -f* £^13 — C?23 2^13 

2 2 2 

<^12 H" ^14 — ^24 ^13 ^14 

where d 2 rH =?>'Axr—x*) 2 . 

172. If S ra s (a r +6 a ) then the determinant bf order (w+1) 


- dn 

2 2 
d 12 + ^14 

- d 


2 2 
d 13 + ^J 4 

- 

2 

,2 


— ^34 

2 d u 



Sn 

sl ■ 

■s\ n 

n 

a 1 




Si 

sl 

■ sl 

1 

Sl 

sl ■ 

■ si 

n 

02 

— d\d 2 ■ 

• ■ d n b\b 2 ' 

■bn 

sl 

sl ■ 

■sl 

1 

Six 

c" 

^«2 ' 

■ - si 

n 

a n 




six 

c" 

*Jn2 

■ - sl 

1 

bl 

bl 

bl 

0 




1 

1 • 

■ • 1 

0 
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for the determinant on the left is the product of 


n 

dl 

n— 1 
nidi 

■ nai 

1 


1 

b i 

b\ ■ 

n 

■ fti 

n 

n— 1 






2 


& 2 

M'l&2 

na 2 

1 


1 

b 2 

b 2 ■ 

■ b 2 

n 

n—1 


1 


1 


2 

n 

a n 

nia„ 

■ na n 


b n 

K ■ 

■ b n 

0 

0 

■ 0 

1 


1 

0 


0 


B i, 


say, where n r = n C T and the determinant on the right is the proi 
of 


luct 


n 

a x 

n—1 
Hid v 

■ nai 

1 


1 

bx 

b\ ■ 

n 

• b i 

n 

a„ 

n- 1 
Itl&n 

■ na n 

1 


1 

bn 

b n ■ 

n 

• bn 

1 

0 

0 

0 


0 

0 

0 

1 


A 2 ' 


say. By easy transformations it may be seen that Ai — a\a 2 ■ ■ ■ a n A 2 
and B x = b\b 2 * ■ * b 2 B 2 and hence the theorem. 

In the foregoing if we make the b’s all negative we have 


du 

4 • 

■din 

n 

ai 




dn ■ 

■dl 

1 

dnl 

4 

■ din 

n 

a n 

— d\(l 2 ’ 

* ■ d n b\b 2 

■b n 

4 ■ 

4 

1 

b[ 

h ■ 

■ bl 

0 




i ■ 

• 1 

0 


where d rt = a T —b a . 
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Compound Determinants 


173. A determinant with elements which are themselves de- 
terminants is called a compound determinant. 

The determinant each of whose elements is the cofactor of the 
corresponding elements in another determinant is called the de- 
terminant adjugate to that other. Thus 


| b 2 c 3 1 

~ | a 2 c 3 1 

| a 2 b-i | 

— | ^3 | 

| ai r 3 1 

— | ai 63 j 

| b\ c 2 1 

— | aj c‘ 2 1 

| ai b^ | 


is the determinant adjugate to 

di b i C\ 

&2 b 2 C 2 
a 3 b 3 C3 ; 

and using the notation of § 68 , 

|cin^ ' ■ ^inn | or Mini 
is the determinant adjugate to 

| an a 2 2 ■ ■ a nn | or | a in j 

When the elements of the adjugate determinant are specified as 
above by means of the complementary minors of the corresponding 
elements in the original determinant, negative signs must appear 
in the places whose row-number and column-number have a sum 
which is odd. These signs may however (Ex. 22 , Set IV) be deleted 
without altering the value of the determinant; hence, in the definition 
which has been given we might substitute “complementary minor” 
for “co-factor.” 

174. The determinant adjugate to a determinant of the nth order is 
equal to the ( n—V)th power of the latter. 

Let the given determinant be 

I an an an ■ ■ ain I 


a 2 i a 2 2 a 2 a ■ * ■ a 2 n 


A = 


asi a 32 a 3 3 ■ ■ a 3 n 


or | ai„ | . 


a n i a n2 a n 3 ■ a n n 
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Multiply it by its adjugate 


0^11 


e/fia ■ 

■ ■ zAln 


d/^21 

0^22 

^A^ ' 

' ' zAln 


zAai 

zA&i 

e^33 • 

■ • zAln 

, or | zAi„ 

<v/nl 


^AnZ ’ 

^Ann 



after the manner of §154, the first column of the new determinant is 
(luZ/fll + d\^zA\^ + du^AlZ + ’ * ' H" Q'lnZjfln 

021*^11 + ^22^12 "T 023^13 + ' * ’ + d^n^Aln 
d$\zA\\ + d^lAyi T" #33^13 + * ' ’ + O'Sn^ln 


d n \<lA\\ + d n 2<tAl2, "T d n Z^A \Z + ’ ' + d n n^A In 

the first expression of which is (§68) equal to \di n |, and each of the 
others (§76) equal to zero. 

In like manner the elements of the second column are all zero, 
except the second element, which is \d\ n |; and so on. Thus 


A - I aA ln I = 


,4 0 0 
0 ,4 0 
0 0 ,4 


0 0 0 


= A* ; 


therefore 


| of l n | = A n 1 , 
as was to be proved. 

175. If the determinant adjugate to a given determinant be formed , 
any minor of it of the mth order is equal to the product obtained by 
multiplying the cofactor of the corresponding minor in the original de- 
terminant by the (m-l)th power of the original determinant. 

I. When the minor of the adjugate is \zAw 0^22 ■ ■ - tA mm |, the origi- 
nal determinant being 



COMPOUND DETERMINANTS 


167 


d 11 

a 12 

013 

' ' 01m 

0 1 , m+ 1 

‘ 0171 

021 

022 

023 

‘ 02m 

02,m+l • ’ 

‘ 02n 

031 

032 

033 

' 03m 

0 3 , m+ 1 

' 03ti 

dm 1 

dm2 

0m 3 

d m m 

0m,m+l 

dmn 

0m+l,l 

0771+1 

, 2 0m+l,8 ‘ 

0m+l , 77i 

0 77i+ 1 , m+ 1 

* 0 m +l 

d n 1 

0n2 

0n 3 

0n m 

0n,m+l 

07171 


Taking the adjugate determinant and changing the elements of all 
the rows after the mth, those occupying the principal diagonal into 
1, and all the others into 0, we have 


*Aw 

<iA\2 ' * 

* ^Alm 

,m+l 

C-^l,mf2 ‘ ’ 

• C^ln 

e/^21 

ey^22 ■ 

■ ^2m 

<^2,771+1 

e>^2 t m+2 ‘ • 

■ C^2n 

ei,i 


■ cvf 

^ 771771 

,m+l 

^An,m\ 2 ■ ‘ 

■ ey/ 77171 

0 

0 

0 

1 

0 

■ 0 

0 

0 

• 0 

0 

1 

0 

0 

0 ■ 

0 

0 

0 

1 


which is clearly equal to the chosen minor | zAw - • ■ Multi- 

plying the original determinant by this, there results 

A 0 0 0 0 • ■ ■ 0 

0 A 0 0 0 - 0 

0 0 A 0 0 - 0 




0 


0 0 


■ ■ A 0 


. . . 0 


01,m+l 02 , 771+1 0 3 , m -\- 1 * ' 0m+l,m+l * * 0n,m+l 

fll.m-j-2 02 , 771+2 03 ,m +2 ‘ ‘ 0m, m+ 2 0m+l,m+2 ' " 0n ,m+ 2 


din d2n dsn 


dmn 


0m+l ,n 


dnn 
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A m ' | .m+l ‘ ' " ®nn | ) 

| m | A 7,1 1 | #7n+l,m+l " ’ ’ ^nn | j 

and ■ ■ ■ a nn \ being, in the original determinant, the co- 

factor of the minor corresponding to the chosen minor, one case of 
the theorem is established. , 

II. When the minor of the adj ugate is any other than j 

| ' ' ‘ Zsflrnm | * \ 

Let the rows from which the elements of the minor are takelp be 
the Ath, &th, Zth, ■ ■ ■ , and the columns the rth, 5th, wth, ■ • - ^ so 
that the minor may be denoted by \zAhr <Aiu ■ ■ • |, and ' let 
h+k + l+ ■ ■ ■ —<r. 

Translating the said rows in order upwards and the said columns 
in order towards the left, the chosen minor will occupy the place at 
first occupied by \<zA n ^22 ■ A m m | ; and if we change the elements 
in the rows after the wth, making those 1 which occupy places in 
the principal diagonal and all the others 0, we have as before a 
determinant of the wth order, which equals the chosen minor 

| zA} u <L/fk B Qyfl u • ’ * | . 

Also, translating in the same way the corresponding rows and columns 
in the original determinant, we have a determinant which (see §91) 
is equal to 

(- 1)' I flu I . 

In the former of these two resulting determinants each oA of the first 
m rows occupies the place which the corresponding a occupies in the 
latter determinant; consequently on multiplying the two together 
we have as before 

| a\n \ 7,1 X cofactor of | a hr a ks aiu ■ ■ • | in (— 1)* | oi„ | , 
and on division by (— l) ff |ai n | there results 

| z/f hr<A kg<A iu ■ • ■ | = | ai 7l | m_1 X cofactor of | a hr a ks ■ ■ ■ | in | a\ n | , 
as was to be proved. 

If we write A hr for the complementary minor of a hr in |a in |, then 
since <zAhr = (— \) h+T Ahr, etc. and the cofactor of | a^ r aic* aiu * ■ ■ | 
in J din | is equal to (— l) 0- multiplied by the complementary minor 
of \anr au cliu ■ ■ ■ | in |a ln |, the result just obtained becomes 
|(- l) h+r A hr (- 1)* + M fca ■ ■ ; I = I a ln | m “ 1 <-l)'X complement ary of 
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| dkr dka ■ ■ ■ I ; so that, multiplying the rows of the left-hand member 
of this by ( — 1)\ (— 1)\ ■ ■ • , respectively, and the columns by 
(— l) r , (—1)*, • • , respectively, and multiplying the right-hand 

member by the same, viz. by (— 1)% we have 

I A hr A Jcs A l u ' ■ | =| d\ n I m 1 ( l) a X 

4 

complementary of \a hr a ks a tu ■ ■ - 1. 

Example. The adjugate of 


0 i 

b 1 

Cl 


a 2 
b 2 
02 


a 3 

*3 

03 


04 

b A 

0 4 


d i d 2 d 3 


is 


| b 2 03 dt | P — b\ Cz 

| 0,2 03 d\ | | a\ Cz d 4 | 

| 02 bz d\ | — | 0i bz d\ | 

| 02 bz C4 | | a 1 b 3 C\ 1 


| 1 4 | b 1 c 2 d\ | 

— | a\ c 2 d\ | 

| d\ b 2 d$ | 

— | a\ b 2 c\ | 


| 61 C2 dz | 
| 01 c 2 dz | 

| 0i b 2 dz | 
| 0i b 2 cz | 


and if the chosen minor be 

| 01 cz d,i | — | 0i c 2 di | | 

| 0i 63 04 | — | 01 b 2 c 4 1 

we take the adjugate and by transposition of rows and columns obtain 

| 0i Cz d A | — | 0rc 2 di | — | a 2 Cz d\ | | 01 c 2 dz | 

| 01 bz c A | — | di b 2 ci | — | 0 2 63 Ci | | 01 bi cz | 

— | b\ Cz d\ | | b\ c 2 d\ | | b 2 Cz d 4 [ | bi c 2 dz | 

— | ai bz dt ] | 0i 62 d 4 1 | 02 63 di | — | 01 b 2 dz | 

then altering the elements of the last two rows we have 

| 0i Cz di | — | 0i c 2 d/i | — | 02 cz d 4 1 | 01 c 2 dz | 

| 0i £>3 C \ | — | 0 i 62 04 | j 02 ^3 04 | | 01 b 2 Cz | 

0010 
0001 
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Multiplying this by 

b 2 b 3 bi b 4 

d 2 d 3 d i di 

a 2 &3 d\ di 

C 2 c$ Cl ^4 

there results 

| d\ Cs di | 

| d\ bs C\ | — 

d\ b 2 ^3 di | 0 0 0 

0 | di b 2 c 3 d\ | 0 0 

b i d\ d% Ci 

b\ d\ dt Ci 

di b 2 c 3 d A | 2 - | di Ci |» ; 

i\ b'i C3 di | | di Ci | 

This example serves also to illustrate the fact that the special 
case of the theorem of §148, noticed in §149, is at the same time a 
special case (m = 2) of the present theorem. 

176. If the minor An complementary to the element au of a determinant 
A is zero then the determinant is expressible as the product of two linear 
functions : one linear in the elements a 2 1 , 031 , • • , a nif and the other 

linear in the elements ai 2 , an, ■ ■ , a in , each with fractional coefficients . 

Thus 

=A n^4 22 — A i 2 A 21 — A * ^4 ] 2 ,12 
A i 2 A 21 

> if A 12 , 12 0 . 

A 12,12 

But A 12 may be expressed as a linear function of a 2 i, 031 , ■ ■ ■ , a n 1 , 
and A 21 as a linear function of ai 2 ,Gia, ■ ■ * , a in and hence the truth 
of the theorem is seen. 

Instead of A u we might have taken any minor Aij as the vanishing 
minor and obtained a corresponding result. 


An A 12 

A 21 A 22 
or A = — 


Therefore 


ai c$ di | 

£Tl C 2 di | 

I b 3 Ci I 

di b 2 Ci | 


b 2 da di d 
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Exercise. Show that the above theorem may be written 

dB ( dB dB 

— A = < a\ n + a 2 » + ■ ■ 

ud n — 1 ,n— 1 1 00-2, n—\ 

&B ) 

dn- l,n ( 

In— l,n— 1 / 

( dB 

1 1 anl 

V Odn-1,1 


+ 


dB 

nl H d n 2 + 


da n - 1,2 


+ 


where 


B = 


da 

dA 


dB | 

a n , n — 1 V 

^n— l,n— 1 / 


da n 


177. Two matrices are said to be the reciprocal of each other when 
row-by-column multiplication gives 

1 


= 1 


We may define reciprocal determinants in the same way though, for 
determinants, “row-by-row” may replace “row-by-column” in the 
definition. 

178. It immediately follows from §175 that, in the case of a de- 
terminant which is equal to zero, all the minors of the adjugate which 
are of a higher order than the first must also be equal to zero. Thus, 
taking minors of the second order, 


zAhi 

zAhi 


zsfhl 


^Aki 




<^Akl 


and therefore zAhi'^ki-’-^hi'^kz*'* ' or 

: \*A hl \*A kx :*A kM \ * ■ provided zA kl ^0 that is to say, in the case of 

a zero -determinant the cofactors * of the elements of any one row are in 
order proportional to the cofactors of the elements of any other row. 

In the same way it may be proved that if all minors of order (w + l) 
vanish then all m-line minors formed from any set of m rows are pro- 
portional to the corresponding minors formed from any other set of m rows. 
* True also for complementary minors; see §175. 
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179. To every general theorem which takes the form of an identical 
relation between a number of the minors of a determinant or between the 
determinant itself and a number of its minors , there corresponds another 
theorem derivable from the former by merely subtituting for every minor 
its cofactor* in the determinant , and then multiplying any term by such a 
power of the determinant as will make all the terms of the same\ degree. 

Let the established identity in regard to |a ln | be j 

M r M a M t -■■ + -■■ = ■■■ + ■■■ \ 

where M r is used to denote some minor of \a ln | of the order r , and 
where consequently r+s+t-\- • ■ =p-f-a+r + ■ ■ ■ . \ 

Now since the identity holds in regard to every determinant, it 
holds in regard to \Ai n | the adjugate of [am |, hence if N r stand for 
the minor of \A in \ corresponding to the minor M r of [am |, it follows 
that 

N r N a Nt ■■• + ■•■= N'N'Nt •■■ + ■■■ 

Substituting for every N its equivalent as given by the theorem of 
§175, and, in order to do so, denoting the cofactor of M r in |am | 
by M'. r we have 

I a In \ '-'MJ-r- | | ■ | fl ln | 

= | «ln | • |ain | '"Wn'-, ■ | a ta | T ~'Mn~r f ■ ’ ■ 

whence, on division by the lowest power of |ai„| contained in any 
term, there results the identity which was to be established. 

This is the Law of Complementaries incidentally exemplified in §149. 

180. By the application of the Law of Complementaries, some of 
the already established theorems furnish new theorems of considerable 
interest. As an example the identity of §77 may be taken, a particular 
case of which is 



| aj #2 1 

| ^1 C2 | 

| Ci dz | 

| ai ft 2 ^3 dt | Ci — 

| ai 63 1 

| | 

| ci dz | 


| ai b A | 

| b\ C 4 | 

| ci di | 

The complementary of this with respect to 

&i b% c z d± 


| Ci di | 

| a 3 d\ 

| | a» ^4 | 

04) | a 2 c 8 d 4 1 | a 2 b z d A \ = 

| Ci di | 

| a 2 d\ 

| | 02 b A | 


| Ci da | 

| a 2 d z 

| | tf'2 bz | 


* True also for complementary minors; see §175. 
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an identity not hitherto noticed, but which when known can be 
established otherwise. The complementary with respect to 
a^czd^ | is 



| r 3 d A c b 

| d 4 e b | 

| as hi e 5 | 

(B) 6f, I fl 2 C 3 d 4 c 5 1 I an b 3 d 4 c 5 1 = 

| c '2 d 4 c b 

| a 2 d A e b | 

| a 2 b 4 | 


| d& c b 

1 | d'2 d‘i Cjj | 

| a 2 b 3 e b | 


and by inserting “/ 0 g 7 ■ ■ ” after every in this we have a result 

which includes (A) and (B) y viz. the complementary with respect to 
|fli bz ■ ■ gi ■ ■ ■ | . A still more general theorem will be got by taking 

the complementary of the theorem of §150, of which that of §77 is a 
particular case. 

The student will find it instructive to take every theorem to which 
the law is applicable and find the complementary theorem. Even 
where no new result is obtained, some new tie of relationship may be 
made apparent. 

Example. Prove that 

a b g 

h b f (ax 2 + by 2 + cz 2 + 2 fyz + 2 gzx + 2 h xy) 

g f c 

where A, H y • ■ stand for the complmentary minors of a, h , in 
the first determinant. 

Developing the right-hand member by §110 as a quadratic in 
x, y, 2 7 ' ' ■ , we have the cofactor of x 2 in it 

a h g 

a h b f , (§175) 

g f c 

as it should be. Similarly it is seen that the cofactors of y 2 , z 2 , ■ are 
the same in both members. 

Problem. By using the Law of Complementaries on the identify 
| a\ b 2 Ca d 4 | = { | a\ b2 | ■ | £3 d 4 1 Cb } 

show that 

I <ii b>t C' * di I 2 = T ^ I I bo C3 d 4 1 I d\ bi | * | C3 d 4 | } . 


B F 
F C 


Ox y z 
x A II G 
y II B F 
z G F ( ' 
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Exercises. Set XII 

1. Show that the sum of the numbers indicating the rows and 
columns from which the elements of a minor are taken and the sum 
of the corresponding numbers in the case of the complementary 
minor are either both even or both odd. 

Resolve the following into determinant factors : j 


2 1 

0 

0 

0 

0 

0 


2i 

0 

0 

0 

0 

°ii 

0 

22 

0 

0 

y* 

x 2 


0 

22 

0 

0 

yz 

° \ 

0 

0 

23 


0 

0 

3 . 

0 

0 

Z3 

^3 

0 

Xz \ 

Zz 

23 

22 

y 2 

3>3 



0 

23 

Z 2 

y* 

y 3 

x 2 

0 

0 

2l 

y 1 

0 

0 


za 

0 

2i 

y 1 

0 

Xi 

22 

21 

0 

0 

yi 

y 1 


z 2 

2i 

0 

0 

yi 

0 


0i 0 0 0 4 0 0 

0 02 0 0 05 0 

0 0 03 0 0 0G 

h 0 0 b, 0 0 

0 b 2 0 0 h 0 

0 0 b 3 0 0 b 6 


5. Use §93 to show that 


0 0 2 0 04 0 

b\ 0 hi 0 65 

0 c 2 0 0 4 0 

d 1 0 d 3 0 

0 02 0 04 0 


= 0. 


6. Show that if m elements of one row of a determinant of the wth 
order contain a common factor, which is also contained in the cor- 
responding elements of other n — m rows, this factor is a factor of the 
determinant. 

7. Use §93 to show that 


02 b 2 


0 

0 

03 ^3 

Cz 

0 

0 

0 1^4 1 b 1 A 1 

C\A 1 

A 2 

A 3 

0 \B 1 b \B 1 

ciB x 

b 2 

B z 

01C1 b\C\ 

01C1 

c 2 

Cz 


— A\B 2 C 3 | 0i &2 £3 
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8 . Expand in a series of terms of the form (pi — /> 2 )(0i“ a 2 )xix 2 the 
determinant 

X4 0 0 0 1 ai 

0 X 3 0 0 1 a 2 

0 0 X2 0 1 03 

0 0 0 x\ 1 04 

11110 0 
pi P2 p 3 Pa 0 0 

9. Show that 

0 1 0 2 03 04 

&1 ^2 &3 #1 “|" 04 02 “1“ 03 01 — 04 02 — 03 

64 &3 &2 &1 &1 + Pi b 2 + &3 6l ~ &4 &2 — &3 

04 03 02 01 

10. If a determinant of the zzth order be developed as a sum of 
products, the factors of which are a minor of the ath order, a minor 
of the pith order, and a minor of the 7 th order, how many terms 
will there be in the development? 

11. Prove that 

0 02 03 0 03 04 

b 1 b 2 b 3 — | 02 63 1 bi b 3 b 4 

C 1 C 2 C3 C 1 C 3 C 4 

12. Prove that the product of the adjugates of two determinants of 
the same order is equal to the ad jugate of the product of the said 
determinants. 

13. Prove the identities (2), (3) §162 by altering the forms of the 
factors and using the ordinary multiplication theorem (§153). 

14. Prove that if \am | =0, then 

A r \A i r ! /l r 2i4 2 r • A r $A 3 r • ' * ' * *- A n \A 2 2 ^ A 33 • ' * ‘ 

15. Prove that 

01 | 02 &3 C4 I — 02 ] 01 &3 t'4 | = | 01 C 2 | | 03 &4 | — | 01 &2 | | 03 d | • 

16. If 

| 0odl | + | b Q C! | = | 00^2 I + I b 0 C 2 | — \aid 3 |+ \biC 9 | = \a 2 d 2 |+ I& 2 C 3 I =0, 
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then 

I 00 ds | | tfi d-2 | = | ^3 I I ^1 C2 I ■ 

17. Prove that if |a lw | = l, then |tfi n | and \A in \ are mutually 
adjugate. 

18. Prove that j 


a 2 b 3 1 

0 0 a 3 di 

b 1 b 2 b 3 b 4 

— a 2 1 03 bi | | b} c 2 d 3 1 — (13 

a 2 flj |) 0 

b 2 b 3 Q 0 64 

b 2 b 3 b[ b 2 bi 


Cl 6*2 C[i 6" 4 

1 d\ d 2 d 3 d\ 


C 2 C;i Ci\ C2 Ci 

d 2 d 3 d 1 d 2 di 


19. Using the notation of §179, prove that 


Ai n 


N r N<n-r+l 


20. Prove that if in | a x b 2 c 3 d A | the cofactor of b 3 be equal to zero, 
then \ai b 2 c 3 d A | |&j </ 4 1 = | cti c 3 di \\ai b 2 d^\. State the same theorem 
in regard to |fli n |. 


2.1 If 


do d\ -|- bo C] — 0 — do d 2 + | bo c 2 


then 


j ao bi c 2 d 3 1 — { do d 3 + bo c 3 } { a\ d 2 + b\ Ci } . 


22. Prove that 

| a\ c 2 c 3 \ | b\ d 2 c 3 \ = | d\ d 2 e 3 1 | b\ c 2 c 3 1 -|- | a\ b 2 1 | c\ ^2 ^ 3 1 ■ 

23. Prove that if \ai b 2 r 3 d A | =0, then 

| d\ b 3 1 | a 1 c 2 d\ | = | a\ b 2 1 | di c'a di | -f- | a\ bi | | a\ c 2 d 3 1 . 

24. Resolve into determinant-factors of the second order Uie 
determinant 


a 2 

ab 

ab 


ac 

ad 

be 

bd 

ac 

be 

ad 

bd 

c 2 

cd 

cd 

d* 
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25. From a determinant A the minors consisting of four adjacent 
elements are taken in order to be the elements of a new determinant 
A: in A every minor consisting of four adjacent elements is divided 
by the corresponding element in the minor of A obtained by deleting 
the first and last rows and columns, and the quotients are placed in 
order to form A : in like manner A is obtained from the elements of 
A and A and so on. Prove that the final result is equal to A. 

26. Use the process of Ex. 25 to perform Exs. 1, 2, 5, 4 §78. 

181. In the case of a determinant of the nth order it is possible to 
delete m rows in n C m different ways, and to delete m columns in 
n C m different ways; and thus the number of minors of the (n — m ) th 
order belonging to a determinant of the nth order is ( n C m )‘ 2 . Ar- 
ranging these minors as the elements of a new determinant, and 
giving precedence in any row to that minor of two which first has a 
column number less than the corresponding column number of the 
other, and precedence in any column to that minor of two which first 
has a row number less than the corresponding row number of the other 
we obtain what is known as the determinant of the mth-ary minors of 
the original determinant, or, more conveniently and shortly, the 
( n — m)th Compound of the original determinant. Just as the ( n — l)th 
or highest compound of a determinant is called the adjugate of the 
determinant, so, generally, the {n — m ) th compound is called the 
adjugate of the rath compound. 

Example. The determinant of the secondary minors — the third 
compound of 



01 a 2 

03 

<24 05 



1 61 b 2 

bs 

64 ^5 



Cl C2 

C 3 

C 4 C 5 



d\ d 2 

d 3 

d 4 d§ 



ei e 2 


€4 €5 


| 01 &2 Cs | 

| a 1 b 2 c\ | 

1 

01 b 2 c'b | ' 

■ • | 03 b\ | 

| di h 2 d A | 

| a\ b 2 d\ | 

1 

0i^2 d$ | ■ 

| 03 b 4 d§ | 

| dl b 2 £3 | 

| 0i b 2 ) 

1 

0i b 2 e 5 1 ■ 

' | 03 £4 ^6 I 

| C\ d 2 e A | 

| Ci d 2 £4 1 

1 

Cl d 2 Cb | ' 

| c A d\ Cz | 

1 d\ b 2 c 3 | 

| C\ b 2 d 4 | 

1 

0 i b 2 £5 I • 

• • \ c A d 4 Ch 


or 
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In the umbral notation (§25), which makes more evident the mode j 
of arranging the minors, it is 

123 123 123 -123 

123 124 125 345 

124 124 124 124 

1 2 3 1 2 4 1 2 5 3 4 5 

125 125 125 125 

123 124 12 5 345 

345 345 345 345 

123 124 125 345 

12 3 12 4 

12 3 12 4 

where in any row or column the order of precedence is decided by the 
order of magnitude of the numbers 123, 124, 125, 134, 135, 145, 234, 
235, 245, 345, whose digits are the column or row numbers of the 
minors. 

182. The mth compound of \a in | is of the same order as the ( n — m)th 
compound , (2) conjugate elements in it are conjugate minors of |a l7l |, 

(3) if each element of it be replaced by the complementary minor in 
|a ln | the result is equal to the ( n—m)th compound , and we shall always 
understand that the corresponding elements in two adjugate determi- 
nants are so related. 

Here (1) depends on the fact that »C w = n C n ~ m, and (3) upon §55. 

183. The mth compound of a minor of \a ]n | is a minor of the mth 

compound of | ai n | - ^ 

184. The mth compound of \ai n | is equal to a h l n_1 m_1 

Let A m denote the mih compound of A, so that A x and A are the 

same. If in A m we prefix to each element the sign + or — according 
as the sum of its row and column numbers is even or odd, the signs 
in any row will be in order all the same as those in any other row, or 
all opposite, and the signs of conjugate elements will (§182) be alike; 
the change made is thus equivalent to altering the signs of 
all the elements in certain rows and afterwards all the elements in 
the corresponding columns, hence, the value of the determinant itself 


1 2 5 

3 4 5 

1 2 5 

3 4 5 
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will remain unaltered. Multiplying A w as thus changed by A n __ m in 
the form of §182, we have a determinant whose principal diagonal 
elements are (§93) all A, and other elements (§106) all 0: hence 

A m A n _ m = (A)" Cwi 

But A has in general no factors, therefore A WJ and A n _ m must both be 
powers of A. Now A m is of the order n C m and each element of it is of 
the mth degree in the elements of A: consequently the power which A ni 
is of A has for its index rn„C m -5-n, that is, 

185. If the mth compound of | a ln \ be formed, any minor of it of the 
kth order is equal to the product obtained by multiplying the cofactor of 
the corresponding minor in the adjugate compound by |a ln | n-iCm 

This is related to the theorem which procedes it exactly as the 
theorem of §175 is related to that of §174. The proof of §175 with 
evident modifications need not therefore be repeated. 

186. For certain of the minors (§183) of the mth compound an 
expression of quite different form from the foregoing may be obtained 
by means of §184: new identities thus arise. 

Another special minor is that dealt with in §150, namely 


1,2, 

• , m — 1 , m 

1, 2, • 

• , m — 1 , m + 1 

1, 2, • • 

• , m — 1 , m 

2, 3, • 

, m , m + 1 


i, 

2, • • 

, m — 1, 

m + 2 

1, 2 , • ■ 

■ , m — 1 , n 

3, 

4, • 

■ , w - 1, 

m + 2 

n — m + 1 , ■ 

■ , n 


which is there shown to be equal to 


i, 

2, • • 

X 

2, 

, m — 1 1 , 

x . 

2, ■ 

, m — 1 

i, 

2, ■ • 

■ , n 2, 

3, ■ • 

• , m 3, 

4, ■ • 

■ , m + 1 


1,2 , ■ ■ ■ , m- 1 

X 

n — m + 1 , • • , n — 1 


Still another is that with which the Complementary of this theorem is 
concerned (§180); and there are many more having the like property, 
viz., expressibility as a product of powers of the original determinant 
and a number of its minors. 

187. If any identical relation be established between a number of the 
minors of a determinant or between the determinant itself and a number 
of its minors , the elements of the determinant being letters with single 
suffixes and the determinants denoted by means of their principal 
diagonals , then a new theorem is always obtainable by merely taking a 
line of new letters with new suffixes and annexing it to the end of the 
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diagonal of every determinant , including those of order 0, occurring in the 
identity . 

Let ( A ) be the established identity, and |ai 6 2 c 3 ■ ■ l n \ the 
determinant whose minors are involved in it. Taking the Com- 
plementary (§178) of (A) with respect to |ai c a ■ ■ ■ | we obtain 

an identity, ( B ) say, likewise involving minors of \a\ b 2 cy - - l n \. 
But these minors are also minors of \ai b 2 c 3 ■ ■ • l n r a sp ■ ■ ■ lz Y |, and 
therefore it is allowable to take the complementary of ( B ) with respect 
to this extended determinant. Doing this we pass, not back to (A), 
but to a new theorem (A') which is seen to be derivable from! (A) by 
annexing to the end of the diagonal of every determinant ill it the 
line of letters r a s$ ■ ■ z y . The clause “including those of ordet 0” is 
necessitated by the last clause in the enunciation of the Law of 
Complementaries. This is the Law of Extensible Minors . 

188. By means of the Law of Extensible Minors every identity 
which we have given in Compound Determinants may be made more 
general. Thus, taking the identity (§186). 


(i) 


| dl b 2 | | 02 &3 | | 0-3 b 4 | 

| fli C 2 1 I a 2 C 3 1 I a 3 Ca I 

| a\ d‘2 1 | [ | 03 d± | 


— 0i b 2 c 3 d\ a 2 a 3 , 


and adopting the extension e B / 6 , we have 


| b 2 Cs /e | | 02 b 3 e$ f 6 \ 

I 01 C2 €5 fe | | 02 C’3 Cb fe | 

I | 0i di e B / 6 | | 02 d 3 c b / 6 1 


| 03 Cb f 6 | 
| 03 C 4 C b /e | 

| 03 d\ e b fe | 


— | 0 i b 2 c 3 d\ e b /e | | 02 c b fe\ | a 3 e b fe | ; 

or, if we view the elements of \aib 2 c 3 di 1 in (1) as themselves determi- 
nants of order 1, we have 


| a,\ bi ft 

1 I 02 ^3 

et ft 

| a 3 

b< 

Cb fe 


| a x ct e t ft 

| | 02 C 3 

et ft 

| a 3 

C\ 

Cb fe 


| ai di et ft 

1 | 02 dz 

e h ft 

| 03 

d\ 

Cb fe 


| ai e B ft | | 

02 C b /o | 

| 03 

etft | 

1 

04 c b 

ft 

\bie s f t \ | 

b 2 Cb fe | 

| b 3 

et ft | 

1 

b 4, c$ 

ft 

1 ci et ft | | 

c 2 c b /fl | 

1 

etft | 

1 

C\ e b 

ft 

1 «./«| 1 

d 2 e& fe | 

| d 3 

etft | 

1 

d& Cj 

/» 

02 /e | 03 C& /fl I 
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In corroboration of these new identities we deduce from them 
j | «1 Cb /• | | 02 C B /e | | 03 e 5 /» | | a 4 e b / 6 1 

| b\ e b | | b 2 e b f b \ \ b 3 e b f G | | b 4 Cb /e | 

| Ci£b/«| | 02 05 /o | | C2 /e | | 04 e B / 6 | 

1 d\ e& /e | 1 di e b f G \ \ d 3 e b f G \ \ d 4 e& /g | 

0i 62 C3 d 4 / 6 | ■ | £5/0 1 3 , 
which is the Extensional of the manifest identity 

01 02 03 04 

bi b 2 b 3 bt | . 

— | ai 02 03 a 4 1 , 

£1 £2 £3 04 

di c ?2 dg d 4 

and has been already proved (§ 175 ). 

Other identities may be derived from these extensionals. Thus 
having the relation 

01 b 2 Cs d 4 e b | | d\ b 2 03 d 4 e G | | <21 b 2 03 d 4 e 7 

01 b 2 c 3 d 4 f b \ | d\ b-2 £3 d 4 /g I | 0i b 2 c 3 d 4 

0 i b 2 c 3 d 4 g b | | a\ b 2 c 3 d 4 g 6 1 | 0 i b 2 c 3 d 4 g 7 

= | 0i b 2 0 3 d 4 1 2 ■ | ai b 2 c 3 di e b f G g 7 | . 




We observe that on the left e 4 is contained as an element in each of 
the determinants of the first row, / 2 is contained as an element of 
each of the determinants in the second row, and £3 is contained as an 
element of each determinant of the third row, while on the right these 
occur only in the second factor. Consequently we have 


| 0-2 ^3 04 d b | 

| 0 2 ^3 04 dg | 

| 0 2 b 3 c 4 d 7 1 

| 0i b-i c 4 d b | 

— | 01 b 3 c 4 d G \ 

— | 0 i 63 C\ d 7 1 

| ai b 2 04 d 6 1 

| 0i b 2 04 d G | 

| 0 i b 2 04 d 7 1 

= | ai b 2 03 d 4 1 2 

| 04 b b c G d 7 [ 


| 06 b 2 03 d 4 1 

| 06 b 2 c 3 d 4 1 

| 07 b 2 03 d 4 1 

| ai 65 c a d 4 1 

| 0i b G c 3 d 4 1 

I 01 &7 c 3 d 4 1 

| 0 i b 2 06 d 4 1 

) 0i b 2 c G d 4 1 

| 0i b 2 07 d 4 1 

~ | 01 &2 03 d 4 | 

2 | 0 4 65 c$ d 7 1 



■ — a theorem which has important applications. 
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Another theorem is obtained by equating the cofactors of fig 2 
instead of the cofactors of e y f 2 g- A to obtain the last theorem. 

Doing this gives 


| di b 2 c 3 d\ e 5 1 

| a\ b 2 c 3 di e& | 

| a\ b 2 Ca di ei | 

j a 2 ba c 4 da | 

| di bz c\ da | 

| cl 2 bz ci di | 

| a\ b% C\ da | 

| bz ci da | 

| a\ bz Ci d’j | 

= — | fll b 2 Cg ^4 | 

2 1 az Ca da 67 1 

. 


The next theorem in the series would be obtained by equating the 
cofactors of gi. \ 

189. The difference between any two terms of the adjugate of a 
determinant | ay n | is divisible by A . 

Let the two terms be 

T n = A\ Xx Azi 2 * A n i n 

and 

T n =■ A i j x A 2 / , A n}n 

where i\i 2 ■ -in and j y j 2 ■ j n are any two permutations of the 
numbers 1, 2, * • * , n. Then we are to prove that T n — T n f is divisible 
by A. 

By successive interchanges of the i' s we can arrive at the permuta- 
tion of the j' s and by adding and subtracting terms corresponding to 
each of these interchanges we get a series of pairs of terms which may 
be combined. Thus if i k is the same as j\ the first step in the series of 
interchanges and terms is 

A\% Y A 2 i i ■ ’ A /cik * ‘ A ni , n Aiij t A2i 3 ■ ’ Akx | ■ ‘ Ani n 
“I - A\xj e A 2 i 3 A /c 1 1 A n i n A i j x A 2 j2 ■ A n j„ 

= {Au l A kik — AukAki^Aiit • ■ ■ A nin + 3rd and 4th terms . 

We get in this way a series of terms on the right each of which has 
a factor of the form (A r iA B] — A r ;A sl ) and since this is a minor of the 
second order of the adjugate of A it is divisible by A and therefore 
T n —T n ' is divisible by A. 

It is also true that the difference between any two terms of any 
minor of the adjugate of A is divisible by A ; for if we multiply this 
difference, which we will denote by T k —T k \ by any single term S 
of the complementary minor we obtain S{T k —Tk) which is the dif- 
ference between two terms of the full adjugate and therefore is 
divisible by A and since S is in general not divisible by A it follows 
that T h -T{ must be. 
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190. A 0 is any w-line determinant and Ai is its adjugate, and in 
general A r is the adjugate of A r _ i. Let M k and Mn-i in their respec- 
tive determinants be complementary minors so far as position is 
concerned, the one being of the &th order and the other of the 
(n — &)th. Then 

(1) Mn~u in A lm = A 0 V " Mn-k in A 0 

(2) M k in A 2m+i = A 0 v *-Mn-k in A 0 
where 

v\ = {(n — l) 2 ™ — l}(w — k)/n 
v 2 = { (n — l) 2m + l + 1 ] (k — n)/n 
To prove this we have 

Mk in A\ — Ato k ~ x Mn-k in A 0 

(3) Mn-k in A 2 ~ Ai n ~ k ~ l M k in A i 

M k in A 3 = A 2 k ~ l Mn- k in A t 


By multiplication and division we have 

M in A 2m = (A q A 2 ■ • A 2m— 2) * (A \A 3 • • ■ A 2 m ^ x ) n ~ k ~ l M^ k in A 0 

But since A r = A 0 (“ —1 ) r it follows that 

(AoA 2 - ■ • A 2m _ 2 ) k -' = (A o Vi ) k ~ l f 

and 

(AiA 3 • - 

where 

^3 = { (n — l) 2w — 1 ] /n(n — 2), 

Va= (n — 1> 3 ; 

so that Af in ^2m = ^oMn-;t in A 0 . 

For the other we have 

M k in ^4 2wh 1 = ^ in A 2m 

2m 

which on substituting gives the desired result. 

The results for k=l and n — 1 are of interest. Using k = n — 1 in (1) 
we have 

The element in the (r, s) position in A 2m is 
a^ 0 ((n - 1)2m ‘ 1|/71 - 

Using k= 1 in (2) we have 
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The element in the (r, s) position in ^ 2 m+i is 


A A ((n-D “I! Cn-U/n 

r»Si 0 

These give a ready rule for writing the elements in any ad jugate of a 
determinant. 

From (3) we have | 

Mn-k in A 2 = Ai~ k ~ l At~ l Mn-k in A 0 
in which, if we put & = n— 1, we get \ 

Ml in Ao 1 Aq \ 

in A 2 A 0 n ~ 2 Ai 

In words this says that any element of a determinant is to the correspond- 
ing element of its second ad jugate as the determinant is to its first adjugate. 
191. The minor 


12 3 4 

1 234 

2 

134 

1 234 

2 134 

1234 


= 

+ 


+ 

+ “ 


12 3 4 

12 34 

2 

1 3 4 

2 134 

# 1 234 

1234 


where 


stands for a n A 2 u, 2 u, etc. 
Again the minor 

111 2 3 45 6 

111 2 3 45 6 

TI1234 56 1 

~ L 1 1234 56 + 1 
I 1236 1451 112 

+ I 1234 1 5 6 1 1 12 

1236 45 1 "I ri 

1235 46l J ~ LI 
1234516 1123 

1234615 ~ 1 1 23 
12346 5 123 

12356 4 ~ 123 


1 234 
1 234 


123 456 

123 456 


1 2 3 4561 

45 6 12 31 


1235 46 

1235 46 


1236 45 

1236 45 


1234 5 6 

1236 45 


1235 

46 

1234 

56 

1235 

46 

1234 

56 

1235 

46 

1236 

45 


1234 516 11 234615 


1234516 11 2346 5 


12356 4 
12356 4 


6 

12346 

5 ~ 

12345 

5 

12356 

4 ~ 

12356 


12345 6 
12356 4 
123456 
123456 


12356 4 
12345 6 

~ S 1 “ S 2 + S 8 , 
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where Si represents the terms in the first square brackets, ^represents 
those in the second, and S3 represents | {23456 1 

If we represent the left-hand side by S 0 we may write the relation 

— So + Si — S 2 + S 3 = 0. 

To prove its truth we have but to show that the total coefficient of 
any product is zero. Thus taking the various types 

of products we readily see that the total coefficient of 


is [- 1 + 3 - 3 + 1] = 0, 

is [ 0 - 1 + 2 - 1] = 0, 

is [ 0 + 0 - 1 + l] = 0, 

1 + 0 + 0 - l] = 0, 


1 23 

456 

1 2 3 

45 6 

1 2 3 

45 6 

124 

356 

1 2 3 

45 6 

145 

236 

123 

456 

45 6 

1 2 3 


IS 


where for instance the coefficient of | * I455 1 in S 0 is 1, in Si is 3, 

in S 2 is 3, and in S3 is 1 and similarly for the others. 

The general case may be stated as follows: 


(n \ m a ) 

(n\mp) 0 | m a ) 

(n | mg) 


(» | m a ) 

(» | mg) 

(m| m a ) 

(n | mg) (n\ m„) 

(»| m B ) 


(»| mg) 

(«| w.) 


(« 

m a ) (n | mg\ 

kd 

(» | mg 1 

ki) 

(m| 

m„) (n | mg \ 

k,) 

(m m B \ 

k,) 


m (m)k (m)k 

= 2>(- i) t+i Ei(- i)'* 

1 1 1 

where (n\m & \ki) and {n\fn & \k % ) are complementary combinations of 
the numbers in ( n \mp), and where v k is the sum of the inversions in 
(n \ m$ \k % \n \m$ \ k % ) plus the number in (n | mp \ kj\n | mp \ kj). 

Here the m values of k give the m groups of terms Si, S2, ■ • - S m . 
If we write the relation as before 

S 0 + Si — S 2 -H ■ ■ + ( 1) 771 l S m — 0, 

then the proof proceeds precisely as in the case where m is 3. 

It may be observed here that there is no loss of generality in taking 
a coaxial minor of the mth compound since by a proper shifting of 
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the numbers indicating the rows and columns it may be turned over 
into any other minor of the second order. It is also to be noted that 
this relation gives the value of all minors of order two of the compound 
in terms of minors of higher order. Thus in the first relation if we put 
2 for 4 in the column numbers it becomes 


1 2 

3 4 

2 

= 0 + 

134 

1 

+ 

2 34 

1 2 

3 2 

2 

1 32 

2 

132 


or 


1 2 

3 4 

2 

1 34 

i 

+ 

2 3 4 

1 2 

2 3 

~ 2 

1 2 3 

2 

1 23 


If in addition we put 2 for 4 in the row numbers we get 


1 2 

2 3 

2 

123 

1 2 

2 3 

~ 2 

1 2 3 


Example. If all minors of order 1 of a determinant | a\ 
of order n be zero but not all minors of order k are zero, show that the 
elements in any line of the &th compound of A are proportional to 
the corresponding elements in any other parallel line. 

192. If in the mth compound of a determinant A of order n there is an 
element ajk , say, in the kth column and also one, au, say , in the hth row 
which do not vanish, then a Jt and cchk cannot possibly vanish if all minors 
of A of order (m+ 1) vanish . For 


Othi OLhk 
Otji Ctjk 


= o, 


since it is a minor of order two of the mth compound of a vanishing 
minor of order m+1. 

We have then 


OthiOtjk — QLjyOthk = 0, 

but since a hl and a jk are not zero it follows that a }i and a hk cannot be 
zero. 

193. If a determinant of order n has all minors of order m-\~ 1 equal to 
zero, but all the principal diagonal minors of the mth compound are 
different from zero, then all elements of the mth compound are different 
from zero . For we would have 


«»!«>/ “ = 0 
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for all values of i and j, and since neither a ti nor a 3i vanish, it follows 
that neither a v / nor a 3i can vanish. 

194. If all the principal diagonal elements of the mth compound of a 
determinant of order n vanish as well as all minors of order m+\,then 
not more than (A — 1) of the elements of the mth compound can be different 
from zero , where A= ( n ) m ■ 

This follows from the equations 

OLijOLji 0 , 

a.\ 3 ahi otaafij = 0 . 


195. If A denotes a determinant of order six , then 




1234 


1234 


1234 


1234 


1234 

4 - 

1256 

+ 

1345 

+ 

1346 

+ 

1356 

+ 

1456 

+ 

1234 

+ 

1234 

+ 

1234 

+ 

1234 

+ 

1234 

2345 

2346 

2356 

2456 

3456 


For if we expand the left-hand member, the sum of corresponding 
terms in the products vanishes or not according as the factors of the 
terms have or have not a column in common, that is, according as 
there is or is not a number common to the lower lines of the suffixes 
of both factors. Thus 
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I 1 2 
! 1 2 


34 
1 2 


1 3 
1 2 
2 4 
1 2 


2 4 
1 2 
1 3 
l 2 


+ | 
I + 


1 4 
1 2 
3 4 
1 2 


2 3 
1 2 
1 2 
1 2 


2 3 

H 12 
= 0, 


1 4 
1 2 


1 2 
1 2 


3 4 
1 3 


1 3 
1 2 
2 4 
1 2 


2 4 
1 3 
1 3 
1 3 


+ | 
1 + 


1 4 
1 2 
3 4 
1 2 


2 3 
1 3 
1 2 
1 3 




1 4 
1 3 


1 2 
1 2 


1 2 
1 3 


3 4 
3 4 

2 4 
1 2 


341 
2 4 I 


2 4 

1 3 


1 3 

2 4 


+ 


3 4 
1 3 


1 2 
2 4 


1 3 


2 4 

+ 

1 4 


1 2 


3 4 

1 2 



1 3 

+ 

3 4 


1 2 


3 4 

1 2 


3 4 

1 3 


2 4 


1 4 






+ 




1 1 3 


2 4 

1 3 



2 3 

3 4 


+ 


2 3 
1 2 


1234 

1234 


2 3 
2 4 


+ 


2 3 
1 3 
1234 
1234 


1 4 
34 


H 

2 4 


etc. 

It is easily seen that 1 1234 1 as well as each of the other terms on 
the right will be obtained in 4 3/1 2 = 6 different ways, four of 
which will give a positive and two a negative sign, since in the set of 
combinations 1234, 1324, 1423, 2314, 2413, 3412 there are four having 
an even number of inversions and two having an odd number of in- 
versions. Hence the truth of the equation. 

196. In general, if A = \a ln |, then 


^ CnlrnuU,) .(n|M ^ ^ (n | m« 1 I ,) , (n | m-lj) 

3=1 


1=1 

(nM 


(n)m-l 


+ ( 1) S^CnlmaUjMnl/i) 2 A ( n [mu|l 2 ) ,(n|m~h) + ■ • ■ 


(n)m 

— A , (n\mh) 
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(*n)l / ( n) £ (n)m-£ 

or E(“ D'i (n | m a 1 1^) , (n | £i) ^ i ^ (n | ma | £jt) . (n | m—lj) 

fc“= 1 v i=*l )=1 

(n)m 

^ ^, A (nlma) . (n I mh) 

1 

where y denotes the number of inversions in (n | m a \h&n \m a \l k ) f and 
l ) denotes, as in §18, the excess of the number of combinations 
in the set 

(» | m a | h\n | m a \ h) , (n\m a \ l 2 \n \m a \l 2 ), , (n \ m a | h\n | m a | l s ) 

(5 = (w)(.) 

which have an even number of inversions over those which have an 
odd number. 

For if we expand the left-hand member as before, it is easily seen 
that the sum of corresponding terms of the products will vanish or not 
according as ( n \l t ) and ( n | m — lj) have or have not any numbers in 
common. Any term A (n | TOa) l(n im A ) which does not vanish will be ob- 
tained in (in) i ways from those particular sums of corresponding 
terms of products which are given by 

(m)£ 

1) V A (n|ma|Z«) ,(n\mh\l))A (n\ma\h) ,(n\mh\l 3 ) j (J = 1 ) 2 , ' ’ , (wi) f) . 

i=l 


The coefficient of A {n \ ma)An \jn h ) is therefore <f>(m, l). The theorem is 
thus established. 

197. Sylvester's Theorem. Using I l(nl”“')l I* t0 denote the 
&th compound of the minor of order m consisting of the ath selection 
of rows and the a'th selection of columns of A = |a„„ |, we have 


(» | ) 


(n | m a | k j) 

(n | m a | k 2 ) 


(n | m a | h) 

(»| m a ') 

k 

0 | m a ' | ki) 

(n \ m a ' | k 2 ) 


(n | m*’ | h) 


(n | m a ) 
( n | m„’) 


( m — 1) A— 1 


where X — ( m)k ■ 


Operating on this by 
(n\m a )(n| m a \ k i) 
(« | »»„')(« | m a ' | ki) 


the Law of Extensible Minors we get 


(m | m a ){n | m a | k 2 ) 

(w| W 0 ')(» I w «' I £2) 


(n\ m a )(w| 
(«| m a ')(n\ 


m a 


m a > 


*x 



(m— l)fc-l 


(» | m a ) 

(« | 


( 1 ) 


(m-l)t 



190 


THEORY OF DETERMINANTS 


Every clement of the determinant on the left-hand side of this 
equation consists of the minor |(«|w«), {n\m a )\ bordered in all 
possible ways with k of the remaining rows and columns of the 
determinant A. We have therefore the following theorem: 

If the elements of a determinant S {of order X = (m) &) consist of a 
minor M {of order n — m) of a determinant A {of order n) bordered in 
all possible ways with k of the remaining rows and columns not included 
in M, then S is equal to the {m—\)kth power of M by the {m—l)k-ith 
power of A. Thus 

S = M (m ~ 1)lc A {m ~ l)k ~ l 

The reader should observe the particular form which the left-hand 
side of (1) takes when the elements [/[jj =0 for r= 1, 2, ■ • • , p. Thus 
when n = 6, p = 3 we have 

(16) 

2 34 
236 

2 3 5 2 3 ' 

= A 

2 3 6 2 3 

236 
23 6 

198. If S' denotes the determinant whose elements are M bordered 
in all possible ways with {m — k) of the remaining rows and columns, 
and where the element of S' in the position {if) is M bordered by the 
rows and columns not taken for the element in the position {if) of 5, 
then 

S' = M {m ~ l)k - l ’A^ n ~ 1)k . 

Therefore 

SS' = 

199. In a manner similar to that used in §185 we may express a 
minor of S in terms of the complementary minor in S' times a power 
of A and of M . Thus 

,(» I m a )(« | m a | ki) |(* | m a ){n\m a | k 2 ) | (n | m a )(n | m a | k h ) 

(n | m a ')(n | m.. | * 1 ) l(» | m„0(« | m \ k 2 ) |(« | m a -)(n \ m B < | k h ) 
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in | m a )(»l m a I *»+i) 
(« | m a ’)(n | m a - I k h+ 0 


(» I w a ) (w | W a | A?x) 
in | w«0(»| I ftx) 


or 


where M h is the minor of order h of S and N^-h is its complementary 
in S'. 

This may also be written 


M h iA ■ M) h 

N\Z h ~ A {1n - l)k ■ M o- 1 )*-’- 


200. Let 


ibmr) 
idrr] ) ' 

where ( a mm ) represents a square of m rows and m columns of a’s; 
(i b mT ) represents a rectangle of m rows and r columns of b y s; (c r m) 
represents a rectangle of r rows and m columns of c’s ; and (d rr ) 
represents a square of r rows and r columns of d’s . Then forming 
the determinant S as in §197 using (a mm ) = |a mm |=^4 as the minor 
bordered & at a time, we have 

(1) 5 ^ ('-U*. 



and 


( 2 ) M h = 

where pi= (>)*. 

For the case where ^ = 1 , it is readily seen that Mh is an example 
of the theorem §197 as applied to a minor of A of order m+h, 
, which we shall denote by A m+ h. It follows therefore that 

(3) M h = 

If in A the d ’ s are all zeros and r>w then A = 0. Three cases arise 
when 

1. k>m. 

Then every element of 5 is equal to 0. 

2. k = m. 
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Then S=- 0, though every element is not necessarily zero, but breaks 
up into two factors one of which is common to every element in the 
same row. Taking out these common factors the remaining de- 
terminant has all its columns alike and therefore Mh = 0 for h >2. 

3. k<m. 

The special interest here is when h>nt and k = l, in which case 
i \ m +h is a minor of A with a square of zeros, h on one side, in the lowei| 
right-hand corner and is therefore zero. Then (3) shows that Mh = Oj 
that is, every minor of A of order greater than tn vanishes. 

An important case of this is where h = m+ 1. 

In the case where k—\ } r>m and the (V s are all zero, we have 

S = yl r_1 ■ A 

= 0 . 

If we denote by D the determinant formed by subtracting from the 
element of S in the position (z, j), (which we may temporarily 
denote by A lJ ), the product d x] A (i, j= 1, 2 ,-■■,»), then D is zero 
identically. For the element A l] — d lJ A of D does not contain d t] and 
is what the element A l} reduces to when d tJ is put equal to zero. 
That is, D is what $ reduces to when the d’ s are put equal to zero and 
therefore D^= 0. The determinant D contains m(m+2r) arbitrary 
quantitites. 

If in A, r = m and the d’s are all zeros then A breaks up into two factors, 
thus A = (— l) m | b mm | | Cmm | = (— 1 ) m B C and the results containing A 
would be changed accordingly. Thus the ratio of the minors in §199 
would be (— 1 ) my M X E V C V where x= h— (m— l)k-i and y = h — (m— ■ 1)*. 

201. Let 


A n— A 


A = 


A\ 


represent any determinant of order n and let A (rn) and A (n _ m) be the 
mth and (n — m ) th compounds respectively, that is, they are adjugates 
of each other. 
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Form the mth compound of the elements A\ and call it M. Then 
since M is a minor of A (m) of order (X) TO its complementary which we 
will call N will be of order { (n) m — (X) m } . Let the corresponding 
minors in A (n _ m) be M f and N' respectively. 

We have then 

^ 1 ^ jy = (X)m— (n— l)ire ^ 

But M ' is a case of Sylvester’s theorem where A n -\ is bordered in 
all possible ways with (\ — m) of the remaining rows and columns. 
We have therefore 

(2) M' = A (X-1) m A fr-D" 1-1 

and consequently 

J\T ^(m— l)m-l — (X— l)m-l . ^ (X— l)w— 1 
V J 7.-X 


This theorem, due to D’Ovidio, may be stated as follows: 

If every possible m-line minor of A be taken whose rows are not all 
included in the last X rows and whose columns are not all included in the 
last X columns , the determinant of these minors is equal to 

A (n ~ 1) Tn-. _(X "' 1) »»-l -^4 (X-l \n-l 

n— A 

For N f we have 

ft' _ M .^(n)m-(A)m-(n-l)m-l 

(4) 


since M is the wth compound of A\. 

If we had formed the (n — m)th compound of A n ~\ and denoted it 
by Mi, its complementary in A (n _ m) by TVi and the corresponding, 
minors in A (w) by Mf and Nf , then 

I — ^ (n— l)m — ( »“X— 1 )m— X . ^ (n— X-~l)w-X 

202. Bazin- Reiss-Picqiiet Theorem'. If every set of q columns of 
^4. = | a iT1 1 be replaced by every set of q columns of B = |&i n | and if the 
determinant of the square array of determinants thus obtained be denoted' 
by A, then 

(1) A = A ("-UfliJCn-Da-i . 

The truth of this theorem, which is due to Bazin and later to Reiss 
and Picquet, is apparent on observing that A is the product of the 
(n — q) th compound of A by the <yth compound of B , since each 
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element is the product of two columns one from each of these com- 
pounds. 

If in the statement of this theorem the two determinants A and B 
be interchanged and A' represent the resulting determinant, then 

(2) A' = A (n ~ 

and 


A - A' = A . 

203. If | otfifi | and | represent the rath compounds of A and B ] 
respectively and if \t pp | and \u pp |, where p= (n) g , be the determinants 
formed from \a Pfl | and \fi pp | by the theorem of the last article, then 

\t„ I = I « J 

|«„| = U,| 

and of course the right-hand sides may be expressed in terms of A 
and B. 

204. Let the elements of the determinants of §202 be represented 
by d’ s and d' J s so that 

A = | du | 

A' 2 = , where 8 — (n) Q , 

and let Mh denote a minor of A of order h. If we raise M h to the order 
6 in the usual way by filling out the rows, adding a diagonal of ones 
under the added columns and making all other elements zeros and 
multiplied by A' we get 

M h - A' = 


(by §135) where 

Then since 

we have 

or 


N's-h — I dh+ l./i+i • ■ ■ dw | , 
A' = A ("-Da-i B ( n— Dfl t 
M h = N f B-h B *-(•>“!)« 


M h {A*B) h 

wZh 


(n— . 2J(n-l)g 



COMPOUND DETERMINANTS 


195 


If instead of A and B of the nth order we had taken them of the 
(n+m) th order and formed a determinant as before by supplanting 
every q columns of the first n columns of A by every q columns of the 
first n columns of B we would have a result which would be the 
extensional of theorem (1) of §202. 

Let E represent the determinant of order (rc+m) with its first n 
columns the first n columns of B and the last m columns those of A. 
Then 

A = A U<ri. 

It is readily seen that we may in this write n for n+m and h for n 
and have 

(2) A = A^-Vt-EU- 
If q=lj this becomes 

(3) A = A< h ~»-E. 

When q= 1 it is readily seen that any minor of A of order k, Mk say, 
is an example of the theorem where the E now (say E k ) has k columns 
of b J s and ( n — k ) columns of a’s. 

Therefore 

(4) M k = A^-E k 

which shows that every minor of A of order ?2 contains A as a factor. 
If k = n — 1 , then 

(5) = A"-*‘E n - 1 

which shows that every first minor of A contains A n ~ 2 as a factor. 

205. If in the case of each row of a determinant the square root of the 
sum of the squares of the elements be taken , the -product of the said 
square roots is greater than the determinant. 

Take A = \a 1 b 2 Cad 4 1 and put 

a? + b? + c? + d? = s? , A? + B? + C? + D} = S, } 
where A r , B r , etc. are the cofactors of a r , b T) etc. in A. Then 
(a r /s T - A r /S r ) 2 +(br/s r - B r /S r Y + (Cr/Sr ~ C r / S r ) 2 + (d r / s r - D r /S r ) 2 , 
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is a positive quantity, equal to 

dr + b? + C} + dr d r A T “|“ b T B T ”1“ c t C r ”1“ d r Dr 

2 

Sr SrS T 


4- 


A?+B?+C?+D? 

Sr 2 


= 1 




thus 

From this we see that 


SrSr > A . 


Si- St- s t - Si S x S 2 -Sz S 4 > A 4 > A | A i B 2 C 3 D±\ 


Therefore s x Sn • s s $4 > A , since to suppose otherwise would lead to a 
contradiction. 

206. Let xi, Xz, • ■ ■ , x\ be the X combinations of any n numbers 
(denoted by X) taken l at a time; and let l X integers (denoted by A) 
be broken up into X sets of l in each, and let these sets be represented 
by ai, a 2 , - - ' , oi\. 

Let the compound determinant Z)[x,n of order X, with elements of 
order l be formed from a rectangular array of n rows and l- \ columns 
of elements. Thus 




ai 

x 1 

Q!2 


Xi 

a\ 


*2 


X\ 

<*1 


ai 


where writing but the first row and first column sufficiently indicates 
the law of formation, and where | denotes the minor of order l 
formed by the elements of the array common to the ith selection of 
rows and the^’th selection of columns. Let 
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D f [x ,n— z] = 


fix 

x{ 

@2 


Xi 

fix 


xi 

X\ 

01 ’ 

0i 


where x[ is the complementary of the combination x t with respect 
to X\ and where /?i, /3 2 , ■ ■ ■ , are the combinations of any set of n 
numbers (denoted by B) taken (n — l) at a time. 

Then the product 


D[x,n 'D'lx.n-n 


X 

on fi\ 
X 
«2 fi\ 


X 


X 

Oil fi 2 


Oil fix 


= A [X , nl say. 


ot\fii 

ButD'ix.n-/] being the (w — J)th compound of \g | is equal to | ( "~ l) z 
Therefore* 


( 1 ) 


D[x,n 


X 

B 


(«- Dj 

= 


Instead of the multiplier D'[\ in ~i) letus useD /: [x ( „- 2 ], obtained from 
£>[x,n~z] by replacing the n numbers B by the n numbers C, where C 
contains h of those of B and ( n—h ) of those of A; and where the 
( n — h ) numbers of A are those in a*+i, a*+ 2 , * ■ ■ , <*x. Let 7 a+i> 
y i+ 2 , ■ ■ ■ , SYx be the complementaries of a k +. i, a/ e + 2 , ■ ■ , <*x, respec- 

tively with respect to C. 

* The /3’s here might be all different just as the a’s are and give a more general 
result of which (1) is a special case. 
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Then the product 




«i7i 

A 

a 2 7i 


A 


A 

0:1 72 


<*1 7* 


= A 


ajtTi 

X 


[fc,n] 


c 


X 

c 


Dividing out the common factor on both sides we have 


( 2 ) 


D 


[x.*r 


x 

c 


(n-l)l-\+k 


= A 


ik.n ] 


Let p + h = \ , wherep= ( r) tj and let ai, a 2 , ■ * ■ , ol\ be at\, a 2) • , a*, 

ri, r 2 , ■ * • , r (j where r lf r 2y ■ ■ , r p are the combinations of some r 
numbers taken i at a time, and denote the result by D [p +h,i j. If now 
we use for ft, ft, ■ ■ , ft the combinations 71, 72, - ■ , 7 *, r/ , 

r i 1 ' ' ' f r l ) where these are the combinations ( n — l ) at a time of the 
numbers C', consisting of the r numbers in r 1} r 2 , ■ - ■ , r p and (n — r) 
others; where r[ is the complementary of r t \ and denote the result by 
D r "[\ tn -i) then we have 


D[ p+ J,'i] 1 D [X ,n~ zi 


Oil 7i 

A 

Oil 71 


A 

72 


A 

«i7x 


X 


A ' 
C' 


A 


oth 7i 
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or 

(3) 


D[p+h,n 


X 

C f 


(n—l)i—p 

= . 


Various other assumptions for the numbers A and B may be made 
and corresponding results obtained, some of which will cause the A 
to break up into two or more factors. 

Combining (1) and (2) we have 


(4) 


A[X,n] 


X 

c 


(n-l)j-M-fc 

= A [k, n ] 


X 

B 


(n— l)j 


This may be looked upon as a condensation formula for A[x, n ]. 

If we put l = n—l, k = n—l, and therefore \ = n and h= 1, then (1), 
(2) and (4) become 


(la) 


B) [n ,n— 1 J 


X 

B 


A[n,T.] 


(2a) 


D[n,n—1] — A[„_i , n ] . 


Since in this case the only trace of the multiplier is that embodied in 
A [ n i , n] it is obvious that we may use any one of n different multi- 

pliers and obtain n different, but equivalent, A’s on the right. 


(4a) 


A[ ni n] A[ n _i ,„] 


B 


In the special case of (3) where l = n— 1, r = n— 1 and therefore 
p — 1 and h = n— 1 we get the same as (2a). 

As an illustration of (2a) we have the condition that the inter- 
section of the planes 

a\x + biy + ciz = 0 , 

a<i% + b%y + C 2 Z = 0 ; 

the intersection of 

a 3 x + bsy + c 3 z = 0, 
a^x + buy + c\Z = 0 ; 

dhX + b&y + cjiZ = 0 , 
aox + b&y + c G z = 0 , 


and the intersection of 
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will be in the same plane* is that 

01 &2 03 04 


bi 

C\ 


bi bz 

Cl Cz 
03 

b 3 

Cz 


b 4 

c 4 
Q 4 
b 4 

c , 1 


05 06 

^5 
^5 




= 0 


This determinant is readily seen to be the same as 



and this by (2a) is 



1 2 


2 3 


1 3 



1 2 


1 2 


1 2 



1 2 


2 3 


1 3 



3 4 


3 4 


3 4 



1 2 


2 3 


1 3 



5 6 


5 6 


5 6 



207. It is worthy of note that there is a third form which is the 
equivalent of Z? [n ,„-]] and A tn _i in] , namely 


(AO 

(0) • ■ 

• (0) 

(0) 

(A0 

■ (0) 

(0) 

(0) 

(A n) 

(1) 

(1) • 

• (1) 


where (A t ) denotes an array of (n — 1) rows and n columns; (1) 
denotes a determinant of order n having every element along the 
principal diagonal unity and all other elements zeros; (0) denotes a 
rectangle of in — 1) rows and n columns of zeros. 

The truth of the equality between .4[ n>n _i] and is seen by 

expanding A \ nin - u by Albegiani’s theorem and observing that the 
terms are just those of 


Cayley: Camb. Math. Jour. Vol. IV pp. 18-20. 
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Some interesting relations may be obtained from the equality of 
these three forms by giving some of the elements special values. Thus 
if n = 4, 

(12 3) 

(4 5 6) 

A [4,s] = (7 8 9) 

(r a P ) 

(1) (1) (1) CD 

where (a/3 y) stands for the array 

a a i a a 2 d a 3 a a 4 

dpi dpi dp 3 apt 

d- yl dy 2 dy 3 dy 4 

and the remaining elements are zeros. 

This may readily be transformed into 

(12 3) 

(4 5 6) 

j 4 [4 3] (7 8 9) “ 

(r a p) {to p) (t <t p) 

If in this we put 074 = 084 = 094 = 0 there results the relation, after 
taking out the common factor 


d 71 d 72 #73 

081 0B2 083 , 

091 092 093 


011 

dyt 

013 

014 






021 

022 

023 

024 





- 

031 

032 

033 

034 

041 

042 

043 

044 

0 





0&1 

062 

063 

064 

0 





061 

062 

063 

064 

0 

0 t 1 

0 t 2 

0r3 

0x4 

0Tl 

d T 2 

0t3 

0t4 

0t4 

0*1 

0*2 

0*3 

0*4 

0*1 

0*2 

0*3 

0*4 

0*4 

dp 1 

0p2 

0p3 

dpi 

d p \ 

0p2 

0p3 

0p4 

0p4 
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1 23 

45 6 

rap 

1 2.4 

1 34 

234 

3456 

2456 

145 6 

1234 

1234 

1234 

3 

2 

1 

4 

4 

4 

3 t a p 

2 rap 

1 rap 

12 34 

12 34 

1234 


208 . If in A [X> n] oi t and p t have no numbers in common, and if 
a t and p] have numbers in common for -x 1 }./>*> then 

A[ X>n ] breaks up into factors and is equal to the product of the ele- 
ments along the principal diagonal since all the elements on one side 
of it are zero. Thus (1) §206 becomes 

X XX X 

(1ft) Dw = ■ ■ 

B a i Pi OL-iP 2 «xPxJ 

(2) becomes 

X <n-i),-x+* XX X 

(2b) = 

C a 1 Yi ol 2 Y2 otkVk 

(3) becomes 

, I X I X I I X I I X I 

(3b) D[\j] ■ | ^ =| I ■ I I • ■ ‘ I I * 


X 


X 

OL 1 Pi 

OL-l P 2 

CC\ P\ t 

X 

X 

X 

a 1 Yi 

OL 2 72 

Oik 7k 

X 

X 

X 

«i7i 

«2 72 

othlh 


If in addition, for some values of i, a. % and p r have numbers in common 
then the right-hand side of (lb), (2b) and (3b) are zero. 

209. In illustration of the foregoing let us take n = 5, /= 2, h= 1, 
and therefore X=10 and k — S, Let ai, a 2) ■ ■ - , <*i 0 be the combina- 
tions #i# 2j # 3 * 4 , ■ ■ ■ , # 19*20 and let X be the numbers 1, 2, 3, 4, 5. If 
we use for B , # i6 , x 17 , x 19 , # 19 , * 20 , then (2) §206 becomes 

n 1 2 3 4 5 4 

12 [ 10 , 2 ] ■ = A [8 pB ] = *1 #2 #16 #17 #19 

#16 #17 #18 #19 #20 


| *8 

#4 #16 #17 #20 | 

| #5 #(j #16 # 1 P # J 9 | 

I *7 

#8 

#16 #18 #20 

| *» 

#10 #17 #18 #19 | 

| #11 #12 #17 #18 #20 | 

| *13 

#14 

#17 #19 #20 



| #16 #16 #18 #19 #20 | 

1 




where the row numbers are dropped since they are all alike. 
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It may be noted here that on account of xi 6 in the column numbers 
of the third last line of D[ 10 . 2 ] , there are but four elements in the last 
line of A[8,6] which are not zero. 

If we take for a\, a 2 , ■ - ‘ , <*io the combinations # 1 X 2 , x 3 x 4 , XbXo, x 7 xb } 
a0, ay, ad, 0y, fid, yd, denoting the determinant in this case by 
£>'[10.2], and using a, /3, y, d, e for B, then (3) §206 becomes 

Z/[io,2] = 1 1 *1 x 2 0 y d | | x 3 x 4 a y 8 | | x 5 x 6 a 0 8 | | x 7 x s a 0 7 || 
or 

(3') D\ io,2] = A[4,b] • 


If we take for a 1} a 2 , ■ ■ ■ , a 1Q the combinations aft, ay, ae, 
x\x 2 , x 3 x 4) x B x 6? x 7 x 8j X 9 X 10 , x n xn, and denote the determinant in this 
case by £>"[ 10 , 2 ] and use a, 0, y, d, e for B , then (3) §206 becomes 


D 


n 

[ 10 , 2 ] 


1 2 345 

a 0 y 5 c. 


Xi x 2 a 0 y\ I Xi X 2 a 0 d | ■ ■ ■ | Xi X 2 ade | 
x 3 x 4 a 0 y | 


I x n X 12 a 0 y 


(3") — A [6 . 5 ]. 

If instead of using the third compound of | | as our multiplier 

we had used the third compound of | | we would get 


( 3 ") 


D 


[ 10 . 2 ] 


1 2 3 4 5 

I a Xi x 2 x 3 x 4 
a 0 X\ x 2 x 3 \ \ a 0 Xi X 2 x 4 \ \ a 0 Xi x 3 x 4 


a y Xi x 2 x 3 | 
a d Xi x 2 x 3 | 
a * X\ x 2 x 3 \ 


a 0 x 2 x d x 4 


X 


| x 6 x 6 a x 1 ^3 | | #6 Xg olx 1 x 4 1 | x 6 x 0 ax 2 x 3 1 | x 5 x 6 ax 2 x 4 1 
| x 7 x 8 a Xi x 3 1 
1 x& X 10 a xi x 3 | 

| x n Xu a Xi x 3 \ 

=.A[4,5] X A [4 ,5] say, 
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1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

a 

0 

7 

8 

t 

a 

#i 

#2 

X) 

x 4 


Af4.61 = 


since it is an example of the “Extensional” of the theorem of §202. 
We have, therefore, 


1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

a 

#i 

#2 

#3 

x 4 

a 

0 

7 

8 

e 


( 3 "') D [IQ . 2 ] * — ^ 14 , 6 ). \ 

I a X\ # 2 #3 #4 1 \ a p y o e \ \ 

From (3") and (3" / ) it follows that \ 

\ 

1 2 3 4 5 1 2 3 4 5 3 

(4') ^[6,5]* = A [4.51 

a x\ # 2 Xz #4 a p y o e 

If for a h a 2 , ■ ■ ■ , «io wc take pq , rp } sy, t5, aP, ay, ad , 07, p8, yS 
and denote the determinant by D"'[io, 2 ], then using as multiplier the 
third compound of we get 

(3 f b) D[l 0 , 2 ] = \ p q P y 8\ \ r a P y 8\ • | $ a 0 7 6 | ■ | t a 0 7 6 | 

Here it is to be observed that p , r, t may be any numbers what- 

ever as long as 

( 1 ) p or q ^ 0 or 7 or 5 

( 2 ) r or s or t 7 ^ a or 0 or 7 or 6 . 

If suitable values are given the column numbers the A’s on the 

right of (2"), (3'), (3") may be made to break up into factors. Thus 

#1 #3 ““ #18 } #2 #6 #9 #20 1 #4 #8 #11 #19 

#6 = #7 = #17 J #13 = #16 


i 

2 

1 

3 

1 

4 

1 

5 

2 

3 

*18 

#20 1 1 #18 

#19 

#17 

#20 

#17 

#19 

#20 

#10 

2 

4 

2 

5 

3 

4 

3 

5 

4 

5 

*19 

#12 

#16 

#14 

#16 

#16 

#17 

#18 

#19 

#20 


= | #10 #17 #18 #19 #20 I 
X I #14 #16 #17 #19 #20 I 


#12 #17 #18 #19 #20 | 
#16 #16 #18 #19 #20 I 
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or as it may be written 


1 2 

1 3 


1 4 


1 5 


2 3 


2 4 

2 5 

3 4 


3 5 


45 

P 8 

P y 


a 8 


a y 


5 8 


r 7 

tq 

p <t 


a P 


y 5 

(3"6) 

= 1 

s a 0 y 8 

• r a jS 7 8 

• 1 tq 

a 7 5 | 

■ I P q 3 7 8 



In (3') the substitution Xi = a, x&=l 3, *5 = 7, *7 = 8, reduces it to the 
form (3'b) 


1 2 

1 3 

1 4 

1 5 

2 3 

2 4 

2 5 

3 4 

3 5 

4 5 

a (3 

a 7 

a 8 

a e 

Xi x 2 

x 2 Xa 

Xi Xi 

*3 Xa 

*4 *10 

*11 *12 


1 2 3 4 5 


X 


= I a j3 y 8 e | | x 2 X\ ax j x 3 1 | x 2 x% ax\ X\ 


a Xj x 2 x 3 Xa\ 

X | *4 x 1q ax 2 x 3 1 | x n x n otx 2 Xa | 


If in (3'b) p or £ = or 7, or 8 then the right-hand side vanishes and 
therefore the left-hand side is zero. It may be noted that if r or 5 or / = a, 
or 0, or 7, or 5, then two columns of D"' [io r 2] would be identical. If 
in (3"b) £i5 = x 18 or z 19 or x 2 o then the right-hand side vanishes, etc. 

210. If the elements in the first column of Z>[x,z] is the sum of two 
minors of order l then the elements in the first column of A[*,„ 1 will 
be the sum of two minors of order n. Thus if 


D 


[ 10 . 2 ] 


jl 

*1 



1 

x[ 


1 3 

1 4 

1 5 

2 3 

2 4 

2 5 

* 3 *4 

*6 *6 

*7 *8 

Ctp 

a 7 

a 8 


3 4 

3 5 

4 5 

P y 

P 8 

7 8 


it is equal to 

II Xi*2 07 «| + I x{ xi 07 a I | *9*4078 I I z 6 * 6 a/ 3 «| | *7 x»otpy\ \ 


This follows readily as in (3'). 

In general if 

(h') 

(n | m a | h) I 

and A= \Si S 2 ■ ■ ■ Sx|, then AA' = A" = |Si S 2 • 
(ID is a set of l numbers and 

“ | (/** )(« | mf>\ M| 


hk 

s k = £ 

i=i 


S{ where 


si = £ 


( M l W ^ 
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Example. 



123 


123 


123 

+ 

123 


123 

156 


123 


126 


135 

234 



124 


124 


124 

+ 

124 


124 

156 


123 


126 


135 

234 



134 


234 


134 

+ 

134 


134 

156 


123 


126 


135 

234 



234 


234 


234 

+ 

234 


234 

156 


123 


126 


135 

234 



| 1234 | | 1345 | - | 1246 | | 1456 | 

| 1235 | | 2345 | - | 1256 | | 2456 | 

| 1236 | | 2346 | — [ 1356 | | 3456 | 


123 

+ 

123 


123 


246 

345 


456 


124 

+ 

124 


124 


246 

345 


456 


134 

+ 

134 


134 

/ 

[ 

246 

345 


456 


234 

+ 

234 


234 


246 

345 


456 



211. In §185 we have seen how any minor of the compound of a 
determinant A may be expressed in terms of the complementary of 
corresponding minor of the ad jugate and a power of A. These minors 
may be one of two types: (1) those fully resolvable, (2) those irre- 
solvable. Thus if the elements of the minor, M say, consists of a minor 
of A bordered in all possible ways with other rows and columns, then 
§107 gives its value in terms of A and minors of A. If the elements of 
M are formed from 'wo minors of A as in §202 its value is there given 
in terms of these tw r o minors. The minor M may be the compound 
of some minor of A and is then expressible in terms of that minor. 
Again the minor M may be an “Extensional” such as 


1 2 3 


1 2 3 


1 2 3 

1 2 4 


134 


1 3 5 

1 2 4 


1 2 4 


124 

124 1 


1 3 4 


1 3 5 

134 


1 34 


134 

1 24 


1 3 4 


1 3 5 


12 3 4 


12 3 4 

123 4 


12 3 5 


212. In further illustration we might find all possible types of 
minors of order 3 of the second compound of a determinant A of 
order 5. Starting with the irreducible minor 


1 2 


1 3 


2 4 

1 2 


1 3 


2 4 


M = 
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which may be found to be equal to 



we see that the numbers 3 and 4 play a unique part and may be inter- 
changed giving another minor with this same value. There are (4) 2 = 6 
such pairs of numbers which may play this unique part. Hence we 
may have 12 different sets of 3 pairs of numbers for rows of our 
irresolvable minor, and since there are as many for the columns we 
have 12X12 = 144 irresolvable minors. 

If we change the column number 4 into a 3 in M and its equal we 
‘ get 


12 13 

2 4 

1 2 3 

124 

12 13 

2 3 

12 3 

123 


We could have changed the 3 into a 4 just as well and hence have 
6X2=12 of this type with the same row or column numbers. For 
each set of row numbers we can have 4 sets of column numbers and 
interchanging rows and columns we get 12X4X2 = 96 of this type. 

If now we change the 4 into a 3 in both rows and columns at the 
same time we get 

1 3 2 3 1 1 2 3 2 

1 3 2 3 _ 12 3 

Of this type there are obviously 16. 

The minor 

1 2 1 3 1 4 2 1234 

— <Z]1 

12 13 14 1234 




and there are obviously 16 of this type. 
The minor 


1 2 

1 3 

2 4 

1234 




= 01102] „ „ „ J 

1 2 

1 3 

1 4 

1234 


as may be seen on multiplying by 1 1 1 1 [It 1 1 123 1 1 ■ As before we may 

interchange 3 and 4 in the rows and get 12 changes in the row num- 
bers. In the columns we get 4 changes and interchanging rows and 
columns we get 96 of this type. 
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The minor 


1 2 


1 3 


2 3; 

1 2 


1 3 


1 4 


as may be seen on making the 4 in the rows of (5) a 3. 
there are 4X4X2 = 32. 

213. The determinant M, obtained on writing 
( n | m a | l — k t ) for (ft \ m a \l y ) in 


Of this type 
(» \fh a \L\k t ) 


(» | m a | h) 

(n | m a 1 h) 


(n | m a | l-y) 

(n | m? | h) 

(n | mu | h) 


(n | mp | If) 


vanishes. For if we multiply M by 


(n | m a | h) 

(n\m a \ l 2 ) 


(n | m a | l x ) 

0 | nip | h) 

\ h) 


(» | mp 1 1\) 


every constituent in the yth column will be zero since the upper line 
of every suffix of M contains some number in comnjon with the 
combination (n\m a \ly). The product therefore vanishes, and since 
the multiplier is in general different from zero, M must be zero. 

Thus, let (n\m a )^ 12345 and 1 = 3, k = l and let (n\fn a \h) which is 
145 be replaced by 367 in the row numbers of 


I 

1 2 3 

124 


345 

1 

1 2 3 

1 24 


345 

and call the result M. Then M multiplied by 


4 5 

3 5 


1 2 


4 5 

3 5 


1 2 


gives a result having all zeros in the 6 th column. 

We could of course make other substitutions at the same time. 
Exercise. Do any of the minors of M in the preceding example 
vanish? If so what ones? 

214. If 

A = | d\ C 3 d\ | 

has a nullity three, that is if A vanishes and all minors of order two and 
three also vanish, then 
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01 

02 

03 

04 

Xi 

y 1 

Zi 





h 

h 

b 

4 

X 2 

72 

Z 2 




Cl 

C 2 

C 3 

Ca 

Xz 

73 

z 3 


A' 

== 

d\ 

d 2 

d* 

dt 

Xi 

74 

Z 4 




CLX 

Oi2 

ota 

<*4 

£1 

£2 

£3 




01 

02 

03 

04 

Vi 


Va 




Ti 

72 

73 

74 

f 1 

h 

fa 




yi 

Zl 



01 

02 

03 

04 


1 

b 1 

Xi 

yi 

Z 2 



Oil 

2 

a 3 

Cti 


(1) = — 













Cl 

*3 

73 

Z 3 



01 

02 

03 

04 



\ di au 

74 

24 



7i 

72 

73 

74 


Because of the nullity of A it follows that A' 

is independent of the 


elements of the minor 

£1 £2 £3 

Vi V 2 v 3 

fi h f 3 

and therefore they may be replaced by zeros. If now we take A' 
thus modified and consider the minor complementary to a lf which 
we may denote by Ai, it is obvious that 




OL2 

as 

oti 


X2 

y 2 

Z 2 

(2) 

Ay = 

02 

03 

04 


*3 

y* 

Za 



72 

73 

74 


Xi 

74 

Zi 


If now we operate on (2) by the Law of Extensible Minors using 
the first row and column of A' we arrive at the relation (1). 

The general theorem which may be proved in the same way is: 

If an n-line determinant of nullity p have affixed to it a p-line border 
the product of the resulting determinant by any (n — p)-line minor of 
the original is expressible as the product of two n-line determinants. 

215. If P and Q are any two determinants of order n and Q is the 
conjugate of Q , then 

(QPQ)T = 2Zr[or , {^rb.T , + p«'Q l « + • - • + I ] 

where jLt=(«) m and where A M r8 denotes the element in the position 
(r, s) in the mth compound of A . 
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This is obtained by first expressing the m-line minor of Q(PQ) in 
terms of m-line minors of P and PQ; then expressing the m-line 
minors of PQ in terms of m-line minors of P and Q. 

If we put v = s we get the expression for the m-line coaxial minors 
of QPQ and thence for the sum of all such minors the expression 

i> i> ter { pretr + ■■■ + p \ : w i i 

= ZrlPlf-M? + ■■■ + P?-M? ) 

where M is the determinant which equals Q 2 . 

216. The expression 

| d\ b 2 0a €4 | | &\ b-2 C3 d.4 fn\ | 01 62 03 d 4 | j d\ bz 0 3 c 4 | 

+ j di b 2 03 f 4 | | d\ b-2 03 e 4 d§ | 

is seen to the the extensional of 

e 4 | d 4 fa | ~ d 4 | <*4/5 1 + Ja | d d b | = 0 . 

Dividing by {dibnc^e^ | | d\b 2 CzC 4 db | we get 
| a 1 b 2 03 d^fb | | d] C3 di | | a\ b 2 03 04/5 ( ( | 01 b% c 3 / 4 


[ d\ b>2 0 3 €* <7 5 | 
Similarly 

| 0i b 2 03 fi 


+ 


01 b 2 C3 ca\ \<h b 2 Cz e 4 ^5 1 

I a i b 2 Cz | | 0i b 2 03 Ja I 


I 0i b-z Cz * 4 J j a\ b 2 c 3 1 I dj b 2 e 3 c 4 \ 

I 0i £ 2 / 3 1 \ dib 2 \ | a ! c 2 / 3 1 


01 b <2 Cz C\ J 
| 0i bzf* | 

| 0i b<i Cz | 

01 /2 I 


01 


02 bz | 


| tfl 02 I 

I h 


+ 


Exercises. Show that 


01 02 


01 02 | 01 02 | 
_ 01 1 gl / 2 I f /l 

01 I 01 02 I 


= 0. 


= 0 


= 0 


+ — = 0. 
01 


| 03 b 2 1 

03 

| a 3 bi | 

02 

| Ol 62 1 

= h 

01 

| a- 1 bi | 

01 

| a\ hi 63 1 

04 

| a* bi\ 

02 

| 0i b 2 03 1 

= h 

0i 

| 01 b 2 1 

h 

0i 

| 06 b 2 c 3 d 4 1 

+ 

«l 

II 

| 05 b 1 1 

02 

I 01 b>2 03 d 4 1 

01 

| 0i b 2 1 

01 


04 b\ C 2 | | 02 bz | 


| 0 ib 2 03 j | 0 i bz I 
| 05 ^1 02 | I 02 bz I 


+ 


| 01 ^2 03 I | 01 b 2 I 
1 0 ft b 1 c 2 dz | | 0 2 bz 04 | 


etc. 


0i b 2 Cz d\ | | a\ 6 2 C 3 1 


(Hansen) 
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also show that 

I 43-1 62 ^3 ^4 I | CL 2 f 3 ^4 | | b 1 Cz d\ 

”]TTcs<ii| + \biC 3 d t \ \c. 3 di\ ^ | c s d\ 


| a 3 rf 4 | | ci <i 4 1 «4<ii 

~ r ‘ r 


d 4 


= aj 


</ 4 

(Kronecker) 


1. If 


Exercises. Set XIII 

A= |ai& 2 c 3 tf 4 | and ^ 
is its adjugate show that 


A iA 2 

A 2.A 3 

A 3 Ai 

A iA 1 


b,b 2 

B 2 B% 

b 3 b. 

B t B 1 

= A 2 

C 4 C 2 

C2C3 

c 3 c 4 

C 4 Ci 


D1D2 

D 2 Ds 

D 3 Di 

DtDi 



= -A 4 


a^A 2 04^4 ^2^14 

b^Bz b^Bi btBi b^Bi 
C2C2 C4C2 C4C4 C2C4 
d 2 B 2 d^Dz dtDt diDt 

d\d 2 d 2^3 #3^4 ^4^1 

bibi bzb* W 4 & 4&1 
C1C2 C2C3 C3C4 C4C1 

T 1 1 J J J J /J. 


02^ 2 

a 2 A 4 

QaA 4 

d^A 2 


diA 1 

d\A$ 

d$A 1 

d$A 3 

b 2 B 2 

b 2 B 4 

b^B^ 

biB-2 


ftj-Bi 

b\B% 

b^Bi 

b$Bz 

cdO 2 

C2C 4 

c£\ 

C4C2 


C1C1 

C1C3 

C3P1 

C3C3 

diDi 

d 

dJDt 

d^Dz 


d\D\ 

d\Dd 

d$D\ 

d^Dz 


| j4 2 -^ 3-4 4 5!5 3 5 4 CxC^ £>10^3 | 

= A 2 | a 2 i4 3 ^4 biB 3 B t C4C1C2 d 3 DiDi | 


4. | o 2 a 3 a 4 b\b 3 b 3 C\C 3 C\ d\d 3 d 3 |A 

= | A 3 a 3 at B\b 3 bt C 4 cjc 2 D 3 d\d 3 | 

5. If we put 

Xh ,k /or | Vh Zk | 1 
Yk.k /or | Zh *k\ , 

Zh.k /or \x h yA , 
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and I Y hk Z mn | for Y klc Z mn - Y mn Z hk , then show that 
I Y IS Z 46 | | Z \2 Xtb | | Xu F 4 B 

b = |FmZh| 1^34^6! I IXsiT.l 

I ^ Be ^23 I \ZbeXu | XbB Yu I 
= I Si^iZel • | ^1 ^3 Z4 1 *2y3Z6| ■ | *4ysZ#| 

— | *i y*Za\ ■ | Zi y4 z« | ys Ze | ' | Z3 3*4 Zb | | 

Interpret the result geometrically. \ 

(Hunyady) 

6. If |XiFjZ 3 |, |X 4 F 6 Z 6 1 are the adjugates of |*iy 2 z s |, |* 4 ytfe| 
respectively, show that 

|| F^IIZsXsIl^ F,|| 

= I a^ysZs I ■ | 0C 4 ^5 Zo yi Z4 I I Z 2 %6 I I X» y» I I 
Interpret the result geometrically. 

(Hunyady) 

7. Show that 


1 

| *2 ya Zo 1 

002 yz Zg 

| x 2 ya zo 1 1 x-t y 3 z 4 

x 2 y 3 Z 4 1 

Xi ya 2b 1 

x 3 yi 2 s ! yi z G 

| x 2 yi Ze | | XayiZ 4 

x 3 yi 2 4 1 

x a yi z 6 1 

Xiy 2 Z5 

x\ yz z 6 

| *1 y 2 ze 1 1 x, y 2 z 4 1 

xiy 2 z 4 xiy 2 z b 


Xl y2 Z3 I 2 | X? yi Z 3 2 >4*4 Z&*6 | 

(Pasch) 


8. If P represents the second determinant on the right in problem 
7, and if 


X1X2 

yiy2 

Z\Z 2 

yizz — 

yzz 1 

zix 2 - 

Z2X1 

X&2 “ 

X 2 yi 

x 2 x 3 

y2yz 

Z2Z3 

yiZz - 

yzzi 

sz ^3 — 

Z3X2 

^ 2^3 ~ 

^ 3^2 

x 6 x i 

y*yi 

ZeZ 1 

yeZi - 

y i«e 

Zfl^l — 

Zl *6 

x%y\ - 

xiy* 


then prove the relation 

A= - P = Q, 

where A is the determinant so designated in problem 5. 
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Rectangular Arrays 

217. If there be two sets of elements both consisting of m rows of n 
elements ( n being greater than m) and a determinant be formed from them 
in the way in which the product of two determinants is formed 7 multiply- 
ing row by row ,* then this determinant is equal to the sum of every product 
whose first factor is a determinant obtained by taking m columns of the 
first set of elements , and whose other factor is the determinant obtained by 
taking the corresponding m columns of the second set. 

Let the two sets of elements be 

#11 #12 a \rn • ■ ■ #i n 

#21 #22 ' ' #2m 1 #2n 


l # m 1 0 m <i 1 ■ drum 


denoted by ( a mn ) and 


b 11 b\i ' bim 
bn b 22 ■ ■ b 2 m 


b 


ml 


#mn j 


bln 

b2n 

b-mn ) 


denoted by ( b mn ) so that the determinant referred to, C say, is 

#11 ^11 T* ’ ’ ' “h #]n hn #11 &21 ~\~ ' ■ 4“ #ln b‘2n * * * #11 b,„j 4~ ‘ ’ ' T #ln him 
#21 ^11 4” ' ' ' T #2« &ln #21 &21 4“ ' ' ' 4" #2r: bin ' * * #21 4~ ‘ ' ' T #2n bmn 


#ml^ll + ' ■ 1 + Qmnbin #ml^2l 4" ' ' ' 4~ #mn^2n ‘ * * #ml^ml 4“ ' ‘ ’ 4" #mn^m 

Fixing upon any m terms of the first element of C, let us delete the 
other n—m terms and the corresponding n — m terms* in all the other 
elements, and call the resulting determinant Si: again fixing upon any 
other m terms of the first element of C, let us proceed in the same way, 
and call the resulting determinant 62 .’ and so on. For example, if it 
be the last n—m terms which are deleted in obtaining 5i, 

* Either of the other ways of multiplying indicated in §154 would be the same as 
multiplying by determinants having rows of zeros. Thus the product (or mn )(b mn ) 
column-by-column gives the same result as the product of the two determinants 
I #m| | &in | , where in each of the last w — nt rows are zeros. 
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^11 bji ”h “ * * H" 01m kirn 011 &2i ‘ ' ”f“ fl l?M ^2 m ’ ' ’ 011 “h ' ’ ‘ H" 01m b mm 

021 8ll “h * * ' H” 02m ^lm 021 &21 "4“ - “ " — (— &2m ‘ * ' 021 b m \ H“ * * * H” 02m bmm 


0ml^ll + ' - ’ + &mmb\m 0ml^21 + ' ' ‘ + 0mwi&2m ' ’ 0»il^ml + ‘ * * H“ 0 mm 8mm 


The number of such determinants is evidently the number of combina- 
tions of n things taken m at a time, that is, 

f 


n{n — 1 ){n — 2) ■ ■ ■ [n — m + 1) 


m ! 


Returning to C we see that as each element consists of n terms ind 
there are m columns, C may be partitioned into n m determinants, the 
columns of each of which are got by taking from each of the columns 
of C a set of terms in the same vertical line. Of these determinants, 
however, those which do not vanish are in number only the number 
of permutations of n things taken m at a time, so that C is equal to 
the sum of n(n— 1) * - • (n — w+1) determinants with monomial 
elements. 

Now each of these monomial-element determinants is part of one 
of the determinants of the 8 series, namely, that one # in which its 
own columns occur as pans of columns. For example, | (auSn) (^22822) 

■ ■ ■ | is a part of 81, being one of the monomial-element 

determinants into which 81 can be partitioned. In other words, the 
monomial-element determinant which is formed by taking from the 
first column of C the set of #th terms, from the second column of C 
the set of yth terms, and so on, is part of that member of the 5 series 
which is obtained by retaining the xth, yth, terms of each element of 
C and deleting the rest. Hence C is a part of 81+S2+ ■ • • . But when 
each member of the 5 series is partitioned like C into monomial- 
element determinants, the number of those which do not vanish is 
(§1?5) m\ for each case and therefore for the whole series is 

n(n - 1) ■••(»- m + 1) 

m l ; or n(n — 1) ■■■(» — m + 1) , 


that is to say, exactly the number of non-evanescent monomial- 
element determinants into which C can be partitioned. 

Therefore C = S/ + S 2 + 

Now (§153) Si, S 2 , ■ ■ ■ , are each the product of two determinants, 
namely, that member of the 8 series which is obtained by retaining 
the xth, yth, , terms of each element of C and deleting the rest is 
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the product of the two determinants whose columns are the xth, 
yth , ■ • • , columns of the first and second given set of elements re- 
spectively. Thus the theorem is established. 

218. This theorem may also be proven simply as follows: Let the 
product of ( a mn ) and (6 mn ) be | c mm | = C where 


Ci , 

= fl,i 

bu + 

a,2&2i + 


“1” d } nb tii . 



Cn 

C\2 

C 1 TO 

in 

&21 ’ 

ini 


c 2l 

C-22 

‘ ’ L 2 m 

bn 

bvi ’ * 

bni 

Cmm | == 

Cml 

Cm 2 1 

Cmm 

b\m 

b‘2m 

bnm 


0 

0 

■ ■ 0 

1 

0 ■ • 

0 


0 

0 

■ ■ 0 

0 

0 • ■ 

• 1 


Multiplying the last n columns by a % i, • • , a in respectively and 
subtracting the sum from the ith column we have* 

| 0 * • • 0 bn • ■ 4 b n i 

i 0 - 0 bn ■ ■ * b n 2 

C — ( l) m | 0 ' 0 b\m ■ ■ b n m 

1 ^11 ’ fl'ml 1 0 


I O'ln m ‘ ‘ ^mn 0 1 * 

Expanding C in terms of minors of order m taken from the first m 
columns and their complementaries we have a series of products like 
o: t and j3i, where on and are corresponding determinants from the 
matrices ( a mn ) and ( b mn ) respectively. The sign if every product is 
obviously positive for since a t and are corresponding determinants, 
whatever sign that is attached to one would be to the other and there 
would be ( — l)™ due to bringing oti up into the left-hand corner, which 
together with the (—l) m outside gives (— l) 2m = + l. 

* It is worthy of note to observe that the product of two arrays may be written as 
a determinant of order (m+»). 
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219. In §217 if the condition n>m was not fulfilled we could add 
columns of zeros to each of the two arrays to make the number of 
rows and columns the same. The resulting product determinant of 
the rath order would then be obviously zero since it would be the 
product of two determinants, both of which would be zero. 

220. If a rectangular array has two rows identical then its square will 

have two rows identical and therefore vanish. The arrays may be looked t 
upon as entities having the value zero or otherwise. j 

Example. Formed from the two sets of elements ^ 

a b c x y z 

a'b'c x'y'z 

the determinant 


ax + by + cz ax' + by' + cz ' 

a'x + b'y + c'z a'x' + b'y' + c'z ' 


ax + by ax' + by' 
a'x + b'y a'x' + b'y' 


+ 


ax + cz ax' + cz' 
a'x + c'z a'x' + c'z ' 





+ 

by + 

cz 

by' + cz' 





b'y + 

c'z 

b'y' + c'z' 


a b 

x y 

+ 

a c 

x z 

+ 

b c 

y 

z 

a' b' 

x' y' 

a' c' 

x' z' 

b' c' 

y' 

z' 


Although here the determinant with trinomial elements is expressed 
as the sum of three determinants with binomial elements, it must be 
noticed that this is not possible in the case of every determinant with 
trinomial elements. The general theorem in fact is 


+ 

+ 


ai + bi + ci xi + yi + zi 

+ ^2 + Cz x 2 + y?. + z 2 

a\ + ci Xi + zi 

a 2 + c 2 x 2 + z 2 
b\ + Ci y i + zi 
b 2 + c z y 2 + z 2 


#i + bi %i + yi 

C 2 ~ l~ b 2 X’2 "f" y 2 


a i 

Xi 


b i 

y i 


Cl 

y i 

a 2 

*2 


b 2 

yt 


c 2 

22 


221. The theorem of §217 may be written 


C = 



(n|mx) ,(n|m ( ) 


B 


(n|mi) , (n |m,) . 


( 1 ) 
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If the two sets of elements are the same then 


( 2 ) 


j m , 

C = 


(n I m-i) ,Cn|m,) ■ 


Example : 


a 2 + b 2 + c 2 aa' + bb' + cc' 


a b 

2 

a c 

1 

b c 

aa' + bb' + cc' a' 2 + V 2 + c' 2 

— 

a ' b' 

+ 

_/ _/ 
a c 

+ 

V c' 


222. If m = n the theorem of §217 reduces to that of §155. It is also 
worthy of note that the minors of the determinant product C of §153 
have the form of the determinant C dealt with in §217. As a conse- 
quence of which we have the theorem: 

Any minor of a product determinant is expressed as a sum of products 
of minors of the two factors , thus 

i=X 

(1) C(n | ma ) , ( n | = 53*^ (n | m#) , (n | m,)-^ (n | m0) , (n | " (n) m ) 

t«l 


where Qn[m a ),(n | m « denotes the minor of | cut | of order m formed from 
the ath selection of m rows and the /5th selection of m columns. 

This shows that not only is the mth compound of the product of 
two determinants equal to the product of the wth compounds of the 
two factors but that they are equal element for element. 

If we sum both sides of (1) with respect to a and /3 we get 


£ 




£c 


x 

(n | nia) , (n | m0) = 53 

0=1 



or as it may as well be written 


( 2 ) 53 £c 


(n | ma) , (n \mp) 


0=1 


= £ 

0=1 


£ £^( nl 


I mo) , (n |w,)-^(n | m0) ,(n |m ( ) 


53^ ( n |ma) ,(n|mj 

£-5(n|m^) , (n| m t ) 

L o=l 

0=1 J 

r x 

X "1 

I 53“^ (w 1 *»«) • ( n 1 m 0) 

L a= 1 

53-®(n|m«) ,(n |m/j) 1 
a=l — J 


If m = 1, then this reduces to the theorem that if there be two de- 
terminants, and the sum of the elements of one first row be multiplied 
by the sum of the elements of the other first row, the sum of the elements of 
one second row by the sum of the elements of the other second row, and so 
on, then the sum of these products is eqiial to the sum of the elements of 
the product Of the two determinants. 
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223. In the case of coaxial minors we have 


x 

(<3) 0 ( n \m } ) , (n | m } ) “ ^ j A (nlmj) ,(n I m t )-B ( n I , (n|m») ■ 

t=l 


Taking the sum of all the coaxial minors of order m we have 

x xx 

(4) ,(n\mj) — 2 

1-1 ?=1 1=1 

That is, the sum of all the coaxial ?ninors of order m in C is eq^al 
to the sum of the product of all minors of order m of A by the corresponding 
minors of B. 

It follows from this that the sum of the coaxial minors of order m 
in the product of A and B is the same however the product be formed, 
row by row, column by column, AB, B A, etc. and hence the 
theorem : 

The sum of the m-line coaxial minors of the determinant which is the 
product of | Gi„ | , |# lB |, |cin|, ■ • ■ , is not altered when the factors are 
cyclically permuted. 

224. If |a ln |= then §222 becomes 
x 

(1 ) t-' (m | mu) , (n | mfl) = (n | ma) , (n | m,)A ( n\mp ) , ( n I «,) 

t=l 


and consequently 
x x 

Cn I . (»i. J W(9) 

= 1 «=1 

(3) §223 becomes 


x r x 

= £| 


X -12 

(ft I ™p) ,(n\m a ) 


) C(n\m } ) .(nlm,) 

and (4) becomes 


x 2 

2 A (n |m, ) , (n | tn t ) 
i=l 


iC^OilWjUnlmp - J] 2^(n|TO.),(«|m,) 

»- 1 I- 1 i=l 

In (10 we have an expansion for any minor of the square of a determi- 
nant in terms of minors of the same order of the determinant itself. 
For a coaxial minor this expansion takes the form given in (3')- 
In (4 ) we have a similar expression for the sum of the coaxial minors of 
the square of a determinant. 



RECTANGULAR ARRAYS 


219 


If C(nl»» ) ),(n|mj) — 0, then A( n|m — 0 (for i=l, 2, - • ■ , A), 

by ( 3 ')^ 

If ~ b, then ^4 (nimp = 0 for \i,j = 1, 2, • • -,x}. 
That is, if the sum of the coaxial minors of order m in the square of a 
determinant A is zero , then every minor of order m of A is zero. 

225 . If we multiply the two arrays (a 3B ) and (635) we have 

c ll c 12 c 13 

(#35) (635) — C21 c 22 C23 — C 

On 0 32 C33 

where 

dj = aubji + <1,26,2 + <1136,3 + a, 4634 + <1156,5 = c w - + <1,46,4 + <1,56,6, 

say, 

then 

Cu+ <1x4614+ <115616 <^12+ <114624+ <115625 <^13 + <1 1 4^ 3 4 I <115635 
C = I C21+ <124614+ < 12 b 6 i 5 ^22+ <124624+ <125625 C 23 + <124634+ <125635 

C 31 + <134614+ <135615 £32+ < 134624 + <135625 C 33 + <134634+ <135635 


C11 

Cl2 

C 13 

<ll4 

/ 

Oil 

r 

O22 

/ 

C23 

<124 

/ 

0 31 

t 

0 32 

/ 

c 33 

<134 

614 

624 

634 

~1 

6l6 

626 

635 

0 


<Jl6 


r 

/ 

! 

<l2B 


0 11 

Cl2 

0 13 

<135 

= 

/ 

<^21 

/ 

/ 

C22 

r 

/ 

<^23 

t 

0 

1 


^31 

C 32 

0 33 


+ 


/ 

t 

r 



t 

! 

/ 


dl 

0 12 

^13 

<ll4 


0 11 

0 12 

Cl3 

<ll5 

/ 

/ 

t 



t 

f 

/ 


C21 

O22 

0 23 

<124 


0 21 

02 2 

<^23 

<l2B 

/ 

t 

/ 



r 

r 

/ 


^31 

0 32 

<^33 

<134 


Ozi 

C 32 

<^33 

<136 

614 

624 

634 

0 


615 

625 

635 

0 


/ / r 

Cll C12 C13 <ll 4 <ll 6 

/ / / 

<✓21 <^22 0 23 <124 <125 

/ / f 

C3I C32 ^33 <134 <135 

614 624 634 0 0 

6 ib 625 635 0 0 
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In this way we see that the product of two arrays may be written 
as the sum of single determinants. 

226. We have, by §217. 


kldll 

h\d2\ 

k 2 di2 

h 2 d 2 2 ■ 

‘ hndin 

■ kndln 


bn 

b 2 \ 

b 12 

£>22 ' 

£> In 

' £>2n 

h\drnl 

h 2 dm2 

h n dynn 


b m l 

bml ‘ 

bmn 


hldn & 11 + h 2 d \2 & 12 + ' ' -\~h n d'\n^ln \ 

h\a m \b\\-\- ^ 2 ^ 7112 ^ 12 + + hnOmnbln 

• ■ h\dl\ bm\-\- hid 12 bm2~\~ ' * -\-h n ainbmn 

■ h\a m \ b m l +/? 2 ^m 2 ^m 2 + ' ' +^n«mn^mn. 

On O ] 2 ' O im ^11 ^ ; 12 ' ‘ 

021 O 22 ' 02 m &21 &22 ‘ ^ 2 m f 

= h\h% ' ' ' h m 

OjhI O m 2 ' dmm bm 1 b mT n 

On Ox, m — l O l , 7n+ 1 

021 ' 02 ', m— 1 02 ,m+l 

“I - h\h 2 ■ ■ hm~\h m+\ 

0ml ‘ 0 77i , m — 1 O m , m -f 1 



b l , m — 1 ^1, m-j- 1 
&2.WI-1 b 2 , t»+ 1 

bm , Vi -1 bm , m+ 1 


4" etc. 

If the £>’s are the same as the o’s this becomes 


( 2 ) 


hxdn 

h\d 2 \ 

h 2 d\2 

h 2 d2i 

hndin 

h n d 2 n 


On 

0-21 

O 12 1 

0 2 2 

’ 0l n 

* d 2n 

hidmi 

h 2 dml ■ 

h n drnn 


Om 1 

d m2 ' 

dmn 
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^ ^ hjd\j • * ^ j HjCL lid -mi 

^ ^ .. hiQmi 

dll di 2 ■ ' ' dim 

“ h\h 2 ' ’ h m 

dml d m 2 ‘ 1 drum 

If hi=Jt 2 = ■ - = /?„ = 1 , we have 


(3) (d m n/ . V^mn) / i 


+ etc. 



dn 

®12 ■ ‘ ' di m 


An 612 • 

- 6 ; 








dml 

dm 2 ’ ' d m7n 


brr L b m 2 

• b, 

T.aubu 

^ jflli&wii 1 




^ > d mt^ li ' ^ ^ d mt 6 mi 

If the A’s are the same as the d’s (3) becomes 

^ ^ dii. ^ dit d^t 

(4) (O 1 = Z I «lm I 2 = 


227. If now 




y^ditdmt 


dmid 2 i ’ ^ ^ dmi 


^ldn ^ 2^12 ’ hndin 

h\0,2\ h 2 d 2 2 ‘ ' ’ h n d 2 n 

^l®ml ^2^»n2 ’ ‘ ‘ A n d mn 


then 


*12 - 

• b ln 


>22 ’ 

■ ' ^2n 


] m 2 

bmn 


C\i 

c 12 ’ * 

dl m 

C21 

C22 

^2m 

^ml 

Cm2 ' 

Cmm 


= A say , 


Xi 

h\d\i 

h 2 d\2 

' A n din 


Xi 

bn 

b\2 * 

Ain 

x 2 

Aid 21 

h 2 d22 

hud In 


X 2 

b-n 

A22 ■ 

‘ A 2 n 

X n 

Aid w i 

h%d m 2 ■ 

hndytin 


X m 

b m \ 

&m 2 ’ ’ 

bmn 
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Xi“\ ~Cn #l#2“i”£l2 " XiX m ~\~ 

X1X2+C21 X2+C22 ■ ■ ■ x 2 x m ~)~C 2 m 

2 _L 

X\ X m -\-C m i XoXm~\- C m 2 ■ ’ X m ~T C m m 


1 

0 

Xl 

#1+Cll 

X 2 

X 1 X 2 +C 21 

Xm 

XiXm+ Cml 


0 

■ XiXm + Ci m 

■ x 2 x m +c 2 m 


x„ L -\- Cmm 



1 

— Xi 

— x 2 ■ ■ 

X m 








0 

Xi ■ 

X m 

X 1 

C 11 

c 12 ’ 

C\m 








Xi 

Cll • 

‘ ■ Cim 

X 2 

c 21 

C 22 ‘ 

C 2 m 

= A — 







X m 

Cml 

Cmm 

X m 

Cml 

Cm 2 

C m m 





But A' — A are just those terms in the expansion of A', each factor of 
which has xix 2 - - ■ x m for its first column. 

Therefore 

0 %l ■ X m 

Xl C 11 ’ C\m 

X 2 C 21 ■ ‘ • Cn m 

Xm Cml ' ' ’ Cmm 




X 1 

@la 

&lfi ‘ 

* @16 


Xl 

b la 

b 10 ‘ 

■ b u 

■ 

■ hi 

X 2 

a 2a 

^ 2/9 ’ 



X 2 

& 2 a 

b 20 ■ 

• b 2 & 



x m 

@711 a 

Gmi 9 

@m 6 


Xm 

b ma 

bmfi ‘ 

bmS 


where the sigma means that we are to take all possible combinations 
(a/3 ■ ■ ■ 5), of the numbers 1 ■ • n, (tn— 1) at a time. 

If the two sets of elements are the same then 


0 Xi 

Xt ■ • • X m 


*1 

@i a 

- 

Xl c n 

C 12 ■ Ci m 

= - ■ 

•** 

*2 

@2 a * 

' 026 

Xm Cml 

^m2 " ‘ Cflun 


Xm 

@ma ' 

‘ 0m6 
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228. By multiplying the arrays we have 


1 

Oil 

O 12 ' 

* Oin 

1 

b n 

b 12 * 

■ b i. 

1 

021 

022 ‘ 

din 

1 

&21 

b 22 ‘ 

■ b 2n 

1 

Oml 

Om2 ' 

dm n 

1 

bml 

b m 2 ’ 

b-mn 



1 1+ 53 a n^ii 

1+ Ean6 2I ■ 

■ i+ 

C Ojnn.)(^mn) 

i+ 5>.i»u 

1+ 5Z a 21&21 - 

■ 1+ S a 2i b m 

, 

1+ 

1+ 23 a ^1^21 ' 

‘ ‘ 1+ 5 'dm lbrt 


11 21 ■ ■ ’ Hanfcml I 

S a 21&ll 5^Q2i b 21 ' ’ 52°21&ml 

ml I m 

which difference is readily seen to be equal to 

1 1 1 
, _ 1 2^0ii6n 'Eanb 21 ' ' ’ 

(2) — = D say. 

1 ^ ^ ml^ll ^ ^ 7nl^21 ' I^twI wi+1 

If in this we multiply the last m rows by — 2, divide the first column 
by —2 and then add a I 2 kl times the first row to the (& + l)st 
(^ = 1,2, ■ - ■ , m) and finally add b\ k times the first column to the 
(£+l)st column {k = 1, 2, ■ • , m), it is seen that 

1 1 1 

1 — ^n) 2 ^2 ( a n ^2i) 2 ’ 52 b m i) z 

(3) D = 1 ^3(^21 — ^ll) 2 Z(^21-M 2 ■ 5-f ( ff 2! 6wil) 2 


I i 52( tf wi”^ii) 2 H(a ml ~b 2l y ■ ■ 22(#'mi ^mi) 2 L+i 

If n — m— 1, then the second term on the left of (1) vanishes and 
the first term is the product of two determinants. 

If ft < m — 1 both terms on the left are zero. 

If m = 5 and n = 3 then (3) gives Cayley's relation existing between 
the distances of five points in space. 
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Exercises. Set XIV 

1. Show that 

g h 1 

g mx^+miXi-^r ■ ■ mxy-\-miXiy\-\- ■ ■ mxz-\-miXiZi+ - 

2 

A ■ my 2 +miyi+ ■ - ■ 

2 

z w^3+Wi^i2?i+ ■ ■ myz+miyiZi+ ■ ■ ■ wz 2 +WiZi+ ■ 



g X X 1 

2 

g x X 2 

2 

£ *1 *2 

mm\ 

h y yi 

+ TMTI 2 

h y y 2 

+ ■ ’ + WiW 2 


\ 

i Z Zi 


i z z 2 


i Zi Z 2 


2. If «A: = i4*3c+jB*y+C*z = 0(ft=l, 2, ■ ■ , 6) represent six planes, 

show that the condition that u\ y u^\ w a , w 4 ; w B , «e lie in the same plane 
is 

A i ^4 2 
i*2 

Ci C 2 


3. Show that 


1 yi*s| 

1 y* zs I 

I yz z 3 1 

1 yezel 



| Zi *2 | 

| Za X h | 

| Z2 *3 | 

| Zs x 6 1 



1 *1 >s| 

| * 4 yi 

1 *2 3*3 | 

1 *5 y*\ 






1 >2 ^3 | 

1 yn zo 1 

I y-i Z< 1 1 y 6 Zi 




| Zi x 3 1 

| Zo | 

I Z 3 a; 4 1 | z 6 *1 




1 *2 ^3 | 

1 *5 ^6 | 

1 *3 3*4 1 | *e yi 


1 *1 

yi zs| 



] *4 y 2 Z3 1 



| Xi y 4 Zi | 

*2 J>4 Zi | 





| *1 Ji z 6 | 

*2 y 5 Ze I 

1 *3 yi z 6 | 

| *4 >5 z 6 1 





• 

1 x 3 y s Zi I 

1 *4 y« Zi | 



A 3 A 4 
£3 £4 

C 3 C 4 

^3 ^4 ylfi ^6 

B 3 -5 4 -^5 c 

C3 C 4 C& Co 
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dC dC dC dC dC 
C = 1 h 

dCyg dd T 1 &bg\ dQ"r 2 ^ ft(2 


dC dC 

-I 

ddrm 3 bgm 


229. Let A = (a mn ), B = (b mn ) and C = \c mm | = A • B, then, 

(A) 

We know that for any determinant 

( 1 ) 


( 2 ) 


If now we use (2) to express the first factor of each term on the right 
of (A) we have 


dC 

ec 


dC 

c 

(r = s 

c t\ — 

+ C r 2 h • 

Hh Crn 

, = 

= 

) 

dc. i 

d c .2 


dc, n 

0 

l T y* S 

for the given determinant C 




dC 

dC 

dC 



dC 

= 

- b ii b b 21 

— + 

■ + 

bm\ 


ddrl 

dc rl 

dC r 2 



dc rm 


dC 


dC , 

( dC 


dC 

dC 

C 


— 

bu 

+ bn 

h ■ 

' ' + bmi 

dc r . 


aft,. 

V dCrl 

dc r2 

dc rm 



dC , 

( dC 


dC 

dC ■ 


+ 

— 

bn 

+ b 2 2 

h ■ 

' ■ + b m 2 


db. 2 y 

^ dC T 1 

dc T 2 

dCrm 

+ 



dC , 

( dC 


dC 

dC ' 



+ 

— - 

b ln 

+ b 2 n 

1_ . 

’ -f** bmn 



db, „ 

< dCrl 


dC r 2 

dCrm. 


) 


Adding co-amnwise, and by (1) we see that the sum of each column 
is zero except one which is equal to C dC/dc ra and hence the truth of 
the statement. 

The significance of this theorem is perhaps better seen if we write 
it in another form. Thus for n — 4, m — 3 ) r— 2, and s = 3 if we write 



^s<rt 


E aw 





E cw 

E cw 


then the theorem is 



Y'.am 

E aw 


Yibm 


Zd 

Y, cm 

12 cn 


2 > 
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) ]al y ]am y ]an 


2^al 2_^am a\ 

= 

1. 1 m\ ni 


Yd 


Yd Y \ cm Y fCn 


Yd Y cm c * 


Yal Y am Yan 


Yd Y* am a 2 

+ 

l >2 m 2 n 2 


Y^i Y^ m b 2 


Ycl Y cm Yxn 


Yd Y cm c 2 


Yal Yam Yan 


Y Q i Y am 

+ 

h m-d n 3 1 


Yd Y^ m ^3 


Yd Y cm Y cn l 


Y d Y cm c 3 


Yal Y am Yan 


Yal Y am a * 

+ 

l\ m 4 n 4 


Yd Y*>m b 4 


Yd Y cm Yen 


Yd Ycm C\ 


230. In a precisely similar manner to that of §217 we may form the 
product of two rectangular arrays or matrices of n columns each, the 
first containing /x and the second v rows. Thus from 


an 

fl 12 ' 

■ a in 


bn 

^12 ’ 

bln 

&2 1 

a 22 ■ 

’ #2 n 

and 

^21 

^22 * 

’ bin 

a v i 

a h 12 ■ 

a fin 


by 1 

by 2 * ■ 

byn 


we can form a third matrix 


c 11 

^12 ‘ 

C\v 

C 21 

C 2 2 ■ 

■ 

Cji] 

C M 2 ' 

C/ip 


containing ji rows and v columns, the \x v elements of which are of 
the form 
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i — anbn + a t 2 b 3 2 + * ■ ■ + a in bj n . 

® ^ ' jA 4 ) j 1 j 2, \ 

If now jti+^ = w, and the p-v elements <\/=0, then the first two are 
said to be corresponding matrices . We may also form from the first 
two matrices a determinant A of the nth order whose rows are the 
/j.+v = n rows of the two matrices, thus: 


0]1 

012 • 

' a i n 

a 21 

022 ‘ 

‘ ' 02n 

a^. i 

0/1 2 ■ 

0/in 

An 

b 12 ■ 

b\n 

b%i 

&22 - ' 

■ b2n 

by 1 

by 2 ' ' 

■ by n 


Any minor of order /jl formed from the first /i rows of this determinant 
together with its complementary are called corresponding or comple- 
mentary minors of the two corresponding matrices. 

231. Complementary minors of corresponding matrices are propor- 
tional. 

Expanding the determinant A of the preceding article by Laplace’s 
theorem and writing the expansion so that all terms are positive, 
which means that one of the two series of minors is signed, and we 
shall suppose it is the one involving the a' s, we have 

a 

A = <L/T.( n |/ij) ,(n |/i t ) -®(n l^i) .(n| ■ 

i— 1 


Squaring both sides of this equation we have 



Let us now multiply the determinant A by itself, making use of the 
relations 


Cij = anbji+ ■ * • +0t»&ift = O; 
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we have 


5>*. 

S a 2i 

52 a 2t^3 i ' 

Z 

Z 

z 

afitOh 

a^iOzi 

a^iO 3i 

0 

0 

0 

0 

0 

0 


i ^ ']a2iO'ui 

z 

, 2 


0 

0 

0 

0 


0 


Z>« 

• ■ !>,.& 

0 

0 


0 



■ • • IX 2 . 


a ii a 12 • ■ 

■ «ln 

2 

bn 

&12 ' 

6 In 2 


Op i Ofi 2 

O'fin 


b v i 

bp 2 ■ ■ ' 

b V n 



(n)n 2 (n)v 2 

= (» ki) .(« l"j) > 

1 1 

# 

Equating these two forms for A 2 we have 

/ ( n)n \ S («V 2 2 

| ^ |/t ( > .< n I u.)^(wlvi) . ( n | ji , ) | i^^(n \ U\) .(«!**.) 2w7'^( n l , 'l) ■( n l*'P 


Whence 


Zl^c* 


I Ml) ,(n I I ri) ,(n|/*j) 


— C lA{n 


M]) ,(n|/ij)-0(n li-i) ,(n|p 


,>r=o. 


(i,j =1,2, • ■ , n) i j. 

Therefore 

<lA(n \fil) (n |^i) , (n | jij ) 

(n kl) . (* lf*i) 

232. The sum of the squares of all the fi-line minors formed from the 
lsj n rows multiplied by the sum of the squares of the v-line minors of the 
last v rows is equal to the square of A. 

The proof of this theorem may be seen on multiplying A by itself. 
Example. If we have the set of equations 

a\% + a 2 y + a 3 z + a 4 w = 0 

b\x -f- b 2 y + b 3 z + b 4 w = 0 

c\x + c 2 y + c 3 z + c 4 w — 0 



RECTANGULAR ARRAYS 


229 


then the two arrays 

a A a 2 a 3 a 4 , x y z w 
b\ 62 bz b\ 
c 1 c 2 c 3 c 4 

satisfy our conditions and the theorem gives 
x — y z 

| a± bz c 4 1 | ai bzC A \ | a x c 4 1 

233. If 

11 12 1 n 

21 22 2 n 

= 0 

rl r2 ■ • ■ rn 

which means that all determinants of order r vanish, then 

11 12 ■ • In 

21 22 2 n 

* I ^11^22 * w nn I = 0 

rl r2 ■ - rn 

and 

11 12 ■ ■ • 1 n 

21 22 ■ 2n . 

■ I W11CO22 ■ w rr I — 0 

rl r2 ■ ■ rn 

where r<n and multiplication in the first instance is row-wise and 
in the second column-wise. 

The truth of these are seen on observing that the resulting de- 
terminants in the product arrays are the corresponding determinants 
of the original multiplied by the co determinant in each case and there- 
fore are zero. 

Conversely if 



(flm)-A = 0 
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where A is a determinant of the nth or rth order, then 
(flrn) = 0, provided Af^O. 
Example. The product column-by-column 


11 

12 ■ 

In 


1 

0 

0 

21 

22 • 

2 n 


0 

Xl 

x 2 

31 

32 ■ ■ 

• 3n 


0 

Mi 

M2 



11 

12 

■ ■ In 


= 

Xx21 + /i]31 

Xi22 “j - [i\32 ■ 

• Xi2n -f- ni3n 

= °, \ 


X 2 21 + m 2 31 

X 2 22 “h M232 ■ ■ 

• X 2 2n -J- ju 2 3n 



11 

12 ■ 

In 

21 

22 

■ 2n 

31 

32 

- 3n 


similarly for r instead of 3. 

234. If in a given matrix a certain m-rowed determinant^ is not zero , 
and all the ( m+h)~rowed determinants of which this m-rowed determinant 
is a minor are zero , then all the (m-\- h)-rowed determinants of the matrix 
are zero. 

Let* 

( n | m a )(n | m a \ hf) 

(n | m u )(n | m a | h y ) 

for {?= 1, 2, - , (n~m) h . 

On account of identical columns we obviously have 

(n | m a )(n | m a | h+k 6 ) 

(» I «*«)(» I m„ | ki)(n | m a | h y ) = °' 

Expanding in terms of minors of order k and their complementaries 
we have 


M = 


(n | 

(n I m„) I 


f £ 0 and 


E 

2=1 

for i = 1, 2, 


(* 1 | £,) 


(»l «»l *>)(»| | h + jfe,) 

( n 1 Wa| £,) 


( W | W„)(»| W„ | ky) 


= 0 , 


j (w)fc, and & = 0, 1, 


■ , ni. 


* Obviously no generality is lost in taking the m-rowed determinant coaxial 
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( 1 ) 


= 0 


The determinant of the coefficients! in this set of equations for 
each value of k is the &th compound of M and is therefore not zero. 
Giving k successively the values from 1 to m we have 

(n\m a \ k 3 )(n \ m a | h + k 5 ) j 
(n | m a )(n \ m a \ h 7 ) 
for all values of j, 5, y, k . 

For the values 1, 2, ■ ■ ■ , m of k we have the result that all minors 
of the matrix which have m columns and (m— 1), (m — 2) 7 ■ • ■ ,0, rows 
in common with M vanish. 

Therefore 

(n \ m + ht ) 

(n | m a )(it | m a | h y ) I 


( 2 ) 


= 0, 


for e= 1, 2, • • ■ , ( n) m+/t . 

Lemma. If 

(n\m + h t ) 

(» I m a)(«| m a | h y ) 
for all values of c, y, then 

(n \ m + h + k v ) 


= 0, 


( 3 ) 


M' = 


= 0. 


(n | ?n a )(n | m a | h + k b ) 

That is, if all minors of order (m+h) formed from the m columns 
(n\m a ) and h others vanish, then all minors of order ( ?n-}-h+k ) 
formed from the same m columns and (h-\-h) others will vanish. 

For 


M’ = 22 
1^1 


(n | m + h + k | kf) 
(« | m a | h + k& | kp) I 


(n I m + h + k v | kf) 

{ n | m a )(n | m a | h + | h p ) 


= 0 , 


since the minors of order (m+h) in every term are zero by hypothesis. 
Since by (3) M' = 0, it is obvious that 

| (n | m a | kf)(n | m + h t ) 

(n | m a )(n \ m a | h + k s ) I 


= 0, 


and we have 

( m)k 

£ 

i- 1 

for k = 1 7 2, - - - , m andy=l, 2, • • , (w)*. 

t By coefficient here is meant the first factor in each term. 


( n \ nt a \ k ; ) 


(n | m + h e ) 

(w| m a | k ,) 


(n \m a \ | m a \ It + k s ) 


= 0 
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The determinant of the coefficients in this set of equations is the 
ftth compound of M and is therefore not zero. 

It follows that 


(4) 


(« | m + h*) 

(n | m a | h y )(n | tn a | h + h) 


= 0 


for all values of e, i y 5, k. 

Giving k successively the values 1, 2, ■ ■ , w we have our theorem 

proved, or stated symbolically it is: 

If 

(n \m a ) ( n I I I bp) 

(n | m a ) ( n | rnf)(n I I by) 


= 0, 


for 


/3,y = 1,2, - * * » (n - ni) h > 


then 


for 

g,k = 0,l, 


( n | m a I «.)(»! m a I h + gj) 
(m | «, | ft,)(w | tn„ | h + ft,) 


= 0, 


•,m, «,>=!, 2, 


• , ( m)k ; e,5 = 1,2, ■ • • , (» — m)h^k- 


or 


(w | w + fti) 

(»| + *f) 


0 


for all values of i and j. 

In this case the matrix is said to be of rank m. That is a matrix is 
said to be of rank m if it contains at least one determinant of order tn 
which does not vanish while all determinants of order greater than m 
which the matrix contains do vanish. This non-vanishing minor has 
been called the critical minor. 

235. From the foregoing it is seen that: 

If a matrix of m rows and n columns (m l>n ) have at least one minor 
M of order r which is not zero, and if all the (n-r) h - (m — r) h determinants 
of order (r+A) which contain M as a minor are zero , then all determi- 
nants of order (r+A) contained in the matrix are zero. 
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As a special case when m = n, we have the theorem : 

If a determinant of order n is of rank r and if all the {(« — r)*} 2 
minors of order (r+A) which contain the non-vanishing determinant as 
a minor vanish, then all the {(«),.+*} 2 minors of order (r-\-h) will be 
zero. 

Iim = n—l,r=l,h = n—2, then let the array be the first n— 1 rows 
of A= |ai„ | and let the element a ln ^0. Then from 

(«l)[«l] + (w2)[«2] + • ■ • + ( nn)\nn\ = A 

we see that if [nt], [n2], • l] vanish then ( nn ) [»»] must 

vanish and therefore A vanishes. That is, if [r2], [r3], ■ • ■ , [ra] 
vanish and if (sl)p^O for any value of sj^r, then [ r 1 ] — Q and A =0. 

236. The required minimum of (n — r)hX{m — r) h vanishing minors 
or order (r+A) in order to insure the vanishing of all minors of the 
matrix of order ( r-\-h ) need not all have the same non- vanishing 
minor of order r. Thus when n=7, m = 5, r = 3, h = 2 the matrix is 

11 12-17 

21 22 - - 27 


51 52 -57 


and let the given (7 — 3 ) 2=6 vanishing determinants be the 1st, 2nd, 
3rd, 4th, 5th, 18th in the following list of (7)2=21: 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


1 2345 

, (6) 

1 2 345 

1 2 3 6 7 

, (ID 

1 2 345 

1 3 4 5 6 

1 2345 

1 2345 

, (7) 

1 2 345 

, (12) 

1 2 345 

1 2346 

1 2 45 6 

1 345 7 

1 23 45 

, (8) 

1 2 3 4 5 

, (13) 

1 23 45 

1 3 4 6 7 

1 2 347 

1 2 4 5 7 

1 2345 

, (9) 

1 2 345 

, (14) 

1 2 345 

1 3567 

1 2 3 5 6 

1 246 7 

1 2345 


1 2 3 45 


1 2345 

, (10) 

, (15) 


1 2 3 5 7 

1 2 5 6 7 

14 5 6 7 


(16) 


1 2345 
23456 ’ 


(17) 


1 2345 
2345 7 ’ 


(18) 


1 23 45 
23467 ’ 


(19) 


1 2345 

2 3 56 7 ’ 


( 20 ) 


1 2345 

2 456 7 ’ 


( 21 ) 


1 2 3 4 5 
34567 ' 
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Expanding the determinant 1 123456 1 which is identically zero, 
having two rows alike, we get 


1 

1 2 345 

1 

1 2345 

1 

+ 

1 2345 

1 

23 456 

2 

1 3 4 5 6 

3 

1 245 6 


the other terms vanishing because (1), (2), (4), are given zero. 
Similarly / 


and 


2 

1 2345 

2 

1 2 3 45 

2 

+ 

1 2 345 

1 

2 3 4 5 6 

~ 2 

1 34 56 

3 

1 2456 


3 

1 2 3 4 5 

3 

1 2 3 4 5 

3 

+ 

1 2 345 

1 

23 45 6 

2 

1 3 4 5 6 

3 

1 2 4 5 6 


Then if U 23 1 ^0 it follows that 


1 2 3 45 

1 1 2 3 4 5 


1 23 45 

2 3 4 5 6 

11 3 4 5 6 


1 245 6 


or (7) = (11) = (16) =0. 

Expanding the determinant | J23457 1 = 0 we have 


1 

1 2 3 4 5 

1 

1 2 345 

1 

+ 

1 2 345 

1 

2 3 4 5 7 

2 

1 3 4 5 7 

3 

1 2 45 7 


the other terms vanishing because (1), (3), (5) are given zero. 
Similarly 


2 

1 234 5 

2 

1 2 3 4 5 

2 

+ 

1 2 345 

1 

2345 7 

2 

1 345 7 

3 

1 245 7 

3 

1 2 3 45 

3 

1 2 3 4 5 

3 

+ 

123 45 

1 

2345 7 

~ 2 

1 345 7 

3 

1 245 7 


= 0 

= 0 . 


Therefore 


1 2 345 


1 2 3 4 5 


1 2345 

2345 7 


1 345 7 


1 245 7 


or (8) — (12) = (17) = 0. Proceeding in a similar way and collecting 
the results in one table we have 
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Given as zero 



There follows 





(1) 

= (2) = 

(4) = 

0 

(7) 

= (iD= 

(16) = 

0 

if 

123 

123 

>0 

(1) 

= (3) = 

(5) = 

0 

(8) 

= (12) = 

(17) = 

0 

if 

123 

123 

5*0 

(2) 

= (3) = 

(18) = 

0 

(6) 

= (9) = 

(13) = 

0 

if 

234 

234 

5*0 

(4) 

= (5) = 

(6) = 

0 

(10) 

= (14) = 

(19) = 

0 

if 

123 

123 

5*0 

(16) 

= (17) = 

(18) = 

0 

(19) 

= (20) = 

(21) = 

0 

if 

234 

234 

5*0 

(ID 

= (12) = 

(21) = 

0 

(13) 

= (14) = 

(15) = 

0 

if 

345 

345 

5*0 


Instead of assuming that the non-vanishing determinants of the 
third order were coaxial we could have taken any determinant from 
the 1st, 2nd and 3rd columns, any from the 2nd, 3rd and 4th columns, 
and any from the 3rd, 4th and 5th columns of the matrix. 

Other sets of six vanishing determinants of order five may be as- 
sumed with the result that all determinants of order five of the matrix 
vanish. 

237. If in an m-by-n ( m<n ) array all the m-line minors which in- 
clude a fixed group of less then m columns ’vanish then either the array is 
wholly evanescent or the array composed of the fixed group of columns is 
evanescent. For by §235 if there is a determinant from the fixed 
group of columns that is not zero the given array is wholly evanescent. 

238. If in an n-by-(nfi-\) array n — m of the n-line minors vanish and 
one does not vanish , the array common to the said n — m minors is evanes- 
cent. 

Without loss of generality we may suppose the n- line minor which 
does not vanish to be the one consisting of the first n columns or, 
|ai„|. Let the minors of order (w+1) formed from the (w + 1) 
columns common to the vanishing minors be represented by 
<*i, a 2 , ■ • • , a\ where X=(w) WI+ i, let 0 = |/5ix | be the (n — m— l)th 
compound of \ai n |, and let a r be formed from the rows not used in 
forming 0 rB - Then as a consequence of (n — m)- line minors which are 
given zero and those which are zero because of identical columns we 
have 

Blr<X\ T" 02t<X2 + * ' + = 0, (f* = 1 , 2 , ■ ■ , X) . 

In this set of linear homogeoeous equations the determinant of the 
coefficients being a power of 0 is not zero. Therefore 

ot r = 0 (r = 1 , 2 , ■ ■ , X) . 

Another way of stating this theorem is the following: 

If |#o m | be a linear function of the first m -\- 1 indeterminants 


0QOj Goij ’ ' ‘ y Go m 



236 


THEORY OF DETERMINANTS 


only , and the cofactor of a 00 in it be not zero , then all the ( m+l)-line 
determinants of the array 


010 

011 * 

01771 

020 

021 ‘ 

' 02771 

071 0 

071 1 ‘ 

071771 


must vanish. 

If m — 0, the foregoing becomes: 

If an n-by-(n+\) array be such that all its w-line determinants 
vanish except one, then the column common to those that vanish 
must consist of zeros. 

239. If in an n-by-(n-\- 1) array one minor of order n is not zero then 
at least one other is not zero unless the array has a column of zeros. 

Let 


an ■ ’ ‘ 01 n 01 , 71+1 

071 1 ' ' 07171 071 , 71+1 0 

be the array, and let |0 ln | = A 5^0. Form a zero determinant of order 
n+ 1 by repeating the kth row and expand in terms of the elements of 
this repeated row. This gives 

0 * 1 ^ 71 + 1,1 + 0 * 2 ^ 71 + 1,2 + • ■ + 0 * 71 ^ 71 + 1,71 + 0 * , 77 + 1 ^ 71 + 1 , 71+1 = 0 

and since ^4 n4 i f „ + i is not zero one other minor of order n must not be 
zero unless a*,„ +1 = 0 for k=l, 2, • • ■ , n. 

240. The determinants of the mth order of an m-by-n array involve 
( n — m)m quantities that are absolutely independent and therefore they 
must be connected by {n) m — (n — m)m—l relations from which all others 
are deducible. 

Let the array be 

011 012 ' ' ' 01n 

021 022 ’ ' ' 02r» 


II 0771 1 0771 2 * ' 0 77171 II 

In this subject each element to the linear substitution 

0 r« = Ulrbu + IXirbfr + ■ ■ ■ + \X mr b m{ , 
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Mil Ml2 Ml m 
M 21 M2-2 M2m 


Mml Mm2 Mmm 

For every homogeneous equation connecting determinants of the 
a-array there exists a perfectly similar equation connecting the 
elements of the 6-array, no matter what the elements of the modulus 
of substitution \fii m | may be. These m 2 elements of the modulus 
may be so chosen as to give definite values to m 2 of the 6’s and so 
leave only m(n — m) independent elements for the {n) m — 1 ratios of 
the determinants of the array to be dependent upon. It follows that 
between such ratios there exists at most {n) m — 1 ~{n — m)m relations. 
These relations may be formed by using §202. Thus if the array is 

61 Ci /1 g 1 61 

62 C 2 f 2 £2 h'2 

63 C3 / 3 £3 63 

and denoting 

d\ b\ C\ J\ £1 hi a 1 f\ 

a 2 6 2 C2 by A, / 2 £2 6 2 byi?,and a 2 A 

03 63 C3 /3 £3 h 3 03 /a 

we have by the theorem, making g= 1, 

,4 0 0 

/1 62 c 3 1 | 0 1 f -2 c 3 1 1^162/3 1 = A 2 -E, or 

£1 62 C 3 | I 0\ £2 C3 | | di b 2 £3 | 

I 0] 6 2 C 3 | [ fli/ 2 £3| =| ayfiCzl I a\ b 2 £3 1 - I aig 2 c 3 \ | ai6 2 / 3 | 

Of this type there are 3-3 = 9 relations. Next using A and B for 
our two determinants, and leaving q= 1, we have the tenth relation: 

I /l 62 C3 | | Q\ f ‘2 C3 | | l 62 /3 | 

| £1 b% C3 1 | 0 i £2 1 | <^i £3 1 = A 2 B. 

| hi 62 c 3 1 | ai h 2 c 3 1 | ai 62 ^3 1 


£1 

£2 by E 

£3 


02 

03 


obtaining 

611 612 ■ ■ 6 in 
621 6 22 ' ' b 2 n 


bm* * ■ ■ 6 
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These relations may also be simply formed by multiplying column- 
wise any one of the minors of the array by the adjugate of the first 
of them and noting that every product of two columns in such a 
multiplication is equal to one of the minors of the array. Thus the 
array being 

a, 61 ci h Si h i 

fl 2 Z >2 c 2 fi g 2 hi 

a 3 hi c 3 f 3 S3 hi 

there are ( 6> 3 multiplications to be performed. The first is nugatory 
the result being 

| ai b 2 c 3 1 1 Ai B 2 C 3 1 = | fl i hi c 3 

so also are the nine, 3 ( 6 - 3 ), in which the multiplicand has two 
columns in common with \a x b 2 ca 1 , lor example, 

a i b 2 C3 | 

| a i b 2 c 3 

I o l f 2 


\ 


ch b 2 Jz\ A\B 2 C 3 1 — 


| ai b 2 


/j b 2 c$ I 

Then come those in which the multiplicand has only one column 
in common with \ai b 2 c 3 1 , an example being 



| ffli b 2 c 3 | 


| b 2 ji | 

I 01/2 £3 1 \ A 1 B 2 C 3 1 — 

| fi hi c 3 | 

| Ui fi Ci I 


| g\ hi c 3 | 

| Ulg 2 C 3 | 

| b 2 g 3 1 

which on removing the factor \a1b2C3 1 , becomes 


| a y hic 3 \ | 01/2 | = | 

Q\ ^2/3 | | 

aj Ci S3 1 - | 

Q] b 2 gz\ | 

and lastly there is 

| /1 b 2 C3 | 

| di f 2 Ci | 

| ( i\ b 2 / 3 1 

| fi £2 h 3 1 | A 1 B 2 C3 1 = 

| g\b 2 Cz\ 

| di gi Ci 

| ai 6 2 g 3 | 


| hi b 2 c 2 

| | <1 1 hi Ci 

| | Ai hi hi | 


in which as many as eleven of the determinants of the array are 
involved. 

The number of relations thus obtained is 

( 6)3 - 1 - 3(6 - 3) - 10. 
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241. Let A == | o>\ n | , B= |&i n |, and A B = C= | c ln | . Let 
represent the array of the ath selection of m rows of the determinant 
| a ( yn |, let \ ma >) represent the array of the o/th selection of m rows 
of the determinant | and let be the determinant of 

the rath order formed by taking their product, thus 


A 


(X) 

(n | ma) 


B 


(m) 

(n | ma ' ) 


L ( n | m«) , (n I mcx') 


which by the theorem of §217 gives 


(»)w 


.(X) jy <#o — , (X , m) _ \ . (X) t}(*0 

(,1/ -A ( n | met) ' & (n | m a f ) C ( n | m a ) , (71 | ma' ) / A '**- (n I ma) . (n I (n 1 mg') . (n I 

1 

and summing with respect to X and ]/u we have 


( 2 ) 


(n)m p r 

Z Z 

i L i 


. . (X) (?) 

AA (n|ma) .(nlm.,) / j (n\m a ' ) ,(n[7n 

1 


-] 


^ ^ ^ MC(7i I wia) . (n I ma' ) 


where r and 5 are any two integers. 

The truth of this relation is easily seen on observing that the left- 
hand side may be written 

I ma') , (n | m t ) 


^ ^ ^ ^ > lA (n\ma) ,(n| m t )B( n 

i i L i 


which is equal to the right-hand side by (1). 

If in (2) we make r = s=(n) m and use for A and B^m^) f^e 
{n) m selections m at a time of the rows of A and B respectively, we get 


(n)m p ( n)m 

Zi X> 

i L i 


(n)m p (n)m (n)m 

.#^4 (n | w»!) ,(n|»i ; ) ^ J' A (n | m, | , (n\mj) 

1 


(3) 


( 7i )m (w)m 

= ^ 1 j (nltn.).(nlm,) 

1 1 


the result of §222 (2). 

Expanding (n | Wtr ') by Laplace’s theorem in terms of minors 

of order k and m — k, we have from (1) 


„ ( x) M 

A (n | ma)B ( n | ma') 


(rO. 


= Z 


v x) 

1A (n | ma) , (» | m,) 


B ( n | ma') , (n| m^) 


( 4 ) 


(m)k 

= 'En-iy^'P-Q 

i 


L (n|ma) , (n | ma' ) 
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where 


(m)fc (X) (/i) 

p = Hi A (*|m»|fc0) (n\ma'\ki) ,(n\k 3 ) 


<? = Hi A 


(n\ma\kp) ,(n|m-ftj)-D (n|m«'|*») , (n|m-fcp 


where v\ = number of inversions in (n | m a | k$\n \m a | kp ) , V 2 — number of 
inversions in (n\m a > \ k l \n \m a • |&t)- j 

Taking the sum of all possible expansions in terms of minors of 
order k and m — k, we have \ 

/ \ 4 (X) / \ V'*’ A (X) \ 

\tn)] c A ( n \m a )-l> (n\m a ' | = \M)k 2-~/ 1 ™ (n | m«) , (n | mJ-O (n | m«' ) , (n | m.) \ 


( m)k ( m)k 


= (in) 2 > 2 >'(- i y^p-Q 


Taking the sum with alternately positive and negative signs, we 
have 

(m) h {m)k x * 

(6) Z(3(-D W )'*"P ■ Q = A (n | ma)P (n | wi«') > 


or zero according as (w)fe is odd or even. 
From (2) and (3) we have 


(n)m r r 

H\ H> 

i L i 


L (" | mu) , (n | mj ) / (n | ma ' ) , (n \ mj) 

1 


l=X>i>c 

J l l 


(X,m) 

(n | ma) , (nlwiu') 


T « (m) k 

= H^ Z)i(-i )'' + '>p • e. 

i l l 


If we take the sum of all possible expansions in terms of minors of 
order k and m — k we get results corresponding to those of (5) and (6). 

242. Let (/) a. = €, (6>e), and let [a H |, |/3 W |, |t«| 

represent the (w + £)th compounds of A, B, C, (§241) respectively. 
If then we represent the 5-by-e array 

11-4 (n | wo) (n|mapp| *!).(» Im+fcj) ‘ A {n |mo) <»|m«| /0| A*) . (n | m+A«) || 


^ (n | m a )(ii | m« | Ip \ /re). (n | m+A-j) ’ ' ’ ^{n|m a )(n| 


ma| lp\ ke) , (n l7n+/rfl) 
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by (a t i), and the array 

ll-Bcnlm.') (n|ma' |l(i' l*l) (n I mo') (n | ma' \ 10 ' | *i) , (n| m+kl) 


II B (n | ma' ) (n | ma' | 10' | fre) , (n |m+-&] ) ’ " ' -B (n |ma' ) (n| ma r \10' \ k§) , (n | m+JIri) II 

by (/9eS) we have by (1) §241 

( 5)* 

(1') (a e6 )(/3e5) = Qf„ t | * | 0 t€t | 

l 

where | and \f}ee t | denote the determinants formed by taking 
the fth selection of e columns of (ae«5) and (/3 e5) respectively. 

The arrays on the left of (1') are e rows of the ( m + k)th compound 
of A and B respectively. The determinants on the right are minors of 
these compounds. The product of the two arrays is a determinant of 
order e which may be represented by \y tt |, every element of which is 
the sum of products formed by multiplying each minor from a selec- 
tion of (m+k) rows of A by the corresponding minor from a selection 
of (m+k) rows of B. Each element, therefore, is by (1) §241 the 
product of two arrays (one from A and one from B) and consequently 
is a determinant of order (m+k). It is a minor of the determinant C 
and we have 


7c* 


c 


(n|m<*) (n|ma| i0| k\) , (n |mo') (n |wia' | l(i' | * 1 ) 


c 


(n|ma) (n 1 ma | l&\ kt) , (n | mV) («|mV | | &i) 


c 


(n | ma' ) (« | ma | 10 | &i) , (n|ma' ) (n |ma' | 10' ( ke) 


C 


(n | mo) (A | ma \ 


10 \ he) , in | mu') (n|m a ' 1 lp'\ he) 


It will be observed that the elements of this determinant are 
made up, by bordering the minor C (n |,n«),(n|m«') in all possible ways 
with k of the remaining rows and columns of the minor 
Q-I«.)(i|«.lin.(n|...')(*l— '!»')• follows, therefore, by §197 that 

| | = [C (B | m „) .(n|*l»') (n |mo' 1 1|5' ) J ^ 1>k_1 


which by using (1) gives 

t (n)m H 

y 1 %A (n | ma) , <« | m,) B ( n | ma' ) . (n | m t ) I 


(i-l)Jt 


t (r 0 m 4 / “1 

^J'A (n |m«) (fi | ma | 10) .(nlm+l,) B (n |nV) (n |ma' | Ifi') , (n |m+« t ) J 





242 


THEORY OF DETERMINANTS 


From this and ( 2 ) §241 we have 


3) z<r txi 44 1 ,\ 44 1 = ±x i>i 4 £ 

i L i i J i i 

f. vf l r-A W H W T ,_1> * 

— 2 ^ X 2 ^/ 2 -s' 1 ^ < 11 |ma) , (n Im,) J 5 (n |7na') . (n |m,) I 


vJ ^ / X) R (/i> 

X I ^ (u | ma) (7i | //ia | Zj9) , (n | »i-}- Z» ) {n\nia. t ) (7i | wb' I Z0' ) , (n | m-\- Z, ) 


243. There are various modifications and special cases of the ifore- 
going results which might be obtained and we shall mention a\few 
of them. \ 

If in (1) §241 we take B=A, and drop X and ju if becomes 


(1 ) C (n | mar) , (n | nia f ) A A 

and if in addition a' = a 


(n | ma) , (n | via') / A ** (n | ma) , (n | m t ( n | ma' ) . (n }m t ) 


(1 ) C (n | mo) , (n \ m a ) ? A 


(7i | mo) , (n |m t ) < 


If in [ P« §241, a f = a y and we sum with respect to a, we get 

(ujm ( n)m ( n)m 

(1 ) (n | m a ) , (n Itjio'I ^ f A ( n | w]a ) t (7, | m , )B ( n | «i a ) , (n | m,) ■ 

1 1 1 

We could express J 5 (n|m«),(n|m t ) in terms of the complementary of 
the corresponding minor of its adjugate and then write the double 
sum as a single sum of determinants of order n which have some 
columns a’s and some columns from the adjugate of B . Thus 


bn 

bn 

A 13 

bn 

An 

bn 

#21 

^22 

^23 + 

621 

A 22 

&23 

&31 

^32 

A 33 

&31 

A 32 

&33 




4 11 

b 12 

bn 




A 21 

622 

b‘23 




A 31 

b‘£2 

bn 


If B = A then, 


' (7i | ma) , (n | via) 


(71)7 71 (n)m 


(n\m a ) . (n | w , ) - 
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In (1") we have an expansion for any minor of the square of a 
determinant in terms of minors of the same order of the determinant 
itself. For the principal or coaxial minors this takes the form given in 

a'"). 

In (1 IV ) we have a similar expression for the sum of the principal 
minors of the product of two determinants expressed in terms of 
products of minors of the same order from the two determinants. 

In (l v ) we have a similar expression for the sum of the principal 
minors of the square of a determinant. 

If 


( n)w » 

C(n| nia) , (n | mat) = 0 > 

1 

(l v ) shows that every minor of order m of A is zero, and (1") shows 
that every minor of order m of A 2 is zero. Hence we have the theorem 
given at the end of §224. 

244. In the relation C=A B, either A or B , or both may be con- 
sidered the product of two or more factors, thus if A— A' A", then 
from (1) §241 

(n)m r (»)m ' " "I 

C (n | ma) , (n | m a ' ) = J 4 ( n I • ( n I m j ) 4 (» I ) • < n I m j ) I ^ ( n I 


If £ = also, then 


( 1 ) 


C 


(rtiwia) , (n | nia 1 ) 


( n)m 

ZHPQ]- 

i 


where 

(n) m 

P = V/ ? ^ (n | ma ) , (n | my ) -4 ) 

and 

(/( ) m 

Q = ^ 4.'(„| ma ),(n|mfc) -B ^inlnO'Cnlmfc) * 

1 

In this way we may get an expression for the minor of a determinant 
which is the product of any number of given determinants in terms 
of minors of the same order of the factors. 

The relation (3) §241 is an expression for the sum of all the elements 
in the rath compound of the product of two determinants A and B 
in terms of the sum of elements from corresponding columns of the 
wth compounds of A and B. 
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It becomes when B = A 

(n)m p (n)m “|2 (n)m (n)m 

(30 Si 'jL iA {n\m t ).(n\m 3 )\= Z^ Z-? ^ C" I*.') ■ I ) ' 
1 L 1 J 1 1 


Subtracting (l ir ) §243 from (3) §241 we have 


( 2 ) 


Z* Z/c 


(n | m,) , (n|my) 


1 1 


(n)m f" (nlm 

= 23* Z iA (n |m,) , M wjfe) 

i L i 


(n)m 

Zjb (n | my) , (n | m^\ 
1 




where ij^j. 

This is an expression for the sum of all elements, except those along 
the principal diagonal, of the wth compound of the product of two 
determinants A and B. 

If B = A, k = l, and we drop X and /x, then (4) §241 becomes 


(n)m 


(4') ZiA 


(n | ma) , (« 1 m, )A ( n | ma f | (n | wi , ) C (n | m a ) , (n | m a f ) 


m r n (n)m-l ~J 

= f ( l)^ 1 ^2/J A (n|ma 1 1/3) , (n |m— lj) A in | ma 1 | 1 T ) . (n | m— ly) I 

i L i i J 


which, if a 1 and j3 = m, becomes 
00* 

(4 ) i A 2 (n I 777 rr) . ( n 1 //< . 1 = C (n | ma) , (n | m a ) 

1 

(n)m— l 


m “ n ( n )m— l “ 

= 23* (-i) m+< 23i<* 771 j& X] Zj a (n |ma I lm) i (n \m~ J, )A ( n | ma | l t ) , (n | m— 1,) I 

i L i i 


Exercise. By the use of (4") prove the theorem. 

In a matrix of m rows and n columns if at least one minor of order 
(m—1) formed from 0—1) of the rows ( say the pth selection) does not 
vanish and if every minor of the mth order , which has for its columns the 
ftth selection of (m 1) and one other vanishes , then every minor of order 
m will vanish. 

By a similar method prove the general theorem of §234. 

245. If l = n — m y then (2) §242 becomes 

(2') (a« s )(/3 e j ) = | 7« | 

I” “I (n-m— 1)* 

= Z ^ ^ fn|wgr) .(n|m,)B( n | ma 7) l(n | TOl) j [^4 ■ B ] . 
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If B = A y m= 1, / = 2 , k=l, and if (» |l«)(» |l a |2*) and («|l a 0 
(n|l a '| 20 /) represent the same numbers as (n|3 Y ), then ( 2 ) becomes 

(»)a 2 

(2 ) — | Tee | = i f *4 (n | 3 -y) , (n 1 3 , ) ■ 

1 1 


If B = A , a' = a, = /3, then it becomes 


( 2 "') (a i4 )* - | Te, 


_ r ( . . 2 ”] 

— (nl m «).(7»|m 1 ) J 

[ ( ft)m+I 

?* 


(i-l)fc 


2 

'(n| m«) (n| wia| //J) , (» | m+l 




(i-l)fc-l 


This shows that if 

then 


■ I = 0 , 


A (n|ma)(ri|?no|i0) ,(n|m-Mi) — 0 

for (i= 1 , 2 , ■ - - , (»)m+i). 

It is to be observed that if the first of the two factors on the right- 
hand side of ( 2 ,// ) vanishes, the second will also vanish. 

If in (3) §242 r = s=(n — m)i, and we use instead of (a e *) and 
(Pa) the (; n—m)i selections e at a time, of those rows of the 
compounds of A and B , all the elements of which have in common the 
row numbers ( n \m a ) and ( n \ mj) respectively, it becomes 


(5)e 


E*[ I I • I /V«. I ] = Ep Ep I tw 


(3') 


« B 1“ (n)i„ 

-EflEfi' 

i i L i 


“ ("Wj 

E iA <. 

l 


l l 

n\ma) ,(n\m t ) B (n\ma r ) , (n | m 


-] 


(J-l)fc 


(ft | mo) (ft | ma | Ip) , (ft \m+l l )-L> ( n | mo' ) (* \m a ' \ 10') , (n ]m+ Z, 


■>] 


(i-l)A-l 


If B = A and a' = a then this becomes 

( 8 )< 8 B 

(3'0 52i[| a, pci | ] 2 = Yp' I 7«p.p- 


■ • r (n)m * “I 

= L/3 I>[ EiA (ft | mo) ,(ft|m{)J 

r ( T »)m+l 

[ ?* 




( ft)m +l “ 

iA (n | mo) (A | mm | Ip ) ,(n\m+l l )A (n | mo) (n | m« I J 0 ') , (n|m-fZ{) 


(I - ■!) it— 1 
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If in (3) §242 l=(n — m), r = s=(n) m , and we used for (aJi) and 
(05) the ( n) m selections e at a time of those rows of the (w+fc)th 
compounds of A and B, the elements of each selection of which having 
in common the same selection of row numbers, it becomes 

(6 ) e |~ (n)m (n)m “1 (n)m (n)m 

(3'") yiA xy 1 0‘p '<; i = ^1p' i yew' 

i L j i J i i 

(n)m ( n)m r~ (n)m ~~ J ( n nL 1)^ 

= I«Z“1 [A ■ B] 

i i L i J 

246. Given the determinant A=\a nn \, B^\b nn \ and Cs ]cl 
where A B = C. Denote the rth compounds of A , B } C by \A \ r = 

\B | r = \f3 pp \, and |c| r = | 7 PP | respectively where p=(n) r . 

Denote the arrays consisting of the first m rows of A and of B by 
(a mn ) and (b mn ) respectively. Let denote the minor of C which 

is the product of (a mn ) and ( b mn ). Let (« pp ) and (/3 PP ) be the arrays 
consisting of those rows of \A | r and | B | r which involve only the first 
m rows of A and B, (ju = (w) r ). Let be the minor of \c\ r which is 
the product of (a pp ) and (/3 PP ). Since | is the rth compound of 
| c mm |, we have 

I 7m, | = (O (£,/>) = \c m \ ( ™- lw 

= { (a mn ) ( b mn ) } 

If m = n, then this becomes 

U„| = {\a nn \\b nn \ }<-”-* 
or |C|,= \A\ r -\B\ r . 

That is the rth compound of the product of two determinants is equal 
to the product of the rth compounds of these two determinants. 

If we write the product of A and B in the form 

| a nn | | 0 7ln | 

|0 nn j \b M \ ~ C} 

where |0 nn [ stands for a square of zeros, 

and form the rth compound of each side, keeping the non-zero ele- 
ments on the left in two squares by themselves, we have 

I a pp I I Op, | 

I Opp | | /3 PP | 

or 1^ |r|S|r-|C| r as before. 
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247. Let i4 = |<iin|, B = \bi n \ and let A n ^ r stand for a minor of 
order n—r of A , A n _ r stand for a minor of order n — r of the adjugate 
of A ; similarly for B. 

If now 

P ~ | Xan + fibn - - ■ \a nn + iib nn | , 

and 


Q = 


Bn -^fii B nn A nn 

X— - + fi — - X — - + n 

BA BA 


then 


P = AB Q 

For the coefficient of \ n ~ r n T in Q is 

— Z)(^n-r COmp X-r) , 

Bn-r A r 

where comp A n _ r ) represents the product of a minor of the 

adjugate of B of order n — r times the complementary of the cor- 
responding minor in the adjugate of A. Substituting for these minors 
their values in terms of minors of A and B we get for the coefficient 
of X n_r V 

— ^2(B 1l - T ~ l comp Bn-r‘A r - 1 -A n _ r ) , or 

B n ~ T A T 

1 v- 1 

Ss(A n-r comp J5 n _ r ) coeff . of X 7l “ r /i r in P. 

AB AB 


The coefficient of X n “ r /x r in P is therefore A B times the coefficient 
of \ n ~ r fx r in Q , and P — A B Q. 

248. If two determinants be reciprocals their kth compounds are also 
reciprocals. 

Let the two determinants be A= \a in | and B= |&i n |, then 


din 


1 


1 


1 


1 
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Let the fcth compounds of A and B be represented by 



an a l2 ■ 

<*1X 


fi a 

012 ■ 

■ 01X 

A’ s 



and B r = 





oc\ i a \2 ■ 

■ Ot\\ 


0X1 

0X2 ' 

■ * 0xx 


where \= ( n ) k . 

Then, since 

atiiPn + «i20i2 + • ■ • + ot i\/3ix 


#11 

0'12 ■ 

• ain 


bn 

b 2 i ■ 

bn 1 


1 

■ 1 


Okl 

Ok2 ■ ■ 

■ a kn 


bik 

b 2k * ' 

■ b n k 



1 


and similarly for the other elements of the product. It follows that 

1 - • • ■ 

A' B' = • 1 =1 

x 

or A' and B ' are reciprocals. 

249. If two n-lint determinants be such that their product equals 

s ■ ■ • 
s ■ • • 
s ■ • 


then any m-line minor of either is equal to s m multiplied by the cofactor 
of the corresponding minor of the other and divided by that other . 

lo prove this we have simply to multiply the m-line minor raised 
to the order n in the usual way by the other determinant, whence 
the result appears. 

250. If an array of n — 1 rows and n columns be such that the sum 
of the elements in every one of the rows vanishes , the principal minor 
determinants of the array , when taken alternately positive and negative , 
are equal to one another. 
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Let the array be 


0 11 

01 1 

* ' 01n 

021 

022 

’ 02n 


0n— 1,1 1,2 ' ’ ' O'n — 1 ,n 

and let M r denote the determinant formed from it by deleting the 
rth column. 


The determinant 





011 + 0 lr 

012 

' 01,r-l 

01.r+l ‘ ' 

■ 01n 

021 + 02r 

022 

' 02 ,r— 1 

02,r+l ’ ■ 

■ 02ti 

A — 





1 

0«— 1,1 + 0n- l.r 

0n-l ,2 ' 

' 0 n _i ir _i 

07 i—l ,r+l 

■ ’ 071-1,71 


is zero, because the sum of the elements in each row is zero. Therefore, 
since 


A = (— l) r ~ 2 Mi + M ri 

we have M r = ( — \) r ~ Y Mi for (r= 1, 2, - ■ ■ , n). 

It follows from this that if the sum of the elements in every row hut 
one is zero then the cofactors of the elements of the excepted row are 
identical. It also follows that any determinant which has the sum of the 
elements in every row equal to zero has in the case of every row the same 
cofactor for every element of the row. A symmetrical determinant 
which has this property would obviously have the cofactors of all the 
elements identical. 

251. Let ^ l^iVgZa | represent the sum of the minors formed from 
the three sets of n quantitites 



Xi 

x 2 

Xs ■ ■ 

Xn 


y* 

y 2 

y* ■ ■ 

’ yn 


Si 

S 2 

S.3 ‘ ' 

Zn 

L 1 y* zj 1 

= 5> 

zl 

y\ zi | 



+ 5>Z|zi**l+ L I *» y* l • 

If we expand all the determinants on the left having x X) yi, Z\ as 
their first column we get as their sum 
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a l( I y 2 Z 3 I + | y 2 Z4 | + ■ ■ ' + | yn-l Zn | ) 

+ | 2 2 #3 | + | 22 X 4 | + ’ ' + | Z n - 1 X n | ) 

+ Z i( ! X 2 y»l + 1 X 2 y\ | + • ■ ■ + I x n - 1 yn | ) ■ 

Then since 

Xi{ I yi z 2 1 + I yi Z3 1 4- * ■ ■ + ! yi Zn I ) 

+ yi( I Zi X 2 I + I Zl %3 I + ■ ■ + I Zi x n I ) 1 

+ 2 l(| X 1 y*l + 1 XI y$ | + ■ + I ^1 yn I ) = 0 , 1 

as may be seen by adding the columns, we may write the suW as 
follows: \ 

x\{ | yi z 2 1 + ■ ■ • + | yi z n | + | yi z* | + * ■ ■ + | y n - 1 z n | )\ 

+ yi( I Zl X 2 | + ■ ■ ■ + I Zl Xn I + I Z 2 #3 I + ■ • ■ + I Zn- 1 X n | ) 

+ Zi( | Xi yt | + ■ + | xi y n | +| X 2 ya | +-■• + | x n ~ i y n | ) - 

Similarly for those terms on the left having x 2f 3 % z 2 as one column, 

x 3 , y 3 , zj as one column, and so on. If we add all these together we get 

X* X I yi z 2 1 + X? Xk *2 1 + X z X I ^ 1^2 1 , 

but each determinant on the left has been taken three times, twice 
with the positive sign and once with the negative sign, so that 

XI = 22* Z I yi zs | + Zy 22 1 zi *2 1 + Z z 22 1 *1 y* I • 

Exercise. Show that 

22 w i 22 1 *1 y 2 I — 2>i Zl yi z 2 w s | 

+ 'Ey 1 E I zi w 2 x -i I — 2>i 22 1 w i *2 y^ I = 0 . 

252. From the equations 

| *1 yi 23 1 = *1 1 y 3 z 3 1 + yi \ z 2 x 3 1 + zi | x 2 y 3 \ 

= * 2 1 y 3 zi | + y 2 1 z a *i \ + z 2 1 x 3 yi \ 

= x 3 1 yi z 2 1 + y 3 \z x x 2 \ + z 3 1 *1 y t \ 

| *1 y* Z 4 1 = etc. 

by squaring and adding we get 

( 1 ) 3 22 1 *1 yi za | 2 = 22* 2 Zl yi 2 i | 2 + Zy 2 Z I zi * 2 1 2 
+ Z ® 2 Z I *1 y2 1 2 + 2 Zyz Z( I zi x 2 1 • | *1 y s | ) 

+ 2 22>* Z( I *1 y* I | yi Z 2 1 ) 

+ 2 Z*y Z( I yi zj I | zi Xi | ) 



RECTANGULAR ARRAYS 


251 


Xi ■■ ■ x„ 

= 3 yi ■ ■ ■ y n 

Z 1 ' ' ' Zn 

Substituting for E Ivi zi I 2 . ^ \z 1 X 2 1 2 . etc. their values given by the 
multiplication theorem we get 

(2) ^2 I Xi y 2 z 3 1 2 = ^2x 2 ^2y 2 £z 2 + 2 £xy ^2yz ^zx 

— — 5^3 ;2 ( 5Z z ^) 2 “ S z2 ( 

This, however, may be gotten directly by the multiplication 
theorem. In fact the simplest way to get (1) is to multiply both sides 
of (2) by 3 and then reverse the process of the multiplication theorem. 
Thus 

3 E 1 *x yi z 3 1 2 = E* 2 [ Ey 2 E z? — ( Ey z ) 2 ] 

+ Ey 2 [ E* 2 E z2 — ( E* 2 ) 2 ] 

+ E z2 [ E* 2 Ey 2 - ( E*y) 2 ] 

+ 2 E x y( Ey z E* z — E*y E z2 ) 

+ 2 Ey z ( E 2 * E*y — Ey z E* 2 ) 

+ 2 E za; ( E^y Ey z — E* z Ey 2 ) 

which by using the reverse of the multiplication theorem gives (1). 
Writing (2) in the form 

E I *1 yi z 3 1 2 = Ey 2 [ E z2 E* 2 — ( E 2 *) 2 ] 

+ E z2 [ E* 2 Ey 2 — ( E*y) 2 ] 

- E* 2 [ Ey 2 E z2 - ( Ey 2 ) 2 ] 

+ 2 Ey z t E 2 * E*y - Ey z E* 2 ] 

2 = Ey 2 E l z i * 2 1 2 + E z2 E I *i ^ 1 2 

— E* 2 El yi**| 2 + 2 E? 2 E I *i y* I I z i ** l> 

= E z2 E I yz 1 2 + E* 2 E I yi 2 * 1 2 
— Ey 2 E I z x ^ 1 2 + 2 E z * E I yi z « I I *1 y* I 
= E* 2 E I yi z 2 1 2 + Ey 2 E I z i x t 1 2 
— E z2 E I y 2 1 2 + 2 E*y E I z i ** I 1 yi z* | 

These results might be obtained from (4") §244 on making therein 

m = 3. 


we get 
El *i y 2 Zi | 

similarly 


(3) 
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By adding equations ( 3 ) in pairs we get 
( 4 ) £ 1 y* z a I 2 = £* 2 £ I yi z 2 1 2 + £ za; £ I * * I I *1 yz I 

+ £*y £ | zi ** I I yi *» I = £y 2 £ I * 2 1 2 

+ £*y £ \ziXt I I yiZ2 1 + £yz £ | *iy 2 1 |zi* 2 | 
= £z 2 £ | Xi y 2 I 2 + £yz £ | *1 y 2 1 | zi x 2 \ 

+ £z* £ | yi Z2 1 1 *1 y 2 1 . 

From the three rows of n quantities 
Xi X 2 ’ ■ ■ 

(a) ■ yi y* - - - y* 

L Zi Z 2 ■ ' Z71 

form three other rows of \n(n— 1) quantities 

| yi z 2 1 , | yi zj | , -I y n -i z„ | 

(b) | Zl #2 | j | Zi X3 j , | Z n — 1 #n | 

. | *1 yi | , I *1 ya I , • I *n-i y n 

and from these in turn the following: 

| Zl Xi | | Zl Xi 

| *1 y* I |*i ya 
xi y 2 1 | *1 y 3 

yizj| | yiz 3 

yi zi \ | yi z-i 

Zi Xi | | Zi *3 

For the sake of convenience let us denote the quantities in (b) by 
xi , xi , ■ ■ ■ xi 

(b) < y{ , yi , • •• yi where X = («) 2 = \n(n — 1) 

. Zi , zi , ■ ■ ■ zi 

and the quantities (c) by 


| Z„_ 2 *n | | 

Z„_l *„ | 

| *»-2 y™ | | 

Xn — 1 y« I 

| *n-2 y„ I I 

*n— i y« | 

1 y»— 2 z„ | | 

y n -l Zn I 

1 yn-2 Zn | | 

y n - 1 z„ | 

| Zn — 2 X n | | 

Zn— 1 *n | 



xi' , xi' , ■ ■ ■ xi' where n = §X(X — 1) 

(c) yi" , yi' , ■ ■ • y” = i {§»(« - 1) } {£»(« - 1) - 1 } 

■ z i' > z," = £(« + !)»(« - 1)(« - 2). 
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If we multiply the array consisting of the first two rows of (b) by 
itself we get 

Ell yi zi| | *1 **ll 2 = El yi ^2 1 2 E I zi * 2 1 2 

- ( E I yi zj 1 1 zi 1 ) 2 = { Eyi 2 E^i 2 

- ( EyizO 2 } { Ezi 2 E^i 2 - ( E^zi) 2 } 

- { Eyizi E*i *i - E>i Ezi 2 } 2 

= Ez 2 [ E*i 2 Eyi 2 E z i 2 

+2 E^izi Eyi*! E*i*i- Eyi 2 ( E*i z i) 2 

— E z i 2 ( E*iyi) 2 — E*i 2 ( E^izx) 2 1] 

= E z i 2 E I *l :V2 Z 3 | 2 


or 


Ez r 2 

= 

Ezi 2 E *i ya z 3 

similarly 


Eyr 2 

= 

Eyi 2 El ya z 3 1 

2 


E*r 2 

= 

E* 1 2 El *i ya z 3 I 

2 

(5) 

E*"y i 

= 

E*iyi E 1 ya z 3 

1 2 

E*r zr 

= 

E*iZl El *1 ya Z 3 I 

2 


EW'zi" 

= 

Eyi*i El *i ya z 3 1 

2 


From (b) we have 

E I */ y* 2 / 1 2 = E^i 2 Eyi 2 E z i 2 + 2 E*i y/ E*>' zi Eyi z/ 
— E*i 2 ( Ey/zO 2 - Eyi 2 ( E*i zi ) 2 — Ez/ 2 ( E*iyi ) 2 

Substituting on the right for 

E*i 2 = Eyi 2 Ezi 2 - ( EyizO 2 

Eyi 2 = Ezi 2 E^i 2 - ( E**0* 

etc. we get 

( 6 ) E I *1 ya 23 | 2 = { El an z 3 1 2 } 2 

This result might have been obtained from (2) §242 on putting 
therein m = 0, k = 2, 1 = 3 , and B = A. 

Instead of 3 rows of n quantities we might take m rows of n quanti- 
ties and form other sets of m rows by taking as elements the determi- 
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nants of order (w— 1 ) formed from these and so on. For these we 
would find results corresponding to those of (1) • * • (6). 

Exercise. Given an m-by-n array, show that all relations con- 
necting the determinants of the wth order formed from this array are 
deducible from quadratic relations by means of multiplications and 
divisions. 

253 . If A= |fli B |, and A nn is its primary minor complementary 
to a nn , and if S and 5 are the sums of the primary coaxial minor^ of 
A and A nn respectively then 



011 

012 

0 'ln 


011 021 

’ 071 1 

A n n S 

A S ~ 

071—1 ,2 

0 n— 1 ,n 


01 , 71—1 02 , 71 - 1 

0 » , 71 — 1 


0 n-l,l 


Thus for « = 4 we have 

A 44 | an 022 | + | #11 033 I + I 022 033 | 

A An A 22 + A 33 + Am 


011 

012 * 

014 


011 

021 

‘ 041 

031 

032 ’ ' 

034 


013 

023 ■ 

■ 043 


The truth of which is seen on observing that the right-hand member 
equals 

2 

A 44 + A 34^1 43 + A 24^4 42 + ^4 14^4 41 

and that 

A [ | 011 022 I + | 011 033 I + I 022 033 | ] 

= I A 33 A 44 | + | A 22 A 44 | + | A H A 44 | 

The truth of the general theorem follows in the same way. 

254 . The product of the arrays of the first 4 rows of the determi- 
nants A = 1 015 1 and B= \bi& | gives 


011 

0 12 

013 

014 

016 


bn 

b 12 

b 13 

bu 

bn 

021 

022 

023 

024 

026 


b 21 

b 22 

&23 

&24 

&2b 

031 

032 

033 

034 

036 


^31 

b 32 

&33 

&34 

bn 

041 

042 

043 

044 

045 


b\i 

CJ* 

to 

&43 

bu 

&4& 

= a S6 b 

66 “1“ A 54 B 

64 + A 

&3-#53 

+ A 

62-^62 

+ A 6l B { 



RECTANGULAR ARRAYS 


255 


also 

Cll + 016&16 Cl2 + 015^25 6l3 + 015&35 ^14 + 016^46 

C21 + 026^15 C 22 + 025&2B ^23 + 0 2 6&35 C 2 4 + 02B&46 

C31 + da&b 16 C32 + 03B&25 C33 + 035^35 C34 + 035^46 

C41 H~ 04B^15 C42 046^25 C43 4" 045&3B C44 H“ 04B&45 

say, where c ra = a T \b B \ + 0 r2 &*2 + 0r3&*3 + 0r4&«4 . But 

Cll C12 C13 C14 — 016 

C21 C22 C23 C24 ~ 025 

C “ C31 C32 C33 C34 — 036 

C41 C42 C43 C44 — 045 

#16 ^2B ^35 & 4 B 1 

Cll C12 C13 C 14 015 

C21 C02 C23 C24 025 

C31 C32 C33 C34 0 ;iB + A ^ hB-nb 

C41 C42 C43 C 14 046 

b\h &25 &35 b 45 0 

or 

— A + A 55^55 , say, 

Therefore 

— A = ^54^54 + A^Bw + A 52-^52 + A 61-^Bl ■ 

This may be looked upon as stating that the product of two determi- 
nants A and B each of order n bordered is equal to the sum of the products 
A k 'Bk where A k is the determinant formed by taking the elements in the 
bordering column with the kth selection of (n— 1 ) of the columns of A 
and Bk is the determinant formed by taking for one column the elements 
of the bordering row together with the kth selection of columns of B. 

Give the result when A=B. 

255. The determinant 

01 02 03 04 

b i &2 b 3 b 4 

A = Cl C2 C3 C4 

d\ d'l dz d\ m\d\ + w 2 d 2 + m^dz + wi4^4 

ex et e 3 e 4 WiCi + w 2 c 2 + m 3 e 3 + m 4 e 4 
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is obviously the equivalent of 

Oi 02 a 3 (I4 — ^jma 

bi b 2 b 3 b t - 

Ci c 2 C 3 Ci — 2 mc 

d\ d 2 d 3 d\ 

€2, e’a c 4 


Expanding A in this last form in terms of minors of order two iid 
their complementaries formed from the elements of the last two ro^rs 
we get: 


A = 


a 3 o 4 E ma 
b 3 b 4 'Emb | + 

— | di Ci | • | ft m 2 1 + | d) e-A | | ft w 3 1 + 


d\ d 2 
ei e 2 


di d* 
e\ e :] 


a 2 y^ma 
b 2 b\ 'Yjnb 
c 2 c 4 E mc 
■ • • + I dz e* 1 


ft ra 4 1 


or 


rfl 

d 2 

d 3 

d. 


Di 

D t 

Di 

D 4 

Cl 

e 2 

e 3 

c 4 


m 1 

m-i 

m 3 

»»i 


where ft is the cofactor of d T in \aj) 2 c^ |. 

In precisely a similar way it is seen that the determinant 


ai 

a 2 

a 3 




4 i 

b 2 

bs 




Cl 

c 2 

cs 

C 4 



ii 

d 2 

ds 

d\ 

'Y'jmd 

J^nd 

Cl 

e 2 

e 3 

Ci 

'Erne 

Yj ne 

h 

h 

J 3 

u 


!>/ 


= \die t fi\\Di nh n, \ + \ d 1 e 2 /« 1 1 D 1 w 2 »i | 

+ | di ^3 j\ | | ft W3 n 4 1 + | c / 2 £3 A | | ft W3 ni | 
or 


ii 

d 2 

di 



ft 

ft 

ft 

ft 

Cl 

e 2 

c 3 

C4 


mi 

w 2 

m 3 

W4 

/1 

h 

/. 

/« 



ra 2 


w 4 



Exercises. 
1 . Given 


RECTANGULAR ARRAYS 


257 


b 1 

b. 

bs 


Xi 

x 2 


Cl 

c 2 

c 3 


yi 

y 2 

y 3 


where all the letters denote integers and suppose the highest common 
factor of \biCi |, \bic$ |, \b 2 c^ | is 1 , then four integers a, /3, 7 , 8 may be 
found such that 


OL (3 


b 1 

& 2 

b 3 


a:! 

^2 

^3 

7 8 


Cl 

e 2 

^3 


yi 

^2 

y* 


2. If | aib 2 C 3 1 = 0, then 

I ci\ b 2 X 3 1 | d\ c 2 Xz | | b\ c 2 | 

| b 2 \ I di c 2 I I bi c 2 1 

3. The product 


Oil 

Pi 

7i 

fix 

Ot 2 

02 

72 

5 2 

OL n 

0, 

7 n 

s» 


COS 0 

COS (j + 1)0 ■ 


cos (s + n - 

1)0 

SCQSStj) 

(j + 1) cos ( s + 1)0 ■ 

• ( s + n — 

1) cos (5 + n — 

1)0 

sin s</> 

sin (s + 1)0 


sin (s + n — 

1)0 

s sin 

(5 + 1) sin (s + 1)0 ■ 

■ (s + n — 

1) sin (5 + n — 

1)0 


is obviously zero for n> 4. Show that when n = 4 the product is in- 
dependent of s. 
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Elimination 
Linear Dependence 

256. The m sets of n constants each, 

flilj fli2> j Q'in {i = 1 > 2 , ■ * ■ , ^w) 

are said to be linearly dependent if there exists m constants 
bi, 62 , ■ ■ * , b m not all zero such that \ 

bidij + b^a^i + ■ + b m a m j = 0 (j = 1,2, , ft) \ 

If there exists no such set of constants as to make the sum zero 
then the sets are said to be linearly independent . 

The a’s may be any constants, or they may represent polynomials. 

As consequences of this definition we have 

(1) If m sets of constants are linearly dependent it is always 
possible to express some one set as a linear function of the rest. 

This follows because the b’s are not all zero. 

(2) If a smaller number than m of the sets are linearly dependent 
then the whole m sets are linearly dependent. 

For if k(k<m) sets are linearly dependent we may take zeros for 
the remaining constant multipliers. 

(3) If any one of the m sets consists of zeros then the m sets are 
linearly dependent. 

For we may multiply this set by a(a^0) and the others by zeros. 

257. Consider the matrix 

Gil ^12 ’ 1 ■ Gin 
fl-21 fla 2 * * fl2rt 


fl/rtl flni2 ' ‘ flmn 

of rank and suppose 

(a) m^n. 

If the m sets of constants are linearly dependent we can express 
one of the rows as a linear function of the others and the elements of 
this row may be reduced to zeros. From this it follows that all the 
determinants of order m formed from this matrix are zero. 
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Suppose now the determinants of order m of this matrix are all 
zero, and we may without loss of generality suppose that the minor 
of order p which does not vanish is the one in the upper left-hand 
corner or \ai p \. Let zAi p+i be the cofactor of a t in |ai p+1 |. Then 

aij<LAi iV +i + , P 4 1 + ■ ■ ■ + — 0 

(j = P +1, P + 2, - n) 

as it is the expansion of a determinant of order p+1 which is there- 
fore zero. The relation is also true for j— 1, 2, • ■ • , p for then it is 
the expansion of a determinant with identical columns. From this 
we see that the first ^>+1 rows are linearly dependent and hence 
by §256 all are. 

( b ) m>n = n+h say, 

In this case we add h zeros to each row and the matrix has but one 
determinant, which is zero because it has at least one column of zeros 
and by (a) the m sets of n constants are linearly dependent. 

As consequences of the foregoing we have 

I. The necessary and sufficient condition for the linear dependence 
of the m sets of n constants in the matrix 


flu 

012 1 

0 In 

#21 

0 22 * 

* 02n 

dm 1 

dm2 ' 

dmn 


is that it be evanescent. 

II. Whenever m>n , the m sets of n constants are always linealy 
dependent. 

258. If the sets of n constants are the coefficients in m polynomials 
in n independent variables then it is apparent that the necessary and 
sufficient condition that the polynomials are linearly dependent is 
that the m sets of coefficients are linearly dependent. 

Linear Equations 
I. Non Homogeneous 

259. Let us consider the m equations in n variables 

(0 0>i\OC\ “j“ <7 1 2 #2 “h ' ’ + Qin%n f j 2 ftl) 
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and let the matrix 


#11 #12 ' #ln 

#21 #22 ' ‘ ' # 2 n 


Clm 1 d m 2 ' ' ‘ dmn 

which is called the matrix of the set or system, be denoted by 0<4}, and 
let the matrix 


#11 

#12 * 

■ ‘ #ln 

y i 

#21 

#22 * 

#2n 

^2 

d m 1 

#m2 

dmn 



which is called the augmented matrix, be denoted by ( B ). Let the rank 
of (. A ) be p and without loss of generality we may suppose that 

|#i P [ ?* 0 . 

It is obvious that the rank of ( B ) must be either equqj to or greater 
than that of (^4). 

First suppose it greater and equal to q(q>p). Then the matrix 
( B ) has at least one minor of order q that does not vanish and which 
contains the column of y’s for if not it would be a minor of {A). 
Suppose this minor is contained in the first q rows of (B), and suppose 
the left-hand sides of equations (1) be represented by e lf e 2y ■ ■ • , e m . 
Then the ?th equation could be written 

(2) e t = y % or e L — = 0. 

Since the rank of (^4) is less than q it follows that e h e 2} • e q are 
linearly dependent and therefore 

b\6i + b 2 e 2 + b q e q = 0, 

where the 6’s are constants and not all zero. 

From (2) we see that 

biei + b 2 e 2 + ■ ■ ■ + b q e q = biy Y + ^ 2 y 2 + ■ ■ - + b ( y q 


or 

(3) b\(e\ *— y x ) + b 2 (e 2 — - y 2 ) + ■ ■ ■ + b q (e q — y q ) = 0, 

but if the rank of (. B ) is q this cannot be zero. The equations are then 
inconsistent, for if they were consistent there would be some values 
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of xi, x 2) ■ - - , x n which would make e t — y x vanish for all values of i 
and therefore they would satisfy (3), but we have seen that this can- 
not be zero if the rank of ( B ) is greater than p . 

Second suppose ( B ) has the same rank as (A) that is both have 
the rank p. Let us now consider the first p equations of (1) together 
with the rth and since the rank is p we have 

b\{e\ — y x ) + b 2 (e 2 — y*) + ■ • + b p (c p — y p ) + b T (e r — y r ) = 0, 

where the b’s are constants, not all zero. But e\ — yj, e 2 — y 2 , ■ ■ ■ ,e p — y p 
are linearly independent and therefore b r cannot be zero. It follows 
that whatever satisfies the first p equations will satisfy the rth. That 
is, the rth is a consequence of the first p . 

We have then the theorem. If the matrices (A) and ( B ) have the 
same rank p then a solution of the p equations whose matrix contains 
the non-vanishing minor of order p will be a solution of all of them . 

260. Next let us start with the consistency of the equations (1) 
§259 and let A, denote the determinant 

c/'ii * * 0\ p yi 

#21 ■ * 02 p 3'2 


a p i ‘ a pp y p 

a, i ■ • • a ri y y r 

For r 'If p it is obvious that A r is zero. 

Let us write equations (1) §259 in the form 

( 4 ) flu-Ti -f- ■ + a ip Xp = y t — — QmXn 

= y! I say. 

If now we replace vi, >'2, ■ ■ ■ , y VJ y? in A r by y { , yi , • • ■ , yi , yl it will 
lemain unchanged in value. For since the elements in the last column 
of the resulting determinant, A/ say, are the sum of n — p+ 1 terms 
we can break it up into A r and n — p other determinants which after 
taking out the constant factor x are minors of (.4) of order />+ 1 and 
are therefore zero. That is A,' — A,. 

If we multiply the first p and the rth of equations (4) by the co- 
factors of the elements in the last column of A r , that is, by c A\ p +i, 
^2 P + 1 , ■ ■ , zA p p+l , A and then add the results we get on the left 

zero, and on the right A r -|-(w — p) terms each of which contains as a 
factor a minor of (A) of order p+1 and is therefore zero. Therefore 
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A r = 0 for r=l, 2, • • ■ , m, and therefore by §234 every minor of 
(5) of order ^+1 is zero and the rank of ( B ) is the same as that of 

W). 

It follows therefore that: The necessary and sufficient condition that 
a set of m linear equations in n variables be consistent is that the matrix 
of the set is of the same rank as the augmented matrix . 

261. Concerning the matrix (B) we should observe that the same 
linear homogeneous relation connects the elements of every one of 
its columns. For since the rank is p such a relation connects the 
elements of the columns in />+l of the rows and therefore by ^§256 
such a relation connects all of them. I 

That is ' 

a r i = aian + <22021 “I" ■ + at p at p 1, 

a T 2 = c*i0i2 + £*2022 — ' + <x p a p 2, 

Q rp OLi(I\ p "h £*202p T" ‘ ~b OL p a ppj 

yl — £*1 yl + c^yl + ■ • • + oc p y p , 

and these are true whatever x p+X) Xp+2, ■ • , x n may 6e, so on sub- 

stituting for y[ we get 

y r = «iyi + ot 2 y2 + - ■ ■ + oc p y P 

0r,H*l = a 101.p-H + £*202 , jj-f 1 + ' ’ * + Oi p a PiP+ l 


0rn — £*101n + £*202n + ' ' + OL p a pn . 

From which we see that if we multiply the first p equations of (1) 
§259 by ai, a 2 , ■ • , oL p respectively, and add, what we get will 

be exactly the rth equation. That is the rth equation is a consequence 
of the first p equations. Giving r any of the values p+ 1, p+ 2, ■ • ■ n 
we see that 

U A r = 0 for all values of r , the system of m equations reduces to the 
first p 9 or the last m—p equations are then only in a linear relation to 
the first p . < 

In the special case where m = n and p = n~\ so that \am\=A=O f 
it follows that iiAk, which is the result of substituting for the elements 
in the Ath column of A the elements yl , yl , * ‘ > Jn ? is zero for one 

value of k it is zero for all values provided the minors of order n— 1 
are not zero. 
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For suppose Ai = Q , then multiplying the equations by <A Ui 
<Azi, ■ ■ , <A n i respectively and adding we have 

ylzAn + yizA zi + - ■ ■ + ynzA n \ = 0 

and similarly y{ <A lk + yi<Azk+ ■ ■ ■ +yn*A*k = A k (k = 2 , 3, - • ■ , n) 
The vanishing of A gives us 

(v/n cv/ 2 1 A n \ 

zAu zA<2a <A na 

provided <A tb t*Q. From this we see that with the above proviso 
Ak = Q for all values of k. 

262. If we have n linear equations determining n unknowns and p*=n 
then any given linear function of the same unknowns is readily expressible 
in terms of the coefficients. 

Let the equations be 

a%\X\ ~ I - a x 2 X 2 I ■ H - a L \X n y t (^ 1 } 2 } * } n) f 

where |ai n | =A 5*0, and let the given function be 

C\X 1 + C2X2 + * ■ + CnXn = V. 

These n+ 1 equations require (if the x’s are to have values other than 
zero) that 


0 n 

012 ’ 

01 n 

y 1 

0nl 

0n2 - 

0nn 

y» 

Cl 

Cz ■ 

■ C n 

V 


or 


011 • • 0 in y 1 


A ' v = 


C\ ’ Cn 0 


which gives v in terms of the coefficients. 

263. If we multiply the first p equations of (1) §259 by the cofactors 
of the elements in the £th column of A respectively and add we get 

x k A — A k - 



Since A 5*^0 we have 

U) 
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Two cases arise 

(a) p~n. 

This is the case of n non-homogeneous equations in n variables, 
the determinant of whose coefficients is not zero. The right-hand side 
of (1) is constant and xu has but one value for each value of k. The 
set has one and but one solution. It was treated in §80. The case 
where m = n + 1 and p = n was treated in §81. 

(b) p<n. I 

In this case the right-hand side of (1) is a linear function in 
Xp+i, x v + 2 j , Xn and if we assign values to these, then Xi, x 2 , - \ ■ ,x p 
have finite and definite values. The set has in this case an (n — />)\-fold 
infinity of solutions according to the values given to x p+ i , x p+2j ■ * -\, x n . 

It may readily be seen that every solution is involved in (1). \ 

To summarize we have the following 

Hypothesis Conclusions 

I Rank of (A) less than rank of (B) Equations inconsistent 

IT Rank of (.4) the same as rank of {B) Equations consistent 

(a) p<n 

(n — p)-io\d infinity 
of solutions. 

(b) p = n 

one and only one 
solution. 

Ill Equations consistent Rank of ( B ) same as 

rank of ( A ). 

II. Homogeneous 

264. If in equations (1) §259 the y’s are all zero we have m linear 
homogeneous equations in n variables: 

(7) a ll xi + 0 i 2 -t 2 + ■ • + a in x n = 0 (i = 1 ,2, • • ■ , m) . 

The two matrices differ by a column of zeros and therefore they have 
the same rank. 

It follows therefore that every set of m linear homogeneous equa- 
tions has one or more solutions. 

First: Suppose the rank of (A) is p<n. 

Then we may assign arbitrary values to n — p of the variables (those 
whose coefficients do not contain the non-vanishing minor of order p) 
and the other p will be definitely determined. There will then be a 
(n — p )- fold infinity of solutions depending upon the values assigned 
to the n — p variables. 
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The case where p — n — 1 and m = n— 1 deserves special attention 
as being the case of n — 1 linear homogeneous equations in n variables 
whose matrix is of rank n— 1. Suppose |a 1>n _i | =A ^0 then giving x n 
a definite value we have the case of n — 1 linear non-homogeneous 
equations in n— 1 variables which has a definite solution for every 
value assigned to x n . 

Proceeding as before we have 


Ai 



where Ai is now the result of replacing the &th column of A by the 
negatives of ai n x n) a 2n x n: ■ • • , a nn x n . We may write therefore 

c A k 

x k = (- I)-* , 

A 

where c is the arbitrary value assigned to x n , and A k is the result of 
deleting the kth column of (^4). The values of x k are then proportional 
to A k (k= 1, 2, ■ ■ ■ , n). 

Second : Suppose p = n. 

In this case there will be but one set of values for x lf x 2 , • * ■ , x nj 
namely, zeros which will satisfy the equations. As a consequence we 
have: 

The necessary and sufficient condition that a set of m linear homo- 
geneous equations in n variables have a solution other than zeros for 
Xi, x 2} • - ■ , x n is that the rank of the matrix of the set is less than n. 

If m is greater than n 1 then since p<m there is always a solution 
other than zeros. 

If m is equal to n then A must be zero if there be a solution other 
than all zeros. 

If one of the x’s has a value different from zero then it is apparent 
that at least one other must have a non-zero value. 

265. The condition that the two equations 

a\x + a 2 y = 0 

bix + b 2 y = 0 

should be consistent is that \aib* | =0. If now we take the square of 
each and the product of the two and eliminate x 2 , xy } y 2 we would get 

ai 2 2 <ija 2 a 2 2 

a\b\ a\b 2 + d 2 b\ a^bi 
b\ 2 2bib 2 bi 2 

This resultant must then be equal to \aib 2 1 3 . 
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Exercises. Set XV 

1. Show that 

dibi d\b 2 + d 2 bi d 2 b 2 

a\C\ a\Cz + dzCi d 2 c 2 = | d\ bz | ■ | ^1 ^2 1 * | b\ Cz | . 
b\C\ b\Cz + bzC\ bzCz 

2. What determinant of order four is equal to \d\bz | 6 ? 

3. Find the values of X \ , x 2 , ■ * , x n from the equations 

(<*1 — #1) + a 2 x 2 + (X 3 X 3 + ■ ■ ■ + oL n x n = 0 

OL\X^ + (a 2 — Xz) + OL3X3 + ‘ ‘ ' + OL n X n = 0 


aiXi + ol 2 x 2 + 01.3X3 + • • ■ + (of n — x n ) = 0. 

Noting the symmetry of each for a r and x r (r= 1, 2, - • , n) find 

the values of the a’s in terms of the x’s. 

4. Solve for x lf x 2) • ■ , x n in determinant form the set of equa- 

tions 

— ^ \ — + ■ • + — — = 1 

b 1 — Pi bi — p 2 b 1 — P n 

— - h - X2 + ■ • ■ H — — = 1 

b 2 — pl b 2 — p 2 b 2 — Pn 


Xi X 2 Xn 

7 h 7 h • ■ ■ H = 1 

b n — Pl b n ~ Pz b n — P n 

and show that 

= (fir - 6l)(|S r - bz) ■ • (Pr - bn) 

(fir ~ fil) • * * (fir ~ fir-l)(fir “ fir + 1) * ' ' (fir ~ ft.) 

(r = 1,2, ■ • ■ , n). 

5. Show that the condition that z and w are zero in the four equa- 
tions 

dkX + b k y + c k z + d k w = e k (k = 1,2, 3, 4) 
is 

#1 02 03 04 

63 64 =0. 

^2 £3 ^4 
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6. Show that the eliminant of 

(aix + a 2 yY = 0 

( aix + a 2 y) 2 (b!X + b 2 y ) = 0 
( aix + a 2 y)(b x x + b 2 y ) 2 = 0 

(b Y x + b 2 yY = 0 

is \<hbi | 6 . 

7. Show that if 

a -f- bx cx 2 = 0 

a + fix + 7X 2 + 5a 3 = 0 

have a common root it is given by 

a + bx c 

a + px 7 5 =0. 

ax b c 

8. Show that if 

a + bx + cx 2 + dx 3 = 0 
o: + fix 7a: 2 + 5a: 3 + ex 4 — 0 

have two common roots they are given by 


a + bx + cx 2 d 

6 + C# + </o: 2 OL 

a + fix + 7# 2 5 € = 0, or 

a + 5a: “h cx 2 ■ d = 0, 

ax + bx 2 c d 

P + yx + 5x 2 a € 

c “h dx a b 


1 b + cx + dx 2 a = 0. 


7 + dx + at P 


With the help of determinants solve the following sets of equations: 

^ 4x + 7y 3z — 2w = 9 

10. 3a: + 2y + 4z — = 13 

2x — y — 4z + 3w = 13 

5a: + y — z + 2w = 9 

3x + 2y — 7z - = 2 

2x + 3y — 7z + 3w = 14 

5# — 3y + z + = 13 

4a — 4y + 3z — 5w = 4 
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11* v + w — y = a 
w + x — z = b 
x + y — v = c 
y + z — w = d 
z + v — x = e 


12. v + w + x — y = a 
w+x+y — z = b 
x y z — v = c 
y + z + v— w = d 

z + v w — x = e 

i 


13. w+x+y + z= 1 

aw + bx + cy + dz = e 
a z w + b 2 x + c 2 y + d 2 z = e 2 
a*w + b :i x + c z y + d :K z = e 3 


w+x+y\\-z = 
w + ax + by +1 cz = ( 
w + a 2 x + b 2 y + W = ( 
w + a*x + b*y + = ( 


15 . v = 2w — 2x y 3z = a 

w — 2x — 2y + z + Sv = b 

x — 2y — 2z + v + 3w = c 

y — 2z — 2v + w + 3x = d 

z — 2v — 2w + x + 3y = e. 

16. What relation must exist between a } b } c, d if the equations 

ax + by + cz + d = 0 

bx + ay + dz + c = 0 

ax + cy + bz + d = 0 

cx + ay + dz + b = 0 

be simultaneously true? 

17. If the equations 

aix 3 + b\x 2 + C\x + di = 0 
aiX A + b ix 2 + c i x 2 + d\x = 0 

/? 2 x: 2 + c 2 x + d 2 = 0 
+ c 2 x 2 + rf 2 x = 0 
b 2 x* + c 2 x 3 + d 2 x 2 = 0 

be simultaneously true (which evidently will be the case if the first 
and third be simultaneously true, that is, have a common root), 
find the relation which must exist between ai, b lf Ci, d h b 2y c 2 , d 2 . 
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Similarly find the resultant in the case of each of the following 
.pairs of equations: 


18. 

0 ix 2 + b\x + ci = 0 


a 2 x 2 + b 2 x + c 2 = 0 

19. 

d\x 4 + bix 3 + Gjx 2 + d\x + Ci = 0 


c 2 x 2 + d 2 x + e 2 = 0 

20. 

0j x 3 + b\x 2 + C]X + di = 0 


a 2 x 3 + h 2 x 2 + c 2 x +■ d 2 = 0 

21. 

a\x 4 + b\x 3 + cix 2 + d}X + Ci = 0 


b 2 x 3 + c 2 x 2 + d 2 x + e 2 = 0 

22. 

a\x 4 + CiX 2 + dxx + Ci = 0 


a 2 x 4 + b 2 x z + d 2 x + e 2 = 0 

23. 

diX fi + biX 2 + Cj = 0 


djx 4 + C\X 2 + A = 0. 


Equations of Higher Degree 
266. If we are given the two equations 

+ 02 ff 2 + d 3 x + a a — 0 

( 1 ) 

bix 4 + b 2 x z + b 3 x 2 + b x + b b = 0 

we may by multiplying the first successively by x, x 2 x 3 and the 
second successively by x, x 2 , obtain the seven equations 

aix 3 + a ox 2 + a :i x + 04 = 0 
diX 4 + d 2 x 3 + a 3 x 2 + a 4 x + 0 = 0 
a\x h + a 2 x 4 + a 3 x z + 04X 2 + 0 + 0 = 0 
( 2 ) aix 6 + a 2 x b + d 3 x 4 + d 4 x 3 + 0 + 0 + 0=0. 

bix 4 + b 2 x 3 + b 3 x 2 + b\x + b b = 0 
b\x b + b 2 x 4 + b 3 x 3 + b\x 2 + b 5 x + 0 = 0 
bix 6 + b 2 x 5 + b 3 x 4 + b*x* + b h x 2 +0 + 0 = 0 

These seven equations are non-homogeneous in the six quantities 
+ x 5 , x 4 , x? } x 2 , x considered as independent unknowns and therefore 
die eliminant is 
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a i a 2 

03 

04 



0i 

02 

03 

04 



01 

02 

03 

04 

A = | • • 


01 

02 

03 04 

i i 2 

i a 

b 4 

is 


b 1 

h 

b 3 

b 4 

i 6 • 


b i 

b 2 

b. 

b 4 be. 


This method oi eliminating is known as Sylvester's Dialytic method 
and the determinants of this type are called bigradients . \ 

If A = 0, then the two equations (1) have a common solution. 

In general if we have two equations of the wth and wth degrees 
respectively 


a } x n + a 2 x n ~ 1 + + a n+1 = 0 

b\X m 4 b 2 x m ~ l 4 4 bm+\ = 0 


We can in a precisely similar way get their eliminant as a determinant 
of the {n+m) order. Thus 


01 02 ‘ 0«+l 

01 ' 0n 0 n-f 1 


A = 


b\ b 2 ■ 


b i * 


^m+1 ‘ ' ' ' 

bm * ' ‘ 


where there are m lines of a ' s and n lines of b's. 

267. If we take the three equations 

0i# 3 “1“ a 2 x 2 -|- a 3 x + a 4 == 0 
aix 4 4 d 2 x 3 4 a 3 x 2 4 a 4 x 4-0 = 0 
bix 4 4 b 2 x 3 4 b 3 x 2 4 b 4 x 4 bt, = 0 
and multiply them by 


a i 

02 


aj 


01 

i i 

i 2 


ii i 2 

| > 

01 02 
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respectively and add, there results 



01 

a 2 

* 

a x 

da 


ax 04 

a i 

a 2 

a 3 x 2 + 

0i 

a 2 

0 4 x + 

a i 

a 2 

b i 

b* 

b 3 

b x 

b 2 

b 4 

b i 

b 2 b & 


which is called the u prime derivative 99 of the second order. 

We might have arrived at the same result by considering the three 
equations as non-homogeneous linear in x 4 and x 3 considered as in- 
dependent unknowns and writing their resultant 

a i 0 2 x 2 + a-sx + a\ 

a\ a 2 a-iX 2 + 0 4 x + 0 =0 

b i b 2 b 3 x 2 + b\X + b B 

which is the same as the quadratic relation given. 

If we take the five equations 

0iX 3 + a 2 x 2 + a$x + a A =0 
aix 4 + 0 2 x 3 + a 3 x 2 + 0 4 x = 0 

0iX 5 + a 2 x 4 + 0 3 x 3 + a 4 x 2 = 0 

bx % 4 + b 2 x* + & 3 x 2 + biX + & 5 =0 

bix b + b 2 x 4 + bax 3 + b A x 2 + b$x = 0 

and consider them as 5 linear non-homogeneous equations in x 6 , 
x 4 , x 3 , x 2 considered as independent unknowns, the resultant is 






01 

02 

0 3 X + 04 





di 

02 

03 

0 4 X + 0 




dl 

d 2 

03 

0' 4 

0 + 0 





b i 

b 2 

*3 

b^x + 65 




b x 

b* 

ba 


b 5 x + 0 


and this is 


di 

02 

da 


01 

Cl 

to 

Cl 

it* 


di 

0 2 

da 

04 


01 02 

03 

d\ 

a 2 

da 

04 

• 1 

X + 

01 0 2 03 

04 


b i 

b 2 

b 3 



b 1 &2 

ba b± 

bi 

b 2 

ba 

b 4 

b b 


&3 

b 4 


, which is the u prime derivative ” of the first order . 
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In general if we wish to form the prime derivative of order r for 
equations (3) §266 we would take the m — r equations formed by 
myltiplying the first successively by x°> x 1 , x 2 , ■ ■ • , x m_r_1 with the 
n — r equations formed by multiplying the second successively by 
x ° , x 1 , x 2 , ■ ■ • , x n ~ r ~ ] and eliminating x r +\ x r+2 > ■ ■ • , x n+m ~ r ~ l con- 
sidered as independent quantities. 

268. If any two equations j 

f(x , y) = o, 

<t>(x,y) = 0 

have a common solution that solution must satisfy the equation 
f(x, y)— X</>(x, y) = 0 whatever the value of X may be. That is the 
equation 

f(x,y)<t>(x' ,y') - f(x' ,y')<t>(x,y) = 0 

will be satisfied by the common solution whatever the values of x' 
and y f . 

After dividing by xy' — x'y, which is obviously a factor, we may 
equate to zero the coefficients of the various powers of x f and y' and 
from these equations eliminate the powers of x and y considered as 
independent variables. The result is Bczout’s form of the eliminant. 
Thus the eliminant of the two equations 

0i^ 4 + a 2 x 3 + a^x 2 + a 4 x + a b = 0 
+ b 2 x s + b^x 2 + b 4 x + b b = 0 
is 


\ ai b 2 1 

| #i b 3 1 

| 01 b 4 1 

| 01 b 

| 01 ^3 | 

| 01 b 4 | +| 02 I 

| 01 &6 1 + I 02 b 4 | 

| 02 b 

| 0i b 4 1 

| 01 ^5 | +| 02 b 4 | 

| 02 ^5 1 + I 03 b \ | 

1 03 b \ 

| 0i b b | 

1 02 b 5 | 

I 03 b b I 

1 04 b \ 


It appears that every term in this eliminant must contain a : or h 
since every term must contain an element from the last row and also 
one from the last column. 

It appears also that the terms which contain a b or b b only in the first 
degree are | multiplied by the eliminant of the equations 

formed by putting a 6 and b b equal to zero, which is what the comple- 
mentary minor of \a 4 b b | in the determinant reduces to when a b = h = 0- 
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Exercise. Show that the eliminant of the equations 

ay y — l\x a 2 y — hx a 3 y — l 3 x a 4 y — l 4 x 

biy — myx b 2 y — m 2 x b 3 y — m 3 x b 4 y — m 4 x 

ciy — nix c 2 y — n 2 x c 3 y — n 3 x c 4 y — n 4 x 


= 0 


lS 

| cl\ b 2 c 3 l 4 | | ay b 2 n 3 1 4 1 + | a 4 m 2 c 3 l 4 \ | ay m 2 n 3 1 4 \ 

\ayb 2 c 3 m 4 \ | a\b 2 n 3 m 4 | + | ly b 2 c 3 m 4 1 \l\b 2 n 3 m 4 \ 

| a 4 b 2 c 3 n 4 | | ay m 2 c 3 n 4 1 + | ly b 2 c 3 n 4 | ] ly m 2 c 3 n 4 | 

269. If we write Sylvester’s eliminant of the equations 
a Q x* + ayx 3 + a 2 x 2 + a 3 x + a 4 = 0 
fox* + byx 3 + b 2 x 2 + b 3 x + b 4 = 0 

in the form 


ao 

a 1 

a 2 

a 3 

a 4 




ao 

ay 

02 

^3 

a 4 




ao 

a 1 

a 2 

a 3 





(lo 

ay 

a 2 

fla {i 4 




b 0 

b 1 

b 2 

5 a 64 



bo 

b 1 

b* 

b 3 

64 


b 0 

b 1 

b* 

b 3 

64 


bo 

b 1 

b* 

b 3 

b 4 




and denote the minor formed by the elements in the 2nd, 3rd, 7th 
rows and the 3rd, 5th, 7th columns by 1 35? | so that 


2 3 7 


3 5 7 



ay 

ao 

bx 


a 3 
a 2 
b 3 


a 4 


Then the adjugate of Bezout’s form of the eliminant of these same 
two equations is 



ti 2 

W 3 

w 4 

w 2 

«3 

W 4 

w 5 


W* 

W 5 

W 6 

W 4 

«6 

We 

w 7 
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where 


Ui = 


234567 234567 

U 2 = 

345678 245678 


the row-numbers of u r being 234567 and the column-numbers being 
obtained by deleting the integer r+1 from 2345678. The u’s are 
minors of S. 

To prove that any one of the u’s is equal to the complementary 
of the element in the corresponding position in Bezout’s |orm B } 
we multiply the determinant \ 

1 • -bo \ 

1 — b Q — bi v 

\ 

1 — bo — b i — b z 

fl 0 a \ a 2 
ao Gj 

Go 


column-wise by the 6-by-7 array 

234567 

2345678 

and obtain 




‘ 3 0 

234567 






2345678 




Go G\ G 2 

Go 


G\ 




Go G\ 

G 2 


Go 

a 4 



■ Go 

Gl 


g 2 

a 3 


G\ 


| Go bi | 

1 

Go b 2 | 

| Go b 3 

1 

| Go b\ 


1 Go b 2 \ 

| Go 63 

I + M 2 I 1 

Go & 4 | + 

| ai bi | 

1 G\ 64 


| do b 3 ! 

| Go b\ 

l + M*l 1 

Gi b\ | | 

| 02 bi | 

| g 2 b h 



The seven determinants of this array are readily seen to be equiva- 
lents of the seven u’s. 

This may also be proved as follows 


2 2 3 4 5 6 7 2 

234567 

5 6 7 2 3 4 

345678 

345678 

6 7834 5 


234567 567234 

345678 678345 
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where the bar above a row-number indicates that the signs of the 
elements in the row are to be changed. The result of multiplying 
this last product column-wise gives 

| a 0 ba\ + | a x b 2 \ | 0o b 4 | + | 0i b* | | a x b A | 2 

— | a 0 64 1 + | ai 1 | ai 64 1 + | 02 b s | | o 2 6* 1 

| ai 64 1 | <i 2 b \ 1 | 03 hi | I 

This suggests that Bezout’s eliminant is variously expressible as 
the product of n columns of Sylvester’s by a transformation of other 
n columns. Thus when n is 3 we have the following equivalents of 
Bezout’s eliminant. 


123456 


4 5 6 I 2 3 


1 2 3 4 5 6 


j 4 5 6 1 2 3 

1 2 3 


4 5 6 

J 

4 5 6 


1 1 2 3 


1 2 3 4 5 6 


6 45 1 3 2 



2 3 4 


1 5 6 

> 

123456 


6 4 5 2 3 1 


123456 


564312 

1 5 6 


2 34 

? 

3 45 


1 2 6 


123456 


564312 

1 2 6 


3 45 


270. In a similar way we can find the primary minors of B. Thus 


01 02 03 


62 b 3 Zu 

00 01 02 


b 3 b 4 

00 01 


64 ■ • 

— b 0 — b\ 


04 

— b Q — b 1 — bo 


03 04 

n 

-C> 

1 

N 

-CJ 

1 

1 


0 2 03 04 


| flo b& | + | fli b 2 1 

I 00 b\ | + | 01 £3 I 

| 01 bi | 


I 00 £4 I + I 01 is I I 01 ^4 | 

I 01 £4 | 4" | 02 ^3 I | 02 ^4 I 

| 02 bi \ | 03 64 1 
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which is Mi or 

234567 
3 45 


5 6 7 2 3 4 

= Mi. 

6 7 8 


The theorem resulting from this suggestion is as follows: 
The adjugate of BezouVs eliminant of 

aox 4 + aix s + a 2 x 2 + a 3 x + a* = 0 
box 4 + b\X 3 + b 2 x 2 + bzx + 64 = 0 


Vi 

v 2 

V'i 

V 4 

V 2 

V 3 

V\ 

v& 

V 3 

V 4 

V 5 

V 6 

V 4 

V 5 

V 6 

V 7 


where 


234567 


567234 

3 45 


6 7 8 

2 3 4 5 6 71 


567234 

2 45 


6 7 8 


271. If in §268 </>(x) is the derivative of f(x) then the resultant is 
the discriminant , the vanishing of which is the condition for equal 
roots \nf{x) = 0 . In general the discriminant of a quantic in k variables 
is the eliminant of the k differentials with respect to each of the 
variables. 

From the definition of a discriminant it is readily seen that the 
discriminant of 

aix + a 2 y + a A z + a 4 w bix + b 2 y + b 3 z + b 4 w 
C\X + c 2 y + c 3 z + c 4 w d\% + d 2 y + d 3 z + d 4 w 

is the product of 


ai 

by 

Cl 

dy 


dy 

— Ci 

- by 

01 

a 2 

b 2 

Cl 

d 2 


d 2 

— Co 

— b 2 

a 2 

0a 

b 3 

Cs 

d 3 


d 3 

~ C 3 

- b 3 

0a 

04 

b 4 

c 4 

d. 


d 4 

- c A 

- b< 

a 4 


or \o,\b 2 c%di | 2 . 
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272. Let 


/(*) = a ix n + a 2 x n ~ l + • ■ • + a n x + a n M , 
= ai(x — ai){x — at) ■ ■ (x — a „ ) , 

then 

/'(*) = Mi*" -1 + (» — l)a2X n ' 2 + 

The resultant of f{x) = 0 and f'{x) = 0 is 

(l\ d 2 d n Gn \- 1 

a I ■ 1 • • • 


R = 


na i ( n — l)a 2 ■ a n 

ud\ 2a n -i a n 


of order 2n— 1. It is evident that R = d l R' J where R ' is a determinant 
of order In— 2. 

We know that 

/'(« l) = ai(«] — Ck! 2 )(ai OC3) (ai — Qfn) 

/'(<*2) = (a 2 — o:i)ai(o;2 ~ «:j) ' ‘ * («2 — <*„) 


/'(«u) = (a* — «i)(o: n — ot 2 ) («n — «a) • * Oi 

and therefore 

/'(ai) /'(<* 2 ) - • /'(an) = (-l)^"- 1)/2 <f(a!,a 2 , • ■ ■ a n ) 

where f(ai, a 2 , ■ ■ , ctn) is the product of the squared differences of 

all the roots. 

Jt is also known that 

R = ai n - l f'(a 1) /'(a 2 ) ■ ■ f'(ot n ) 

or R f * ai-*/(a,) /'(<*,) ■ ■ /'(«*) 

and therefore 

^ = /?' *= (- i)»<»-i)/*0 1 «»-i>£(a 1 ,a 2 , •■•,«») 

aj 
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which shows that if R = 0, there must be two roots equal, provided 

ai ?73. Suppose now we have three equations each of the nth degree. 

f(x,y,z) = 0 
<l>(x,y,z) = 0. 

t(x,y,z) = 0 | 

Theoretically, at least, it is possible to express the eliminUt of 

these as a determinant. \ * 

Multiply each by the \n(n- 1) quantities (*•*, *• *y, \ ) 

occuring in a polynomial of degree (n- 2) in three variables. \ 
This gives us equations of the (2n-2) degree and each 

having §2n(2n — 1) or n(2n-l) terms. To solve dialytically we 
require, therefore, »(2»-l) -■§»(»-!) -§»(»+ D additional equa- 
tions in these same powers of the variables. These are formed as 
follows: we write each of the three given equations in the form 


Px“ + (V + Rzy 

such that a+P+y = n+2 and form the determinant \PQ'R" | which 
is of the (2 »— 2) degree, and since the number of integral solutions of 
a+p-r' Y = n+2 is \n{n+ 1) we have the exact number of additional 

equations desired. 

When the equations are not of the same degree this method will 
not give the eliminant free from extraneous factors. 

If our three functions are quadratic, that is if 

x y z 

Ml = ai x 2 + biy 2 + c iz 2 + 2/izy + 2gizx + 2h Y xy = 


a i h\ gi * 

hi hi fi y 
Ki h c i z 


x y z _ x y z 

U 2 = w 3 = - 

a 2 h 2 gi % az hz gz % 

hi hi fi y hz bz fz y 

gi fi Ci z g 3 fz Cz z 


We may find the eliminant of these as follows: 

Form \b 2 Cz \ u\— \b\Cz |« 2 + \b1C2 \ uz or \uib 2 Cz | which is 
(a) | fli h d | x 2 + 2 | f x bi c 3 \ yz + 2 | gi d j zx + 2 | hi b t d | xy 
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and |/ 2 <7j \u x — |/iCa |w 2 + (/ 1 C 2 |m 3 or |mi/ s c 3 | which is 
(6) | a, c 3 1 x 2 + | bi f 2 c 3 1 y 2 + 2 \ g x f 2 c 3 1 zx + 2 | hi f 2 C 3 1 xy. 
From (a) and (b) we get 


(a ) ■ y + (b) ■ 2 z 


= 0 ■ z 2 + 2 | Ai 62 c 3 1 y 2 + 4 ] gi / 2 c 3 1 2 2 


, . + | 2 | gi b 2 c 3 1 + 4 | hy f 2 c 3 1 } zy 

( c ) 

+ 2 I Ox / 2 c 3 1 zx + I ai b 2 Ca I xy . 
Similarly using « 2 , u 3 , Wi as we just have « lf m 2 , M 3 we get 

(d) 4 1 hi g 2 o 3 1 a; 2 + 0 - y 2 + 2 | /1 ^2 ^3 | Z 2 + | ^2 C 3 | ^2 

+ { 2 | /?i c 2 a 3 1 + 4 | /1 g 2 a 3 1 } zx + 2 | bi g 2 a,i | xy 


and again using « 3 , «i, w 2 we get 

(e) 2\ gi a 2 b 3 \ x 2 + 4: \ fi h 2 b 3 \ y 2 + 0-z 2 + 2 \ ci h 2 b 3 \ yz 

+ \ a 1 b 2 c 3 \ zx + { 2 | fia 2 b 3 \ + gx h 2 b 3 \ }xy. 

The equations (c) = ( d ) = (e) = 0, are not mere multiples of 
Ui = u 2 = «3 = 0 and therefore the six may be used to eliminate dialyti- 
cally the six quantities x 2 , y 2 , z 2 , xy, xz, yz considered as independent 
variables. 

The eliminant is 


ai 

b i 

Cl 

2/i 

2gi 

2ki 

Q' 2 

ha 

C2 

2/a 

2ga 

2 ht 

0 3 

b 3 

c 3 

2/a 

2ga 

2h 3 


2 [4] 

-4[3J 

2 [8] +4 [S'] 

2 [6] 

[0] 

4[1] 


2 [6] 

[o] 

2 [9] +4[9'J 

2 [4] 

2 [4] 

4[2] 

• 

2[5] 

[o] 

2[7] + 4[7'] 


where [o], [l] etc. are found in the table. 

| a\ b 2 c 3 1 2=5 [0] 

| fi £2 hs | “ [ 0 ] 

| oiga A, | , | Ji*»/i | , |«i/i*»| = [1], [2], [3] 



280 


THEORY OF DETERMINANTS 


01 b 2 g 3 \ , 

b 1 c 2 /za , 

| Ci- as /a | 

= [4], [5], [ 6 ] 

0 i /a *a| , 

1 

^2 /a | , 

| Ci //a ga | 

= [4'], [5'J, [ 6 '] 

01 62 /a | j 

| 6 i 

C 2 ga | > 

| Ci a 2 /*.i | 

= [7], [ 8 ], [9] 

&i £2 //3 | , 


A*/.| , 

ai /2 ga | 

= 17'], [S'], [9'J 

0 i b 2 h A | , 

1 6 l 

C 2 fl | J 

Ci at g a 

= [ 10 ], [ 11 ], [ 12 ] 


Another way of getting the three auxiliary equations (c) = M) = (e) 
= 0 is as follows: \ 

Writing Wi = M2 = ^a = 0 in the form \ 

(aiX + 2giZ + 2hiy)x + ( b]V + 2fiz)y + Ci2“ = 0, ^ 

(a 2 x + 2 g 2 z + 2 h 2 y)x + (b 2 y + 2 j 2 z)y + c 2 z 2 = 0, 

(a 3 x + 2g 3 z + 2h 3 y)x + (b 3 y + 2/ 3 z) y + c^z 1 = 0, 

and considering x } y } z 2 , the variables the eliminant is 

ci]X + 2g } z + 2 h\y b\y + 2/iZ ci 

a 2 x + 2g 2 z + lh 2 y b 2 y + 2} 2 z c 2 

a A x + 2 g :i z + 2/73 v 63 V + 2 / 3 s f3 

which i c (r) , and interchanging cyclically in thedhree cycles 0, b , c\ 
f, g, h\ and x, y, z we get the other two. 

This suggests still another set of auxiliary equations. 

We may write ii\ = u 2 = 2/3 = 0 in the form 

( aix + 2giz)x + (b\y + 2/is + 2h\x)y + c\Z 2 — 0 

(a 2 x + 2g 2 z) a" + (, b 2 y + 2/ 2 s + 2 h 2 x)y + c, 2 z 2 = 0 

(a*x + 2 g A z)x + (b A y + 2/ a z + 2h*x)y + r 3 z 2 = 0 

which on eliminating x, y, z 2 gives 

(i\x + 2giz b\y + 2f\z + 2h\x ( x 

a 2 x + 2g 2 z b 2 y + 2/ 2 z + 2 h 2 x c 2 

a$x + 2^,-jz b 3 y + 2 / 3 z + 21i 3 x c 3 

or 

( 0 2 | fli /z 2 1 x 2 + 4 | gj J 2 c 3 1 z 2 + 2 | gi 62 c 3 1 zy 

+ 2 | tfx/ 2 c 3 1 arz — 4 | ci h 2 g 3 1 xz + | a\ b 2 c 3 1 *7 
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and two others formed by cyclical interchange. They are 

— 4 | bi k t f 3 1 y 2 + 2 | c 2 g 3 1 z 2 + { 2 | bi c 2 h 3 \ — 4 | bi gt fa \ }yz 

(g) + | <»i f »2 c 3 | z^c + 2 | aj 6, / 3 | a:y , 

— 4 1 ai g 2 hi | x 2 + 2 | ai b 2 fa 1 y 2 + | d bi c 3 j yz - \- 2 | C\ d 2 | xz 

(h) + { 2 | a\ b 2 £ 3 1 — 4 | a i / 2 /? 3 1 } xy 

and the eliminant is 


ai 

bi 


2/i 

2gi 

2hi 

a 2 

b 2 


2/t 

2g2 

2 h 2 

a 3 

b 3 


2/3 

2gs 

2h 3 


-4[2] 

2 [8] 

2[5] - 4[5'] 

[ 0 ] 

2[7] 

2[9\ 


— 4 [3] 

2 [8] 

2[6] - 4|6'] 

[ 0 ] 

— 4 [l ] 

2[7] 


[ 0 ] 

2 [9] 

2[4]-4[4'] 


The cyclical operations that lead from ( c ) to (d) to ( e ) and from (/) 
to ( h ) to (g) are indicated by 

/ 1 2 3 \ / / g h \ / x y z \ 

\ 2 3 1 / \ g h if ) \ y z x ) 

274. It is also possible to find the eliminant as determinants of 
the fifth and third orders. Thus for the fifth order we take — \uic 2 a 3 1 
or 

0 ■ x 2 + | ai hi 1 y 2 + 0 z 2 — 2 | c 2 fa yz 

— 2 | a i c 2 g 3 | xz — 2 | ai ci h 3 1 xy , 

\u 1 a 2 fo | or 

0 .r 2 + 0- y 2 + | cti b 2 c 3 \ z 2 + 2 | ai b 2 / 3 1 yz 

+ 2 | ai b 2 g 3 \ xz + 2 | d] b 2 h 3 \ xy > 


— | Mi b 2 y + / 2 z c 3 
x 


lb X 2 + 2 I b Y Cl hz I y 2 — 4 | ci/ 2 g 3 1 z 2 — { 2 | ci b 2 g 3 1 + 4 | c x f 2 /z 3 1 } yz 

- 2 | ai c 2 / 3 1 xz + | a 1 b 2 c 3 1 xy , 
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— | U\ b 2 fay + c * z I 

x 


— 4 | fi b 2 h* | y 2 + 2 | b x c 2 g 3 1 z 2 + { 2 | b x c 2 h z | + 4 | 61/2 g 3 | } yz 

+ | ai b 2 c 3 1 zx + 2 | ax 62 / 3 1 xy , 


Wi g 2 ha | H | «1 ^23 + £2# #3 


4| &ig 2 /* 3 | y 2 + { 2 | fll c 2 / 3 I - 4 | d £2 Aa | }z 2 + { I d x & 2 6' | 3 

+ 8 | / x ^2^3 1 }yz — {2 I aiC 2 h 3 \ — 4 | tti/zgal } zz 

+ 2 | ai & 2 g3 1 #y , 


from which we may eliminate the five quantities y 2 } z 2 , yz , xz, xy 
dialytically and obtain 


[ 0 ] 


- 2 [ 6 ] 

- 2 [ 12 ] 

2 [9] 


[ 0 ] 

2 [7] 

2 [4] 

2 [l 0 ] 

2[5] 

4[3] 

2[8]+4[8'] 

+ 2 [ 6 ] 

[ 0 ] 

4[2] 

2 [ 8 ] 

2l5l-4[5'l 

[ 0 ] 

2 [7] 

4[7'] 

+ 2[6] + 4[6'] 

[0] — 8 [O'] 

+ 2[9] + 4[9'] 

2 [4] 


The extraneous factor here is seen to be \d\b 2 c 3 
Exercise. Show that the eliminant of 


aix 2 + biy 2 + C1Z 2 + f x yz + g izx = 0 

d 2 x 2 + b 2 y 2 + c 2 z 2 + f 2 yz + g 2 zx ~ 0 

o 3 x 2 + b 3 y 2 + c 3 z 2 + f 3 yz + g 3 zx = 0 



1 a x 62 g 3 | | 

d\ b 2 f 3 

| d\ b 2 c 3 

&i b 2 g 3 | 

| ax fi g 3 1 

d\ b 2 c 3 

| di f 2 c 3 

d\ b 2 f 3 1 

| ax b 2 c 3 \ 

bi ft ga 

I c 2 g 3 

d\ b 2 c 3 1 

\ ax ft c 3 1 

bi c 2 g 3 

1 /l C 2 g 3 


275. To get the eliminant as a determinant of the third order we 
may use 
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«i = 0, 

«2 = 0, 

u 3 = 0, 

1 i i 

— | mi b 2 y + f 2 z ci | =0 

to eliminate ac 2 , y 2 , z 2 leaving an equation in jey, xz, yz from which by 
cyclical substitution we obtain two others and from the three elimi- 
nate xy , xz, yz giving a determinant of order three. 

Various forms may be obtained by eliminating any three of the 
six quantities first and the remaining three second. Thus we might 
have eliminated xy, xz , yz first and x 2 , y 2 , z 2 second, or x 2 , xy, y 2 and 
z 2 , xz, yz second, etc. 

These forms being of the 18th degree in the coefficients must each 
contain an extraneous factor of the sixth degree.* 

Exercises. Set XVI 

1 . Denoting the eliminants of Wi = u 2 = u 3 — 0 formed by eliminating 
x 2 , y 2 , z 2 ; xy, yz, zx; y 2 , z 2 , yz; x 2 , z 2 , xz; x 2 , y 2 , xy, by 71 , 72, 73, 74, 7 & 
respectively, express in the form of a determinant the extraneous 
factor in each case. 

2. Show that the eliminant of the equations 

ay 2 — 2 hxy + bx 2 = 0 
bz 2 — 2 gyz + cy 2 = 0 
cx 2 — 2 gzx + az 2 = 0 


= 2 


a h g 
h b f 
g f c 


Deduce from these equations a set in x, y, z having for eliminant 

A II G 
H B F 
G F C 


* For a fuller discussion of this problem see Muir: Trans. Royal Soc. Edinburgh, 
Vol. 39 pp. 667-684; Vol. 40 pp. 23-38; Vol. 41 pp. 387-397. 
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where A , H, etc. are ihe cofactors of a, h, etc. in the eliminant of the 
original set. 

Show that if the minors complementary to a, b, c, in 

a h g x 
h b f y 

£ f c z 

x y z 

vanish then all primary minors will vanish. 

3. Show that 

I ■ C B - 2A' ■ -I 



C ■ A 

- 2 B' 


. 

1 

B A 


- 2 C' 


2 

A' 

A -C' 

- B' 



B’ ■ 

- C B 

- A' 



C 

- B' -A' 

C 

* 

B 

A' 

C' 

BB' + 2C'i4' 

A V 

C 

B' 

CC' + 2A'B' 

C’ 

B' 

A 

A A' + 2 B'C' 

BB' + 2 C'A' 

CC' + 2A'B' AA'+IB'C’ 

ABC A- 8A'B’C 


B 

A' C' 2 




= A' 

C B' 




C 

B' A 




4. Find in determinant form the result of eliminating 0 from the 
equations 

x = (a 2 cos 2 0 + b 2 sin 2 0) 1/2 + p cos 0 — q sin 6 

y = ( a 2 sin 2 6 + b 2 cos 2 6) 112 + p sin Q — q cos 0 . 

5. Find the eliminant of the equations 

a\.x 2 + j x yz + g x xz + h x xy = 0 

b-iy 2 + f*yz + g 2 xz + h 2 xy = 0 

c 3 3 2 + fayz + g 3 xz + h 3 xy = 0 
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first as a special case of §273 and second by using as auxiliary equa- 
tions 


diX + giZ fiZ + kiX 

= 0 

g 2 Z + h 2 y b 2 y + f 2 z 

and two others similarly formed. 

Compare the results. 

276. If we proceed from the case of three variables to that where 
there are four the problem presents new difficulties. 

Consider the four equations in four unknowns 

(1) Bx 2 - Dxy + Ay 2 = 0 

(2) Cy 2 — Eyz + Bz 2 = 0 

(3) Lz 2 — Kzw + Cw 2 = 0 

(4) A w 2 — Gwx + Lx 2 = 0 . 

The difficulty will be to find sufficient independent auxiliary equations 
If we take as our secondary variables 

Cx 2 + Az 2 Ly 2 + Bw 2 Cx 2 + Az l Ly 2 -j- Bw 2 

xz yw 

or writing them for shortness sake 

00 , 0 , 

we see that the cyclical substitutions 

/ A B C L \ 

\B C L A )’ 

change 0 into 0, and 0 into 0. 

If we solve for D , £, K , G from our original equa tions, the values 
found will be seen to satisfy the equation 

D 00 - 25G0 - 2^4£-0 + {±ABK + DEG - D 2 K) = 0 

From this by cyclical substitution we get three others which are 

E 6<t> - 2 CD 6 - 2 BK<t> + (4 BGC + EKD - E 2 G) = 0 
£-0-0 - 2 LE<t> - 2CG ■ 0 + (4 CDL + KGE - K 2 D) = 0 
G 00 - 2 AK d - 2 LD<t> + (4 LEA +GDK - G 2 E) = 0 
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Eliminating from these four 00, 0, 0 we get 


D 

EG 

AE 

4AKB + D(EG - DK) 

E 

BK 

CD 

4BGC + E(DK - EG) 

K 

LE 

CG 

4CDL + K(EG - DK) 

G 

LD 

AK 

iLEA + G(DK - EG) 


D 

BG 

AE 

K{2AB - D 2 ) 


E 

BK 

CD 

G(2BC - £ 2 ) 


K 

LE 

CG 

D(2CL - K 2 ) 


G 

LD 

AK 

E(2LA - G 2 ) 


as the eliminant sought.* 

Exercise. Show that the eliminant of 

/(*) = o, 



wher efW^aofi+bjfi+cx'+dtf+exHfx+g, is equal to 

(a + b + c + d-\- e+f+ g)(a -b + c- d + e- f+g) 
a b c d e — g 

a b c - g d - } 

X I ■ a - g b - f c - e 

— g — / a — • e b — d 

-g —f — e — d a — c 

217. If our equations are lineo-linear such as 

(ai%i + ^2 + a^x^yi + (a,\x i + a^x 2 + = 0 

(biXi + b 2 x 2 + bzXz)yi + (b^xi + b^x 2 + b^)y 2 = 0 

(ciXi + c 2 x 2 + CzXz)yi + (c 4 xi + c h x 2 + ctx 9 )y* = 0 

(diXi + d 2 x 2 + dzx^yi + (d A x i + d h x 2 + d*xs)y 2 = 0 

* For a fuller treatment of this problem see Muir: Proc. Royal Soc. Edinburgh 
Vol. 21 pp, 328-341. 
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or as they may be conveniently written in matrix notation 

( 3>i, x 2j x 3 \y lr y 2 ) = 0 


a i 

d 2 

a 3 

a 4 

a 6 


bi 

b 2 

b 3 

b 4 

b 5 

be 

Cl 

c 2 

Ca 

C 4 

^5 

Ce 

dx 

d 2 

dz 

d 4 

d$ 

de 


the eliminant may be formed by writing the equations in the form 

aixiyi + a 4 xiy 2 + (a 2 yi + d^y 2 )x 2 + ((i$yi + dey 2 )x 3 = 0 
and eliminate yix 1} y 2 x lf x 2} xz from the four equations thus written. 
The eliminant is 

a i a 4 a 2 yi + d^y 2 d 3 y\ + d§y 2 | 

b\ b 4 b 2 yi + & 5 y 2 b 3 yi + b 6 y 2 

= 0, or 

Ci c 4 c 2 y 1 + c$y 2 Czy 1 + c§y 2 

d\ d\ d 2 yi + d§y 2 dzy 1 + d^y 2 ! 

1 2 3 4 | yi 2 + { | 1 3 4 5 | — | 1 2 4 6 | j y iya + | 1 4 5 6 | y 2 2 = 0 

where \afiyd | is the determinant formed by using the ath, /3th, 7th, 
0th columns of the 4-by-6 array of the coefficients. 

Similarly by eliminating xi, x 2 y 1} x 2 y 2f x 3 , we get 

-|l235|yi 2 +{|l256|-|2345|} yi y 2 - | 2 4 5 6 | y* 2 = 0 
and eliminating x lf x 2 , x 3 y 1 , x 3 y 2 , we get 

|l236|y 1 2 +{|2346|-|l356|} yi y 2 + | 2 4 5 6 | y 2 2 = 0. 
From these three equations we may eliminate yi*, y\ y 2 , y 2 2 and get 


| 1 2 3 4 | 

| 1 3 4 5 | — 

1 2 4 6 | 

| 14 5 6) 

| 1 2 3 5 | 

| 2 3 4 5 | - 

1 2 5 6 | 

| 2 4 5 6 | 

1 | 1 2 3 6 | 

j 2 3 4 6 | - 

| 1 3 5 6 1 

| 345 6| 


This type of compound determinant has already appeared in §210 
and is one Sylvester called double determinant. Its equivalent as a 
determinant of the fourth order is there given. 

It is readily seen that this process is perfectly general in its applica- 
tion so that if we wish the eliminant of the equations 

( ■ ■ ■ , x m \yx,y 2 , ■ ■ ■ , y„) = 0 

d\ d 2 ' ■ djnn 

b\ b 2 bmn 


(m + n — 1) rows 
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we eliminate the Vs in such a way as to obtain a set of 

(?n + n — ■ 2) ! 

(ni — 1 ) \{n — 1 ) ! 

equations linear and homogeneous in the quantities yi m_A , y\ m ~ 2 y 2 , 

considered as independent variables. We have then just tfye 
proper number of equations to eliminate these quantities also. | 
If we had eliminated the Vs first and then the Vs the result woulVi 
have been the same except the rows of one are the columns of the 
other. 

If one observes the symmetries involved it will be possible to obtain 
all the other equations after having that resulting from the first 
elimination. 

278. If we are given equations in the form 

dix + biy + C\Z a 2 x + b 2 y + c 2 z a 3 x + b 3 y + c 3 z 1 

aix + (hy + 7 i 2 oc 2 x + fty + 722 a 3 x + @ 3 y + 73 Z r 

we can deduce an equation containing only r and the coefficients of 
x, y, z. To this end consider the determinant 


01 

b 1 

Cl 

ai 

Pi 

7i 

02 

is 

02 

<*2 

02 

72 

03 

b :> 

03 

« 3 

03 

73 

£1 

Vl 

f 1 

r£i 

rrn 

r£i 

£2 


{"2 

^£2 

ry 2 

2 

£3 

Vi 

fr, 

r£a 

ry a 

rfa 


where the £’s, Vs, f’s are any quantities whatever. 

Performing the operations x coh+y col 2 +z col 3 , x col 4 +y co\ b +z col 6 
we obtain a determinant equal to x 2 D having the fourth column r 
times the first and therefore vanishes. D is therefore zero for all 
values of the Vs, Vs, f’s. But D is obviously equal to 


0i 0i 

01 

Oil — 

rai 

Pi 

- rb 1 

7i — 

rei 

02 b 2 

02 

«2 — 

ra 2 

02 

— rb 2 

72 — 

rc 2 

03 #3 

03 

«3 ~ 

ra 3 

03 

— 

73 — 

rc 3 


f) Vi fi 

£2 V 2 {*2 

£3 ??3 f 3 
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that is 

“ | £1 V2 fs I ' I — rai 0 2 — r& 2 7s — rc 3 1 
and therefore 

| ot\ — ra Y 02 ~ rb 2 73 — rc 3 1 =0 

— a cubic equation for the determination of r in terms of the original 
coefficients of x , y, z. 

279. If the number of equivalent fractions be one more than the 
number of unknowns, that is if 1 jr be also equal to 

Q\X b±y -|- C\Z 

a\X + 0^y + 7 4 z 

we could get, by leaving out in succession the 4th, 3rd, 2nd, 1st 
fractions, the four equations 

| <*i — ra i 02 — rb 2 73 — rc . 3 1 =0, 

| <*4 — ra A 0 } — rbi 72 — rc 2 \ =0, 

| — ra 3 0 A — rb A 71 — rc Y \ = 0 , 

| ~ ra 2 0i — rb s 74 — rc A | =0, 

from which we can eliminate r, r 2 , r 3 and get as the eliminant 


| £*1 02 73 1 

El 

01 02 73 | 

El 

07 b 2 

c 3 | 

| 01 c 3 1 

| «2 03 74 I 

El 

02 03 74 | 

El 

oc 2 b 3 

C4 | 

| 02 ^3 C 4 I 

| «3 04 7l| 

El 

03 04 7l | 

El 

« 3 b* 

Cl 1 

| 03 &4 | 

| OI4 01 72 | 

El 

a 4 0i 72 1 

El 

0:4 61 

C 2 | 

| 04 &1 C 2 | 


where 


X) 1 ai 02 73 I — 

| 01 02 73 | + 

ai b 2 73 1 

+ | 

| <*1 02 C3 | 

^ | C 3 | = 

| C 3 | + 

a 1 02 C 3 1 

+ 1 

01 &2 73 | 


etc. 

The general theorem is: The eliminant of the set of equations 

aiXi + 61^2 + • + hx n _ 

Ot\X\ + 0\X 2 + - - + X 1 X n 

dn+lXi + b n + 1X2 + • ' * + ln+\X n 
<*n+ lXi + 0 n + lX2 + * ' ’ + X n +l#n 


( 1 ) 
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Di 2>/ Hd" 
D 2 T.D -1 


D n+ 1 5 >„' + i IX'+i 

where 

1 D\ ^ | 01 ' ' l n | j D2 = | 02 ^3 ^n + 1 | j ' ' 7 

Z>n+1 = | 0n-|-l b\ ' ’ ’ In— 1 J \ 

and where Dr indicates that any one of the letters in D r has been re- 
placed by the corresponding letter of the other alphabet, Z) r " that any 
two letters have been similarly treated, and so on. 

280 . In connection with the problem of the elimination of x , y, z 
when four equivalent fractions are given, let us now consider the 
determinant 

01 bj ci ai (Si 7 1 

02 ^2 C2 «2 @2 72 

03 ^3 C 3 C*3 0 s 73 

04 b\ 04 OL\ 0\ 74 

£1 Vi fi ^771 rfj 

I2 772 f 2 r ?72 

which as before is readily seen to be zero and also equal to 
0x b 1 0i ai — rcii 0 i — rbi 71 — rc,i 

0 2 #2 0 2 0L2 — r0 2 02 — r& 2 72 — r0 2 

03 &3 03 <*3 — r03 |03 — 73 — res 

04 #4 04 — r04 04 — rbi 74 — P04 

£1 771 f! 

£2 772 

so that the coefficients of Ifi^l, | fii“2 1 7 1 771^2 1 must be zero which 
gives us the following three equations: 

I Oi <*2 03 74 1 - { I a 2 63 74 1 + I ai «2 c 4 1 } r •+ | a x a 2 6 3 c 4 \ r 2 = 0 

| bi a 2 Pi 74 1 - { | 61 a 2 p 3 | + | 61 a 2 /? 3 7i | } r + | a 2 0, | r 2 = 0 

| ci a 2 03 74 1 — { | ci a 2 / 3 3 74 1 + | ci a 2 63 74 1 } r + | ci a 2 63 74 1 r 2 = 0 
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from which we get as the eliminant 


| «1 <*2 03 74 | 

| 01 (X2pZ 74 | 

+ 

01 Oi2 /3 3 C\ | 

| di a 2 b 3 Ca | 


| bl <*2 03 74 1 

| bl (X 2 Ci ] 

+ 

^1 02 74 I 

| &1 02 Ca | 

=0 

| Cl <*2 03 74 | 

| Ci a 2 74 1 

+ 

| Ci a 2 b 3 74 | 

| Ci a 2 b 3 74 1 



which from §210 we know is equal to A (4l3 ) the eliminant as formed 
before. 

In general we have for the eliminant of the equations (1) §279 
the determinant 


where now 


£>i 


Z£>i" 


£>2 

IX 

IX" ■ ■ ■ 


D „ 

Ew 

IX" • • • 


• k 

a n+l | > 

D‘2, = | d\ bo c 3 ■ 

hi Pn+ 1 


and where D' indicates that any one of the italic letters of D ry 
except the rth has been replaced by the corresponding Greek letter, 
Dr' that any two letters except the rth have been similarly treated, 
and so on. 

281. If we have two equations of the nth degree given in the form 

n+l A 

(A) £*— — = 0 

1 X — r a 

n+l 73 

(B) 2>— - = o 

1 x — r B 

and we increase the roots of each equation by r% we have 

A i At A 3 

- + + + ■ ■ ■ = 0 

X X — p2 X — p 3 


B i B 2 B 3 

— + + + = 0 

X X — p2 X — P3 


where p s = r 8 — ri. 
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Clearing these of fractions and writing the results as an increasing 
power series in x we have 

P2P3 ‘ ■ ‘ Pn+yAl — x[A\P + A 2P3P4 ' Pn+1 

+ A 3 P 2 P 4 ■ ‘ ■ Pn+1 +•■■]+■■= 0 

P2P3 1 ' ■ Pn+1^1 “ x[B if! + B 2 P 3P 4 ■ ■ Pn+1 

+ BzpzPi ‘ ' Pn+1 + ■ * ■] + ■■’ =j 0 

where /3 is the sum of the products of p 2 , pa, ■ ■ * , Pn+i taken n— 1 at 
a time. \ 

From the observations of §268 it is apparent that every term of the 
eliminant must contain one or the other of the independent terms of 
the two equations. It also appears that the terms which contain the 
independent terms only in the first degree are 

n+l 

P2 V • ■ ’ Pn+1 23^ \AlB.\ ‘ 1/p, 

2 


or 

fi+s 

(ri - r,) 2 • ■ • 0„+i - rxY \ Ai B a | • \/{r, - r Y ) 

2 

times the eliminant of the equations formed by putting the in- 
dependent terms equal to zero and dividing by x. 

Every term in the eliminant must contain either A a or B s for every 
value of s, for when ^* = 0, /? s = 0, the two equations ( A ) and ( B ) 
have a common root x = r & . 

Also no term in the eliminant can contain A * , A a B ay B } for all but 
one values of s y for then the degree of the eliminant would be 2w+l 
while it is of degree n in the ^4’s and -B’s respectively. 

It follows therefore from the symmetry in respect to A Hy B a) r a that 
the eliminant is determined when the terms containing Ay or By to 
the first power only are known. 

Denoting the eliminant of (A) and ( B ) by JS(r lf r 2j • • • , r n+1 ) and 
the discriminant of 

n— 1 

U(x - r,) = 0 by D{r u r 2 ■ ■ ■ r„+,) 

1 

we see that 


£(n,r 2 ) = (f! - r 2 ) \A l B,\ = D(f If r*)( 1,2) 
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where (1, 2) denotes \A\B 2 | -j- (ri — r 2 ), and in general (s,t) = (t,s) 
= \A a B t | - 5 - (r, — r t ). The terms in E(r t , r 2 , r 3 ) which contain A\ or Bi 
to the first power, are 

('i - '•x )*(r. - r0*{(1.2) + (l,3)}(r, - r,)*(2,3) 

or 

(*•* ~ - ri)*{d,2) + (1,3) }/)(r 1 ,r,)(2 1 3) 

and we get 

E(r lt r 2 ,r 3 ) = Z>(n, r s , r,) { (1 , 2)(1 , 3) + (2,1)(2,3) + (3,1)(3,2)| 


or as it may be written 


where 


D(ri,r 2 ,r 3 ) 


Ed. 2) 

-( 2 , 1 ) 


-( 1 , 2 ) 

E(2,l) 


Ed. 2) = (1,2) + (1,3), 
E(2 , 1) = (2,1) + (2,3) 


and in general 

= (^ 1 ) + (^» 2 ) + • + (/,/ — 1 ) 

+ (M + 1) + ' ■ + (t,n + 1), 

the term (£, /) being omitted. 

From this the terms in E(r ly r% y r 4 ) of the first power in A\ or B iy 
will be 


D(r i ,r 2 ,r 3 ,r«) { (1 , 2) + (1,3) + (1,4)} 


E(2,3) 

-(3,2) 


-(2,3) 

E(3,4) 


and the complete expansion is 


E{ri,r 2 ,r 3 ,r 3 ) 


Ed,*) 

-( 2 , 1 ) 

-(3,1) 


-( 1 , 2 ) 

E(2,*) 

-(3,2) 


-(1,3) 

-(2,3) 

E(3.5) 


where 53(1, j) = ( 1, 2) + (l, 3) + (l, 4) etc. 

In general 

E(r\,r<>, * ■ ■ , Pn+i) 


= 0(ri,r 2 , 


Ed,*) —(1,2) - ■ ■ 
-(2,1) E(2,*) ■ 


-d,») 

— (2 , w) 


-(»,!) » — ( M , 2) ■ ■ • E(»,*) 
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That this is true in general may be seen on observing that the law 
of formation shows that if true for E(r 2 , n ■ - * r n + 1 ) it must be true 
for the terms which contain the number 1 only once and since these 
terms are {(1, 2) + (l, 3) - - ■ +(1, n+\)}E(r 2j r 3j • - , r n+ 1 ) we see 

by symmetry that the law applies to all terms of E(r i, r 2f ■ - , r n + 1 ). 

We have seen that it applies to E(ri, r 2 , r 3 ) and E{r\ , r 2 , r 3) r 4 ) and 
hence it applies generally.* j 

Exercise 1. If the quadratic ax 2 +by 2J rcz 2 -\-2lxy-{-2mxz+2nJcy 
be increased by (ax+fiy+yz) 2 then the discriminant is increased by 

0 a fi y 
a a n m 
P n b l 
y l me I 

2. Prove that if in the array 


Coo 

Coi ■ ‘ 

* Co , n — 1 

fon 

fo ,71+1 

ClO 

Cll ' ■ 

Cj ,n— 1 

fin 


CnO 

Cnl 

C n ,n— 1 

fnn 

fn ,n+l 


where each column after the nth is an aggregate of multiples of the 
first n columns, there be at least one w-line minor of the c-array that 
does not vanish, while the minors of higher order all vanish, then 
each row of the whole array is a linear function of the rows from which 
the said non- vanishing minor is formed: further, if there be in the 
c-array an ra-line minor that vanishes, its rows in their full extent are 
connected by a linear relation. 

3. Show that any quadric whose discriminant is a zero-axial skew 
determinant vanishes identically. 

* The form of the eliminant here given is due to Brochardt and was given by him 
in Crelle’s Journal Bd. LVII pp. III. The proof followed was given by L. A. Dixon in 
Proceedings Lond. Math. Soc. Series 2, Vol. 6 pp. 468-478, which should be consulted 
for a fuller treatment. lor the case of three quantics in two variables his papers in 
2nd series vol. 7 pp. 49-69 and 473-492 should be consulted. 



CHAPTER IX 


Bipartites 

282. In chapter II, §28, bipartites or cumulants as they are some- 
times called were defined in connection with the lineo-linear function 
in 3 variables. In general if a row of n elements be taken, and closely 
following this array, but separated by a bar from it, we write n rows 
of n elements each; and closely following either outside column of 
this square array, but separated by a bar from it, we write n columns of 
n elements each; and closely following an outside row of this second 
square array, but separated by a bar from it, we write n rows of n 
elements each; and so on, passing from the rows or columns of one 
array to the columns or rows of the next, and ending not with a square 
array, but, as we began, with a single line of elements, we have the 
matrix representation of a bipartite function. 

For example, when n = 3 and the number of square arrays is 4, 
the representation is 





h 3 

k 3 

h 

ri 

rz 

T 3 




h 2 

h 

h 

ni 

Wo 

n 3 


dl 

a 3 

hr 

kr 


mi 

m 2 

w 3 

b i 

Cl 

~Tr 

C} 

e 2 

<?3 

Xi 

yi 

Zi 

62 

C‘2 

d 2 

fi 

u 

/a 




hi 

C 3 


«i 


£3 





a 1 

fl-2 

a 3 







bi 

Cl 

di 

Cl 

e 2 

e 3 




h 

C 2 

d 2 

h 

u 

u 




b , 

C 3 

d 3 

Si 

Si 

Si 







h 

h 

1 1 

?Hi 

m 2 

m 3 




h>2 

kz 

h 

tti 

«2 

w 3 




hi 

ki 

1 3 

r 1 

f2 

Ti 


x\ yi zi 
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283. The ordinary algebraical expression of the function is obtained 

from the matrix representation by forming every possible term con- 
taining as a factor one, and only one, element from each array, subject 
to the condition that the element to be taken from any one array 
must be in the same row or column with the element taken from the 
preceding array, and in the same column or row with the element 
taken from the following array; and then connecting, by meansjof 
plus signs, the terms thus formed. \ 

284. If the number of elements in a row or column be n, the Tri- 
partite is said to be of the «th order: if the number hi arrays, square 6r 
not, be m, it is evidently of the wth degree; and combining these we 
may speak of such a bipartite as being of the deg-order {m, n). 

285. The number of terms in the fimal expansion of a bipartite of 
deg-order (m, n) is n m ~ Y . 

For the deg-order (2, n) the number is evidently n , that is, n 2_1 : 
for the deg-order (3, n) there must be one term, and one only, for 
every element in the square array, and therefore in all n 2 terms, 
that is, w 3 ” 1 ; and if the number of terms in a bipartite of deg-order 
( p , n) be n v ~ l j it is readily made evident that the number in the 
bipartite of deg-order (/>+l, n) is n v \ hence the statement is es- 
tablished. 

286. Each clement of any one of the square arrays of a bipartite of 
deg-order (w, n) occurs n m ” 1 ^-n 2 y that is , n m ~ 3 times in the final expan- 
sion; and each element of either of the other arrays occurs n m ~ l + n, 
that is, n m ~ 2 times. 

For, one of the former, and only one, must occur in each term, and 
there are n 2 of them; and one of the latter, and only one, must occur 
in each term, and there are n of them. 

The elements of the square arrays may therefore be called secondary 
elements, and the others pri?nary. 

The two lines of primary elements may be distinguished as initial 
and final. Strictly^ speaking, however, either is at the end; for the 
definition shows that the order of writing the arrays may be reversed 
without affecting the final expansion. 

287. Also, it may be remarked, the law of formation of the terms 
would give the same result if the initial row of any bipartite were 
made into a column , and at the same time all the other rows and 
columns altered accordingly. 

288. / f any two rows or two columns of a square array be interchanged , 
and, at the same time , the two colhnear rows or columns in one of the 
adjacent arrays , the bipartite is in substance unaltered. 
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m 

n 

3 



m 

n 

9 

a 

b 

k 

l 

1 - 

a 

b 

k 

l 

_P 

c 

d 

g 

i 


e 

/ 

h 

j 


e 

i 

h 

J ' 


c 

d 

g 

i 









k 

l 

P 






a 

b 

m 

n 

J7 






c 

d 

g 

i 







e 

f 

h 

j 



289. A bipartite is multiplied by any quantity if each of the elements 
of any one of its arrays be multiplied by that quantity. 

290. A bipartite having every element of one of its square arrays a sum 
of p terms may be expressed as the sum of p bipartites } the first of which 
is got from the original by deleting all the terms of each of the p-termed 
dements except the first term , the second by deleting all the terms of each 
of the p-termed elements except the second term , and so on. 

291. The cofactor of any one of the primary elements of a bipartite of 
deg-order {m, n ) is expressible as a bipartite of deg-order (m— 1, n), 
which is obtained from the original bipartite by deleting , first ) the line to 
which the said primary element belongs , and then the elements of the 
adjacent square array which are not collinear with the said primary 
element. 

Thus in 


&1 

a 2 

a 3 

hi 

ki 

1 1 

b i 

Cl 

d i 

Cl 

C2 

Cs 

b 2 

C2 

d% 

h 

h 

h 

^3 

cs 

d 3 

gl 

g2 

£3 




hi 

ki 

h 



Cl 

e 2 

C2 

ea 



C2 

h 

h 

h 



Cs 

g i 

gi 

g 3 


the cofactor of a 2 is 
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and the cofactor of hi is 


01 0'2 03 


bi Ci d\ 


h * 
bi 


c 2 


C 3 


d*i 

dz 


€l 




292. A bipartite of deg- order (m, n) is thus expressible as a sum of n 
products of two factors each, the first factors being elements taken eiiher 
all from the initial line or all from the final line , and the second factors 
being bipartites of deg-order (m — 1 , n). 

Thus 


( h 

a 2 

a 3 

hi 

h 

ly 

b i 

Cl 

d\ 

Cl 

Cl 

Cs 

b 2 

Cl 

d 2 

U 

h 

h 

b 3 

C 3 

ds 

Zi 

£2 

Z 3 


^b , 

hi 


h 

+ <H' 

Ci 

h , 


h 

+ 03' 

d\ 

h 

kl 

h 

ej 

Cl 

Cs 

Cl 

C 2 

e 3 

Cl 

Cl 

Cs 

b , 

U 

h 

/a 

Cl 

fl 

h 

h 

dz 

fl 

h 

h 

by 

Zi 

g2 


Cs 

Si 


g* 

ds 

Zl 


£3 


This recurrent law of formation of a bipartite might of course have 
been adopted as the definition. 

293. The cofactor of any one of the secondary elements belonging to 
the pth array of a bipartite of deg-order ( m , n) is expressible as the product 
of two bipartites , one of deg-order (p — 1, n) and the other of deg-order 
( m — p, n ), the first being got from the first p— 1 arrays by deleting from 
the (p—l)th array all the elements not collinear with the element in 
question , and the second being got from the last n — p arrays in the same 
way. 

Thus in 





h 3 

ks 

h 

Pi 

P2 

Ps 




h 2 

k 2 

li 

ni 

n 2 

ns 

01 

0 2 

as 

hy 

kl 

h 

mi 

m 2 

ms 

by 

Cl 

d i 

Cl 

Cl 

cs 

ri 

si 

Ui 

bi 

Cl 

d 2 


h 


ri 

Sl 

Ui 

bs 

C3 

d. 

Zl 

Z* 


rs 

Ss 
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the cofactor of ki is 


dl 

d 2 

a 3 


m i 

m 2 

w 3 


b i 

Cl 

di 

^2 

ri 

Sl 

Ui 

Xi 

bi 

C 2 

d 2 

h 

r 2 

S'l 

u 2 

yi 

b 3 

c& 

d. 

g 2 

r 3 

S 3 

«3 

*1 


and the cofactor of / 3 is 





h 

pi 

P 2 

pz 





h 

ni 

n 2 

nz 


dl 

a 2 

d3 

h 

mi 

m 2 

m 3 


b 2 

c 2 

di 


r 1 

Sl 

Ui | 

Xi 





r 2 

s 2 

u 2 

yi 





rz 

s 3 

U 3 

Zi 


dl 

d 2 

d 3 

h 

l 2 

I3 

Xi 

yi 

Zi 

b 2 

c 2 

d 2 

mi 

rti 

pi 

r 1 

r 2 

r-i 




m 2 

n 2 

p* 

Si 

s 2 

S3 




m3 

n 3 

p 3 

Ui 

u 2 

U3 


294. A bipartite of deg-order ( m , n) is thus expressible as a sum of 
n 2 products of three factors each , the first factors being elements all taken 
from any one of the square arrays, the pth say, the second factors being 
minor bipartites of deg-order (p—l,n), and the third factors being 
minors of deg-order ( m — p , n). 

Thus 




h 

g 2 


h 



di 

d 2 

u 

gl 

hi 

hi 

P 1 


b 1 

Cl 

dl 

d 2 

i\ 

j 1 

Wi 

w 2 

b 2 

c 2 

ei 

c 2 

H 

J 2 


w 2 


if we decide on taking the elements of its fourth array, is equal to 

a 2 

I d 2 


/: 


l ■" 


dl 

02 



h 2 

pi qi 

b 1 

Cl 


i\ 

J 1 

mi m 2 


C2 

ei 

i 2 

h 

mi m 2 


+ *i- 


b i C\ 
b 2 c 2 


hi 

h 2 


<n 

h 

j 1 

mi 

m 2 

H 

72 

ni 

n 2 
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<l\ 

&2 


ki 

k 2 

\h_ 

qi _L 


Q>1 


ki 

ki 

pi 

qi 

b i 

Cl 

d\ 

n 

j i 

W] 

r £2 

m 2 

b[ 

C1 \ 

\d. 


J i 


m 2 


Cl 

e x 

H 

J2 

ni 

n 2 

b 2 

Cl\ 

C2 


h 

ni 

n 2 


or, if we decide on taking the elements of its third array, is equal to 




ft 

ki 

hi 






h 


k 2 


i 

a i 

Q 2 

ft 

hr 

hi 

pi 

<7i 

+ Ci 

fll 

&2 

h 

hi 

hi 

pi 

01 

X 

Cl 


i i 

j i 

m i 

m 2 

b i i 

Cl 


i\ 

j i 

mi Mi | 




i-i 

j 2 

n i 

Wo 





i 2 

jz 

ki 

n 2 



gi 

h 

k 2 







ki 

k 2 



a i 

o 2 

gi 

hi 

h 2 

Pi 

Qi 

_j p , 

di 

d 2 

£l 

hi 

hi 


Vi 

h 

Cl 


H 

h 

m i 

m 2 

1 Cn 

hi 

^2 


ii 

j i 

Wi 




H 

h 

«i 

n 2 





i 2 

h 

»1 

n 2 


295. Since a bipartite function is linear with respect to the elements 
of any one of its arrays, the cofactor of any of the elements (which has 
been shown above to be expressible as a minor bipartite or as a 
product of minors) is expressible also as the first differential coefficient 
of the function with respect to the clement in question. 

Hence, if denoting the bipartite whose initial line is ai,ai, a,, • •, a„, 

the theorem of §29 > may be alternatively stated in symbols thus: 

r— v dB 

B = X«r — - (r = 1 , 2 , • • • , «) 

da r 

and the elements of any square array of B being the elements of the 
determinant \a ln |, the theorem of §294 is 


B = X ffl ™~- (r,s = 1,2, • • , n) 

OQ r8 

296. A bipartite of deg-order ( m , n) is expressible as the sum of « 
products of two factors each, namely, a minor bipartite of any degree 
less than m, say of the degree p, and a minor of the degree m-p, the 
former being obtained from the first p arrays by deleting all the lines of 
the pth array except one, and the latter being obtained from the last 
m-p arrays by deleting all the lines of the ( m-p)th array except the 

line colhnear with that formerly undeleted in the pth array from the 
beginning . 
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This theorem is deduced from the theorem of §294 by combining 
those terms of the development there obtained which have a common 
factor. Thus, taking the first development of 




h 


ki 

ki 


a x 

0 2 

u 

£l 

h\ 

hi 

pi ?i 

b x 

Cl 

d\ 

dl 

i\ 

j i 

mi m 2 

&2 

Cl 

Cl 

Cl 

ii 


n\ n 2 


given as an example 

in 

§294, namely: 
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hi 
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ai 
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hi 
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Cl 
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+ £2 
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(7i 
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Cl 
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&i 
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bi 
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C 2 

Ci 

f 2 

72 

\n x 

71 1 


we observe that the first two terms have the common factor 


hy 

hi 



ii 

j 1 

mi 

m 2 

ii 

>2 


«2 


the full cofactor being 


01 0 2 


0 1 


b\ Cl 
b 2 C 2 


, + S 1 ' , 

d i o i Ci 


ei 


d 2 

b 2 c 2 ! Ci 


which, we know from §292, is equal to 


01 

0 2 

/. 

£1 

61 

Cl 


di 

^2 

c 2 

Cl 

Cl 


Similarly, the cofactor of the factor common to the last two terms 
seen to be 
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/l gi 
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Hence we have as an example of the present theorem: 


&1 O' 2 

fi gi 
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Co 

Cl 
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ji 
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Had we combined the first and third terms of the same develop- 
ment, and then the second and fourth, we should have obtained the 
example 
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Again, by combining the first and third terms of the second develop- 
ment in §294, we should have the case where the one factor is of the 
second degree, and the other of the sixth, namely: 
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bi 

Cl 

Cl 

Cl 

ii j 2 

ni 71 2 




ii 

ji 

ni n 2 








h 

£2 

ki 

h 








+ -■ 

di fi 

g\\ 

hi 

hi 

1-1 







+ b 2 

Ci ei 

Cl 

ii 

j 1 

mi mi 










ii 

72 

ni n 2 
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The case where the one factor is of the first degree and the other of 
the 7th falls under the theorem of §292 which may thus be looked 
on as a particular case of the present theorem. 

297. Two minors such as those of each term of the development 
in the preceding paragraph — that is to say, minors which, when 
multiplied, give terms that are all terms of the parent bipartite — may 
be called complementary minors. 

298. A bipartite of deg-order ( m , n) is expressible as a sum of n 2 
products of three factors each , the first being an element of the initial 
line, the second an element of the final line , and the third the minor bi- 
partite of deg-order (m — 2, n), which is obtained from the original by 
deleting the initial and final lines , and those lines of the first and last 
square arrays which are not collinear with one of the said pair of elements . 

Thus 


ttl 

(12 

A 

gi 

b ! 

Cl 

d\ 

d. 

b 2 

c 2 

ei 

e 2 


b\ b‘i b\ b 2 Ci c% c\ c 2 

= afi — 1- aigi — h a 2 /i “ b a 2 gi - 

d\ C\ d 2 c 2 d i 6 i d 2 e 2 

This of course is but the result of a double application of the 
theorem of §292. 

299. A bipartite function may be expressed as a bipartite of lower 
degree, in which elements occur that are themselves bipartites, and 
to which, on that account, the name compound bipartite may be given. 

300. The theorem of §296 is the case of this where the compound 
bipartite is of the second degree. Thus the identity (a) there given 
may be written also in the form 










ai 

a 2 

A 

g i 

a i 

a 2 

h 

gz 



h 

£2 


k 2 



h 

Cl 

d\ 

d 2 

bT 

Cl 

di 

d 2 

ai 

a 2 

A 


h i 

h 2 

p i 

qi . 

b 2 

c 2 

Cl 

e 2 

h 

c 2 

ei 

e 2 


Cl 

di 

d 2 

ii 

ji 

ni\ 

m 2 

hi 

h 2 

Pi 

Qi 

kl 

k2 

Pi 

Qi 

b 2 

c 2 

e\ 

e 2 \ 

ii 

Jt 

ni 

n 2 

ii 

j 1 

mi 

— ) 

m 2 

h 

J 1 

mi 

m 2 









i 2 

h 

ni 

n 2 

12 

J2 

ni 

n 2 


and so of the others. 
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The theorem of §294 is the case where the compound bipartite is 
of the third degree, and its square array is a square array of the 
original bipartite. Thus the identity (a) there given may be written 
also in the form 




h 

£2 

£l 


fll 

fll 

h 

£l 

*1 

hi 


Cl 

Cl h 

d?, 

fl 

7 1 

*2 

C 2 

Cl 

C2 


72 


pi q 1 P a 0 3 


mi nio 
111 fl 2 


h £2 
fl £i 


Pi 

S, 


where 


P 3 = 


a i a 2 


b i ci 


rfi 


c 2 I Ci 


*4 = 


&1 


H 7j 

f 2 j 2 


h gi 

mi m2 

ttl W'O 


= 



CL 2 



ii 

Cl 

d 2 

J 

62 

C 2 I 

c 2 


*1 

A*| 



fl 

7 i 

Wl 

m 2 

72 

72 

77 ' 1 

7 Z- 2 


301. The theorem of §298 is the rather important case where the 
compound bipartite is again of the third degree, but having for its 
initial and final lines the initial and final lines of the original bi- 
partite. 

Thus 




ft 

£2 

ki 

/;» 



A] 

( 1 2 

fi 

£l 

hi 

*2 

/>! 



C] 

d 1 

d% 

7*1 

7i 

W| 

m 2 

62 

C '2 

ei 

e? 

7 * 2 

>2 


77 2 


CL l fl 2 


Us x 

Vs Vs\ 


Pi 

Ri 


where 


Us = 


h 


ft St 
h Si 


d ] d% 


ki k 2 
hi h 2 


7 i 




nil 


h St 
/] gi 


d i d‘2 


ki ki 
hi h 2 

i\ j i 


62 Kl 

c 2 | f 2 

7 

2 | 77 1 

c 2 1 

Cl 

C 2 I 

72 

72 


ft 

£2 


ki 



ft 

£2 

Ai 

^2 

Vs = 

b 1 

fi 

£1 

hi 

h 2 


T7 _ 

f_l_ 

£l 

h\ 

hi 

di 

* 

i\ 

7 1 

ra 2 ’ 

r b — 

Cl 

di 

^2 

i\ 

ji 

J 2 

Cl 

c 2 

f 2 

72 

77 2 

C 2 


c 2 

f 2 

72 


m i 


m 2 
W 2 
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302. There are, however, other modes of expressing a bipartite of 
a degree higher than the third as a compound bipartite of the third 
degree. These we obtain by making use of both §294 and §296. 

For example, by §296 (or §294) we have 


0i 

CL'i 

h 

A 

£2 

gi 

i fc, 

hi 

k 2 

1 

■51 

0 1 

ft 

/i 

g2 

gl 

ki 

hi 

k. 

pi <h 

b i 

Cl 

d i 

d 2 

i\ 

h 

mi m 2 

d , 

d2 

ii 

7 1 

m\ m 2 

b 2 

C 2 

Cl 

C 2 

ii 

h 

tli tl 2 

bt 

Cl 

C 2 

ii 

h 

tii n 2 


+ 02 - 

c 1 

f 2 

A 

g2 

gl 

kl k 2 

hi hi 

pi 91 

ft ft 

ii j 1 

Wi m 2 

Cl 

|«1 

C 2 

ii ji 

til fl2 


and by §294 the cofactor of ai is equal to 



ft 

£2 

kl 





ft 

g2 

ki 




A 

gi 

h x 


\pi 

ft 

1 -5 
+ 

A 

g^ 

hi 


pi ?i 

T x 

di 

ft 


ii 

mi m 2 

di 

ft 


7 1 

Wj w 2 

h 

e 1 

C 2 


12 

\ tly 

tl 2 

bi 

Cl 

c 2 


72 

Wi « 2 


and the cofactor of a 2 is equal to 


(ft) 


Hence 



h gt 
fi gi 

ki 

hi 

pi <it , 

A ?'■! 

/l gl 

k 2 

h 2 

pi 91 




~r 




Cl 

di ft 

ii 

Wi m 2 Ci 

di ft 

h 

mi m 2 

C 2 

ei e 2 

ii 

m-i w 2 c 2 

ei e 2 

h 

til tli 




ft 


*1 







01 

02 

fl 

gl 

Ai 

h 2 

pi 

ft _ 

ai 

02 


bi 

Cl 

d 1 

d 2 

tl 

J 1 

mi 

m 2 

’ p7 

M«| 

-R. 

bi 

c 2 

Cl 

Cl 

ii 

72 


«2 

Q« 


Is. 


where 



ft 

g2 

A, 


/* 

£2 

Ai 



P 1 = — 

fi 

£l 

A, 

Mi = — 

A 

ft 

A, 

P, = . 

pi 91 




di 


1 


61 

di 



Ci 

d 2 


*1 

mi m 2 

bi 

«1 

c 2 


c 2 

Cl 

c 2 


ii 

ftl « 2 



306 


THEORY OF DETERMINANTS 



/* 

& 

k 2 


h 

£2 

k-1 





/i 


h 2 

717 _ 

h 

h 

hi 

6*3 — 

pi 






iV 4 — 



J 

i 


b , 

<h 

d 2 


Cj 

d, 

d 2 


jl 

mi m 2 

b 2 

ei 

C‘2 


Ci 

Cl 

e<2 


h 


ra 2 


It will be observed that, in using §294 the second time here, (it is 
necessary to do so in such a way that each term of (/3 2 ) shall hak^e a 
factor common to the corresponding term of (/h). \ 

303. When we note that in using the theorem of §296 in the pre- 
ceding paragraph, several other identities might have been got in 
place of (a), and that in using the theorem of §294 we might have 
chosen several other pairs of identities in place of (/?i) , (/3 2 ), it is clear 
that we have not by any means exhausted the possible ways of 
expressing the given bipartite as a compound bipartite of the third 
degree. 

There is little difficulty in seeing what the theorem is which includes 
these different forms in the same way as theorems of §296 and §294 
include all the forms of §§300, 301 but the formulating erf it would be 
troublesome. 

304. The expression of a bipartite of a degree higher than the fourth 
as a compound bipartite of the fourth degree, and generally the 
expression of a bipartite of a degree higher than the wth as a com- 
pound bipartite of the mih degree, can be obtained in a manner similar 
to that of §302 by repeated use of the theorems of §§294, 296. 

305. Of compound bipartites, some interest attaches to that special 
form, each of whose elements is the cofactor of the corresponding 
element in another bipartite, and which, in reference to an analogue 
in the theory of determinants, we may term the bipartite adjugatc 
to the parent bipartite. 

306. The elements of a determinant which is the product of m 
determinants of the rath o^der are bipartites of deg-order ( m , ra). 

307. A continuant may be expressed as a bipartite. Thus 


p i 


p b 

q b 

r 1 

— 1 q c 

1 

c 

-1 r d 


s d 

— 1 s 


308. If the product |a ln | - \b ln | with — laffixed to each of its 
diagonal elements be denoted by |P ]yi |, and the corresponding 
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result, when the order of the factors is reversed, by \Qi n \ t then each 
of the P’s is expressible as a linear homogeneous function of the Q’ s, 
with coefficients involving only elements of |a an |. Thus if |aift 2 Ca 
and IXlawi | are the initiating determinants, then 


aj 

d 2 

fls 

-^ | aj 62 C3 
^1 

1 P _ ai 

(7 2 

CLz 


Cn 

021 

031 

Vn 

021 

031 

Bi 

012 

022 

032 

T 2 

012 

022 

032 

B, 

013 

023 

033 

^4 3 

013 

023 

033 



etc. 

This is obviously an example of Caylean matrices and is included 
in the simple identity 

UV — 1 = u(uv — 1 )u~ 1 j 

where u and v arc any matrices of the same order. 

309. It is easily seen that 


a i 


d 2 Q 3 Cl 4 


di b i Ci d\ 

CL 2 b% C‘Z d 2 

Clz b 3 C3 d 3 

d\ b 4 Ci i d/[ 


dl 

bi 

Cl 

di 


d \ , a 2 , a 3 , a 4 
cl \ , b l., Ci , d\ 




= (L\ { | Oil b 2 | “T I d\ C 3 | T" I #1 di | } 
0 a 2 a,i 0 a 2 a 4 

-T 61 62 ^3 + 62 ^4 

cj c 2 c 3 di dg ^4 

0 (23 (24 

-|- Cl C3 C4 

d\ dz d\ 

or adding \d\b 2 1 to both sides that 

d\ a 2 dz di a lj d 2l dz 1 d\ 

| fli difbifCi, d\ 

bi 
Cl 
di 


X>! + ^1 X) I a l ^2 ' 
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( 1 ) = | d\ bi C 3 1 + \a\ ^2 di 1 + | a \ c s | 

where £01 = 0i+6 2 +c 3 +d 4 and |a^2^4 1 . From this using 
02, fa, c 2 , d.2 in place of 0 1, fa, c i} ch respectively we get 

01 02 03 d 4 d\ , 02 j ^3 j 04 v— % I I I I 

/ ,01 + 02^ | 0J 02 I = | 02 03 04 | 


( 2 ) 


02 02 , ^2 j £2 , <^2 

^2 
£2 


where 


| 0 i 62 1 = | 01 b<i | + | 0 i c 3 | + | 0 ] d\ | + | bi C 3 1 + | 62 ^ 4 1 + | C 3 d\ | . 

Similarly 


( 3 ) 


01 02 03 04 


and 


( 4 ) 


01 02 03 0'4 


01 , 02 , 03 , 04 

03 03 , ^3 , C 3 , d 3 

b 3 
c 3 
dz 

01 , 02 , 03, 04 


£*.+< 132 : 101 *. = — 01^3^4 1 , 


04 04 , b 4 , C 4 , d\ 

b, 

Ca 

d* 

From these four we readily get 


£01 + 04 £ I 01 £2 — 02 ^3 Ca . 


01 02 03 04 


01 b I Cl d\ 01 02 03 04 


01 

Cl 

<*1 

H 7 7 £ | 0i bz | — 0i { | 0i 62 c 3 1 +| 0i &2 di | + | 0i Ca dt | 




0i , b\ , Ci, </i 

( 5 ) + | ^2 C3 dt | } = — | 0i £>2 c 3 c?4 1 
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01 02 03 0 4 

02 b 2 c 2 d 2 

A 

A 




From (5) using 0 2 , b 2 , c 2 , d 2 instead of a 1 , bi , c\, d\ respectively we get 

0 2 
b 2 

c 2 
<h 

0 1 j 02 j 0,3 j 0 4 \ I I ^ ^ I 1 

( 6 ) H — E I a i | — a* £ I a ‘ bi c 3 | = 0 . 

#2 , 02 , C 2 , 0 2 

Similarly using 03 , & 3 , c 3 , d 3 and a 4 , & 4 , c 4 , </ 4 or as we may write 

a r 

b T 

C r 

m 


a 

ro 

07- b r C r d r 

A 

A 




+ 01 ^^04 | _ grE|ai ^ cC | = _ 

0r j 0r j j d r 


d T 0 2 0 3 0 4 

6 r ^2 63 bn 
C r C <2 C 3 C\ 

d r d 2 dz dn 

This connects bipartites and determinants of order four, but the 
law of formation is seen to be general. Thus for order six we have 

d\ a 2 #3 On a 5 06 J &\ b\ Ci d\ C\ j\ 


A 4 

01 0 2 0-3 04 0B 06 | 01 b\ Ci d\ Cl j 


+ 


A 3 

01 02 03 04 06 06 | 01 b\ C\ d\ C] J] 




01 


A 01 2 

01 0 2 03 0 4 0& 0g j 0i 61 C\ d ] 6 1 f j 


- | ^1 62 | 


" 21 | ^2 C 3 | 


+ 


01 02 03 04 06 06 j 01 ^1 C 1 €1 /; 


A 0 


"221 0 i £2 C3 </ 4 | 


(8) 


— 0i | 0i £2 c 3 d±e g + | 0i b 2 03 ^4 £ 5 /e | = 0. 
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310. If now we denote by A = \A — x | the determinant of the nth 
order formed by subtracting x from the principal diagonal elements of 
the determinant A= \a ln |, and by A n the complementary minor of 
the element in the position (11) of A then we may express the quotient 
An-i- A as a power series in x where the coefficients are bipartite func- 
tions. 

The quotient is obviously of the form j 

— x~ l — Ai%~ 2 — A 2 x~ 3 — A$x~ 4 — ■ - ■ l 

and, for convenience, taking n = 4, the divisor is \ 

X i — X 3 + X 2 ^2 I a 22 I ~ X I ai 1 a 2 ? - a3S I H” I 033 044 | 

or x 4 — x 3 ^<zn + x 2 y^A i 2 , 12 — % yi/A 123 . 123 + A . 

If now we multiply both sides by this divisor we get 


x 3 — Ai 

X 2 — An 

x — A 2 

x° - A 4 

— 

+ Ai £an 

+ A 2 X^n 

+ As 


— S^4l2,12 

— A \ y a 12.12 

— Az y2>A 12,12 



4* y^Am,m 

A 1 ^A 123,128 

- A 


Equating like powers of x we get 

— A 1 + =022 + 033 + 044 

— A2 Ai 5^011 — 12,12 = “ I 022 033 | 

| 022 044 | — | 033 044 | 

A 3 + A 2 2^011 A\ ^^12,12 “I" ^^ 123,123 = | 022 033 044 | 

A 4 + A 3 ^an — A 2 '^ d A 12,12 + A 1 123,123 — ^4=0 


and from these equations we get, making use of relations (1), (5), 
(8) etc. §309, 

Ai = 0ii 


A 2 — 
A 3 = 


011, 012, 013, 014 
011 1 021, 031, 041 
011 012 013 014 

I 011 
021 
031 
041 


A 
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#11 #12 #13 #14 

#11 #21 #31 #41 

A, ~ A 

A 

We have then 


Al1 -1 -2 

011, #12, #13, 

— X — 01 X 

A 

#11, #21, #31, 


etc . 


#11 0 12 # 13 d\ 4 I dll #21 O' 3 ] 041 


011 0i2 013 #14 I #11 #21 #31 #41 


v-B - 


etc. 


The student who wishes to pursue this subject further should 
consult Muir’s paper On Bipartite Functions , Trans. Royal Soc. 
Edinb. xxv p. 461 + . 

Many propositions similar to those for determinants are developed. 
Thus propositions corresponding to those of §§174, 175, 153, etc. are 
there found. 


Exercises. Set XVII 


1. Show that 


A 

An 


#12, #13, #14 #12 #13 #14 #21 #31 #41 

= — X + 0 i H X x~ 2 

#21 , #31 , #41 An 

#12 #13 #14 #21 #31 #41 

H - etc 

A*u 


where Av is the minor complementary to #n in A. 

2. If A, F, E, etc. are the complementary minors of a, /, e, etc. in 
the determinant 


A = 


a f e 
f b d 
e d c 


and if 


X = yiz 2 — 21 ^ 2 , Y = Z\X 2 — z 2 Xi, Z = xi y 2 ~ y ix 2 
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show that 


aci yi zi 

^2 3 ^ 2 2 



Xl 

#1 

A 

y 1 A 



Zi 

Zi 

Xi ?! Zi 

X 2 3^2 22 



*2 

X‘i 

A 

3^2 A 

3 , 2 


22 

22 


XYZ 


AF E 
FED 
EDC 


X 

Y 

Z 


3. Show that 

ai ' ' #6 \ Ctrbr ■ ■ ■ f T Gl fl'2 • a^ \ drbr ■ ■ ■ fr 


A 4 


A 3 


#1 &2 ' #6 U, b T ‘ ' fr -r— N | | 

H — 2^1 a ' b 'A ” 

A 2 

m 

— a r ^ | fl] ft 2 C3 ^4 | +| ft2 ^3 ^4 £5 /o I = 
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Aggregates 

311. Aggregate is a term which might be used to indicate a relation 
between determinants or minors of determinants such as those given 
in §150 and others. In what follows, however, we shall confine our 
attention to relations involving minors and sums of minors of given 
determinants. 

312. If A is a determinant of order 2 n, the sum of the minors* of 
order n 


(2m | k a \2n\ k a \n- k,) 

(2»| ic a \ n — k h ) 

which has k rows the same throughout may obviously be written in 
the form 


Z (-1)' 


( 2 n | k a \2n | k a | h ix | n — k l2 ) 

(2w j k a J k x ^§2 ft | k a j j 71 h { ; 2 ) 

which on expanding each term by Laplace’s theorem in terms of 
minors formed from the ath selection of h rows with their comple- 
mentaries, and finally collecting all the terms containing 

( 2 n | k a ) 

{2n | k a | 4 tl ) 

as a factor, takes the form 


(Z71— K)k K&n—-£k\ n -k 


(n)i e 


E ( - 1)' 


(2n— k)k 

E 


H-] 


(2M | k a ) 

(2n—2k) n —k 

v 

(2M | k a | ki, | M — k h ) 

(2^ I'M k h ) 

2-/ 

(2n I k a I k,, 1 M — ki ,) 


On examining the inner sum of this form we easily see that any given 
selection of h (1 ^h^n—h) of the 2n — 2h numbers in the combina- 
tion (2n|*.|4 u ) is constant as rows running through (2n—2k~h) n -k 
of the terms and constant as columns through as many more terms. 
This leads to the following theorem: 


(2 »-*)„ 

E (-!)■'■ 




(2m | k a \2n | k a | m — k, t ) 
(2m | ic a | m - k tl ) 


(2n— k)k 

E (- i)* 




(2M | ka) 

(2n | k a | k h ) 


1 

2 (n — k)h 


(2n-2fc)* 

E St, 


0-i 


* These would be minors along the secondary diagonal of the «th compound. 
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where Sp denotes the sum of the two aggregates 


(2n-2fc-M«- 

E 

(- i)" s 

(2 n | k a | k n | hp\2n | 

ka I Ai, 1 hf> | n 

— & 

- h H ) 

12=1 

(2 n | k a | k H | hp | n - 

- k — hi.) 



(2n~2/c—h)n-l 

z 

l 2= 1 

i- 1)" 

(In | K ! | h | n - 

(2m | ic a | k lt | hp\2n | 

k An) 

k a | k tl | hp | n 

— k 

kif) 

i 

in which , if 






(In | k a ) , (2 n 

k a | k lt | hf) , (2m | k a 

| k H \hp\n — 

k ~ 

kx 2 ), \ 


(In | 

k a \ k H ), (2m | k„| k„ 

, | h \ « - k - 

- h h ) 

\ 


are denoted by (a), ( b ), (c), (d), (e) respectively, the integers v 2 , v 3 , i> 4 
denote the number of inversions in ( a\b\c\d\e ), (b}c$e), (e\b$c) re- 
spectively. 

313. As an illustration of this theorem take n, k, h = 4, 2, 1 and we 
have 

1234 1235 1236 1237 1238 

_ J- _ -L 

5678 4678 ' 4578 4568 4567 

1245 1246 1247 1248 1256 

-f - — -|- — + 

3678 3578 35 6 8 35 6 7 3478 

12571 1258 1267 1268 12781 

— ~i~ -h — + 

3 4 6 8 1 34 6 7 3458 3457 34561 

121115 6 57 58 67 68 7811 

_ 3 4 1 \ | 7 8 “ 6 8 + 67 + 58 ~ 5 7 + 561/ 

_ 1 21 114 6 _ 4 7 48 6 7 _ 6 8 7 811 

3 5 I ll 7 8 68 + 67 + 48 _ 47 + 46l/ 


+ 


1 2 

( 4 

3 5 3 6 4 5 

4 6 

5 

6 1 

+ 7 8 ‘ 

; 

l 6 

46^"45^~36 

” 3 5 + 

3 

>} 


or as we may write it 


£ 


12 3 4 
5 6 7 8 


1 2 
3 4 
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where the sigma refers to the numbers 345678 taken two at a time 
etc. An important special case of the theorem is when k = n — 1 and 

A= 1. 

314. The conjugate of every minor in the first aggregate of S& is 
found in the second with the same or opposite sign according as n—k 
is even or odd. This is readily seen on observing that in bringing 
( b\c\e ) to the form (e\b\c) the n — k numbers in (e) are carried over 
the n — k numbers in ( c ) and ( b ) and therefore the exponent of the 
sign factor for the two differ, mod 2, by (n — k) 2 or n — k . 

315. Since each aggregate of Sp is an expression involving minors 
of order n — k the same in form as those on the left-hand side of the 
equation, we may apply the theorem to them. If n — k is not odd 
we may select k , so that after applying the theorem a second time 
(n — k — h) is odd and shall have within each of the resulting Sp’s 
conjugate minors with opposite signs. 

316. If now we take the sum 

(2 n | k a \2 n \ k a \ n — k n ) 

(2 n | k a | n — k n ) 


( 2n-k) n 

0 n-k) 0 £ (— 1)" 

ll — 1 


and, instead of expanding each minor in terms of minors formed from 
the aih selection of k rows as in §312, we expand in terms of minors 
formed from the jfrth selection of h of the ath selection of k rows and g 
others and finally collect like terms we get 

(2 n | k a \2n | k a \ n — k t] ) 

2n\ k a | n — k H ) 


(2 n— fc)n 

(»-*)•£(- D" 
11=1 


(2 n— k ) fc+2 g 

= £ (- l)'*Pn, 

il- 1 


where P,-, denotes the product of the two aggregates 


( h -\- 2 o ) p 

l £(-D 


i 2 =l 


(2w--2 Q—h— k)n-h-g 

r 


i,= l 


(2 n | k a \ hf>\2n \ k a \ h + 2g it | g ,,) 

{2n \ k a \ h + 2 g h | g, 5 ) 

(2 n k a | hp§2n | k a \ h + 2 g H | n — 

iv« 

(2n | k a | h + 2 | n—k — g t> ) 


k - gi 3 ) 


If h—k and g= 1, then this theorem reduces to that of §312. In 
illustration take the example where n, k, g, h = 3, 1, 1, 1 and we have 
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2 - 



It is to be observed here that these theorems take on different forms 
if some of the numbers in (2 n \k a ) and (2 n \ k a ) are alike. Thus in the 
example just given suppose 6 becomes 1 , then we would have 


1 

” =1 

2 

3 > 

)E 

*: -1 

^ 2 _ 

1 

4\ 

E ) 

3 

1 

4 5 ' 

^ 3 

~ 2 , 

/ 

1 5 1 

^ 4 

2 ) 

' 1 

5 


+ etc. 


etc. If we take n, k , h, g = 5, 4, 2, 0 and then in the theorem make 
9, 10=1, 2, respectively we would get 


E 


1 2 3 4 5 
7 8 12 6 


1 2 

7 8 


3 4 5 
1 2 6 


1 3 
7 8 


E 


2 4 5 
1 2 6 


+ ■ ■ • + 


5 6 
7 8 


E 


1 2 3 
1 2 4 


317. Expand the twenty terms of 22 |« 6 1 in terms of 2 , 3 , 4 , 5 , 6 . 1 , 14 , 1,1 
and their complementaries and collect terms containing * and “ 
(a = 2, 3, 4 , 5 , 6) and it will be found that they have the same co- 
efficient so that 


12 3 /I 2 \ 

34 /I 3\ _ 

2 4 

. = ( - ) E 



4 5 6 \ 2 1/ ^ 

5 6 \ 3 1/ ^ 

5 6 
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C-Ozp-G-Or 


2 3 
4 6 


2 3 
4 5 

or dropping the dashes since all numbers after the sigma vary we have 


1 2 3 
4 5 6 


= £ 


3 4 
5 6 


-E 

1 

3 

E 

2 4 

5 6 

+ E 

1 

4 

E 

2 3 

5 6 


1 


2 3 

+ E 

1 


2 3 

-E 

5 

E 

4 6 

6 

eI 

4 5 


and since we could just as well have expanded in terms of £ and “ or « 
and 3 etc. We have 


1 2 3 
4 5 6 


-E 

2 

1 

E 

3 4 

5 6 

+ E 


2 


1 3 


+ E 

5 

E 

4 6 

-E 


£ 

£ 


1 4 
5 6 
1 3 
4 5 


-£ 


1 3 
5 6 


= etc. 


The general theorem is 

ll(2» | 1„ | 1,) 

= V i( _i)J| (2w| W 

} W(U\l f \ld 


(in | 1« | 1,) 
(2 n | 1 „) 

(2m | 1„| 1.) 
(2m j l fl ) 


n y> . (2»| 1«| l.| 
If ^ (2m 1 1« | T. | 


\ y. . (2» I lfl I li I 

/ (2n | 1, 1 1,- 1 


M — 1,) 
« — lj) 
« - lj) 

M — 1 ,) 


318. If (zm) denotes any combination of the In numbers 1, 
2, ■ • ■ , 2m, then (m) shall denote the combination formed by re- 
placing every number in (wi) by its defect from 2m+1. 

With this notation we have the theorem: 


C Tt)k 

E 


*1-1 


(2m I M„ I k h )(2n I n a \ fe,,) 
(2m [ «„) 


(«) k ( n)k 

= E £(-D' 

*1=1 t 2ea =l 


(2m | ri a | k h ) 
(2m | n„ | &, 2 ) 


{ 


(n)fc 

-E 

*i~ i 


(2 n | n a ) 


(In | n a 


(2 n | na | &ii) 

(In | n a | k i2 ) 


|fe ll )(2»| n a | ki v | 
(2m | M„ \k tl ) It 
(2n | | n a ki 2 ) I / 


where v = the sum of the inversions in (2n \n a \ki$2n \n a |^i,) vnd 
(2 n | n a \k x $2 n | n | 
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The proof consists in expanding by Laplace's theorem each minor 
contained in the first sum on the left in terms of minors formed from 
the n — k rows having for indices the numbers in (2n\ii a \kif), with 
their complementaries; and each minor in the second sum on the left 
in terms of minors from the (n — k) columns having the same numbers 
for column indices, with their complementaries, and finally collecting 
the terms in pairs one from each sum. j 

319. Jf any two determinants A and B of the nth order he lakenXand 
from these two sets of determinants be formed, namely, first, a set of\n) r 
determinants each of which is in r rows identical with A and in\the 
remaining rows identical with B; and, second, a set of the same nuinbcr 
of determinants each of which is in r columns identical with A and in 
the remaining columns with B, then the sum of the first set is equal to the 
sum of the second set. 

Let A(^) denote the determinant of the nth order whose ath selec- 
tion of a rows is the ath selection of a rows of A and whose remaining 
rows are the /3th selection of h rows from B, where a+b — n and where 
the ath and /3th selections are complementary selections of the num- 
bers 1, 2 The a rows from A and the h rows from B will 
therefore occupy the same positions in A(^) as they do in A and B 
respectively. Let A(“?) denote the determinant formed similarly 
from the columns. Then the theorem stated symbolically is 

where the number of determinants on each side is n\/a\b\. 

Expanding the determinants involved by Laplace’s theorem in 
terms of minors of order a formed from the elements from A and their 
complementaries formed from the elements from B we see that the 
coefficient of any minor involving the elements from A on the one 
side is equal to the coefficient of the same minor on the other side, and 
hence the truth of the theorem. 

320. Let a+6+c+ • ■ ■ +k = n, and let the ath, /3th, ■ ■ • ,7th 

selections of a, b, c, • ■ , k respectively of the n numbers 1, 2, ■ • ■ , n 

be a set of complementary selections. Let A( a a b p y \ \ \ k f) be the de- 
terminant formed by taking for its ath selection of a rows the ath 
selection of a rows from A, for its /3th selection of b rows, the /3th 
selection of b rows from B, and so on, so that the rows taken from the 
determinants A, B, C, - ■ , K occupy the same positions in 

f y ! ,‘J) that they did in the determinant from which they were 
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taken. Let A(^ 1 ’ \l) be the determinant formed similarly from 
the columns. Then we have the more general theorem : 



where the number of determinants on each side is n\/ alb 1 ■ ■ ■ k\. 

Before taking up the proof of this theorem let us consider an 
example where n = 4, a= 2, b = c=l, and therefore the number of 
determinants formed in each set is 4 J/2 !1 !1 ! = 12. We have 

R(an fl-22 £>33 044) + *11 022 C33 £>44) 4* -^(011 b ' l 2 033 C44) 

+ 022 033 ^44) 4“ 62 2 033 044) 4- R(&n 022 £>33 044) 

4 " ^(£>11 022 033 044 ) 4 “ ^(011 022 033 £>44) 4 “ ^(£>11 022 033 0 ' 44 ) 

4 " R { C\l 022 b 33 au ) + ^(£>11 022 033 044) 4 “ R ( Cl \ £>22 033 044) 

= C( 0 H 022 £>33 044) 4 " C(fln 022 033 £>44) 4 " ‘ * ’ 4 " C(cji £>22 033 044) 

where for convenience R(a n 022 £>33 0 4 i) stands for 



011 

012 

013 

014 


021 

022 

023 

024 


£>31 

£>32 

£>33 

£>34 


041 

042 

043 

044 

and C(0n 022 £>33 044) stands for 

I 011 012 

£>13 

014 


021 

022 

£>23 

024 


031 

032 

£>33 

034 


041 

042 

£>43 

044 


The truth of this relation is seen on expanding each determinant 
involved by Laplace's theorem, in terms of minors of the second 
order containing the a’s and their complementaries. Thus it will be 
seen that the coefficient of any minor of the 0 's on the one side is the 
same as the coefficients of the same minor on the other side. 

Thus taking the minor | it is readily seen that its coefficient on 
the left is 


£>33 

034 

033 £>34 


+ 


£>43 

044 

043 £>44 
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and on the right is 

#33 ^34 £33 c 34 

C43 C \\ 643 &44 

and the two are equal and this is seen to be an example of the theorem 
of the preceding article for the two determinants ; 

&33 ^34 (*33 £34 

&43 ^44 ^43 ^44 

If we had expanded in terms of the ft’s and their complementa^ies 
and equated the coefficients of any b such as bn we would have \ 

0'22 U23 ^24 ^22 C '2 3 (7-24 ^22 (723 #24 

^32 U33 C 34 + (732 C33 (7 34 H"~ ^32 #33 ^34 

(I42 (743 C44 (742 C43 fl44 C42 G43 <3^44 

(722 (723 (?24 (722 (723 (724 C”2 ^23 ^24 

(732 (733 (7 34 + <"32 C33 C34 + (732 (73? (734 

1 C4? C43 C44 (742 (743 (744 (742 (743 (744 

which is another example of the theorem of the last article for the 
two determinants | a^a^au | and | c a 2 CjaC 44 ( - For the proof of the 
general theorem it is sufficient to observe that if we take three de- 
terminants A, Bj C and expand in terms of minors formed from the 
a ’ s and their complementaries, then the coefficient of any minor of the 
a 1 s on the one side is equal to the coefficient of the same minor on the 
other side by §319. Having thus established the theorem for three 
determinants it is extended in a similar manner to four, then to five, 
and so on up to k. 

We might select for our k determinants any k mutually exclusive 
minors of order n in a determinant of order nk. It is apparent that 
unless the selection of rows and columns are mutually exclusive some 
of the terms will vanish having identical rows or columns. 




CHAPTER XI 


Alternants 

321. When the elements of the first row of a determinant are all 
functions of one variable, the elements of the second row the like 
functions of a second variable, and so on, the determinant is called an 
Alternant : for example, 


sin x 

COS X 

i 

sin y 

cos y 

i 

sin z 

cos z 

i 


or a more extended definition, any determinant which is an alternating 
function is called an alternant: for example, 

1 a a 2 a{b A c A + b A d A + c A d A ) 

1 b b 2 b{c A d 4 + c A a A + d A a A ) 

1 c r 2 c{d A a A + d A b A + a A b A ) 

1 d d' 1 d(a A b A + <z 4 c 4 + b A c A ) 

322. Every alternant of the rath order is evidently a function of n 
variables. To interchange two of these would be the same as to inter- 
change two of the rows or columns of the determinant, and therefore 
would have the effect of merely changing the sign of the function; 
and as a function having this property is known as an alternating 
function, the origin of the name alternant is apparent. 

323. Every alternant with rational integral elements contains as a 
factor the difference- product of its variables. 

Let the variables be x\ , # 2 , * - ■ , x n . 

By substituting for x n any other of the variables, we should cause 
the deteiminant to vanish, hence it follows that 

X ii Xn — i, Xn X n — 2 j ) A-n ^ 2 ) Xji X\ 

are factors of the determinant. Similarly 

Xji— 1 Xn—2 7 y Xn— 1 ^ 2 ? 1 

are factors, and in like manner 

X n -2 Xn— 3 ) j Xn — 2 -^2 j 2 


Xi X 2 , X 3 — X\. 
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Hence, if from every variable there be subtracted every variable pre- 
ceding it, and the differences thus got be multiplied together, the 
result, known as the difference- product of the variables, is a factor of 
the determinant. 

Sylvester, who uses f(xi, x 2 , x 3 , ■ ■ ■ ) or f(xix 2 x 3 ■ ■ ■ ) for the 
second power of the difference-product of xj, x 2 , x 3 , ■ ■ , denotes, the 

difference-product itself by f 1/2 (xi, x 2 , x 3 , * ■ ■ ) or f 1/2 (xix 2 x 3 -•■{). 

324. A difference-product is itself expressible as an alternant , namely: 




1 

Xi 

Xi 

a;"" 1 



1 

X 2 

X‘2 

x 2 ’‘ _1 

f l/2 (xix 2 x 3 - ■ 

^ 71 ) 

1 

x 3 

%£ 

• • xa"- 1 



1 

x n 

X-n ’ 

V ’T' - 1 

A n 


For the alternant on the right has f 1/2 (xix 2 x 3 ■ ■ * x«) for a factor and 
the cofactor is readily seen, as in the particular case given, Example 2 
§60, to be unity. 

325. In order that the alternant 


1 a L ai 2 
1 a? 


4 >(o i , a ‘2,a 3 ■ ■ a n ) 

</)(a 2 , a\a 3 ■ a TL ) 


= k - f 1/2 (aia 2 ■ - • a n ) , 


where <p is a function of the a’s following ike semicoloUj it is necessary 
and sufficient that <p be (1) symmetric with respect to a 2 , a 3 , a 4 , ■ ■ , a n 

and (2) of the (n— 1) degree. 

For, the alternant vanishes if any two of the variables are equal, 
and therefore is divisible by f 1/2 0ia 2 ■ a n )\ also the degree of the 
alternant \n(n— 1) is the same as that of f 1/z , so that the cofactor is 
constant. 

To obtain the value of k, we denote </>(ai; a 2 , • ■ ■ , a n ) by A ; and 
since the appearance in .4 of a factor of the form<Zi m , sls ai m <p(a 2 a 3 ai ■ • ■) 
does not affect the value of k corresponding to <p(a 2 a 3 ■ - ■ ), it will 
only be necessary to consider functions of the latter form. 

For instance suppose A=<t>(a i a 3 a i )=J2a2 a 3 and the alternant is 


1 

0 1 

ai 2 


1 

<r 2 

fl 2 2 


1 

03 

^3 2 


1 


fl 4 2 



A s 
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We may write 

y ^2 = y , 0 2 &2 O'l y y ^ g? 

= ]C^i 2 a 'l — 01 ^fli 2 — di ^di + 2fli 8 . 

Then the following operations 

col 4 — 22tti 2 a 2 - coli + 2Zfli 2 -col 2 + y^g T ■ cola 
reduces A to the form 


1 

01 

01 2 

2a! 3 

1 

0 2 

0‘2 2 

2a 2 3 

1 

03 

03 2 

2a 3 3 

1 

04 

0 4 2 

2a 4 3 


2f 1/2 (0i 02 03 04 ) ■ 


326. In general A consists of the sum of a series of terms of the form 
X^ 0 i! p 2 03 p; ‘ ■ • a n Pn , where we will suppose that a of the p's have the 
same value x , (3 of the remaining p's have the same value y , and so on, 
then from symmetric functions we know that A can be put into a 
form so as to be reduced by operations similar to those in §325 
leaving a single term which is 


a n-l(_ 1 )a+^+7+*- 


and therefore 


k = (- l)«+0+7+ 


(a + /3 + 7 + ■ - ■)! 
a ! |8 ! 7 ! ■ - - 

(a + 0 + 7 + )! 

a ! (3 ! y ! * ■ ■ 


Therefore to determine £ we have to find the number of permutations 
of any number of things taken all together of which a are alike, 
£ are alike and y are alike, and so on. The sign of k is positive when 
the number of things is even and negative when odd. 

Example. Let 


A = ^b m c n d n e p f p h p 
which 

S — a m ^b n c n d p e p f p — a n Yj> m c n d p e p f p — a p ^b m c n d n e p f p , 

where S denotes the corresponding complete function involving a 7 
then 


5! 5! 5! 

2!3! 3! 2!2! 


5! 

7m 


(1 + 2!+ 3) 


6 ! 

2!3! 
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327. In order that the alternant 

1 <t>i(a \ bc - ■ - ) <t> 2 (a ]bc ■ ■ - ) <t>n- i(a ; be - ■ ■ ) 


= k£ ll2 (a b c - ■ ■ 1) 

functions must be (1) all symmetric with respect to b , c> d, ■ - \and 
(2) of the degrees 1, 2, 3 } • • , n—1 respectively. \ 

To determine k for alternants of this form, let us consider \ 

1 Zbc I >c Y,b*c I 


Since ^b =Y'a — a , we can replace by a on multiplying the alter- 
nant by —1. Also, since ^,bc= ^ab — a^a+a 2 , we can replace 
^bc by a 2 . And since y^ 2 c=y^a 2 fr — o^a — a)^ J a 2 +2a 3 t we can 
replace ^b 2 c by a 3 on multiplying by 2. Thus the alternant is equal 
to (— l)(+l)(2)(2)f 1/2 , that is £=-4. 

Now these multipliers are respectively the values of k corresponding 
to the functions taken in order. Hence we see that the value of k in 
the case of alternants of the above general form is equal to the product 
of the values of k corresponding to the several functions, as given in 
§326. 

328. From the above theorems we conclude that the most general 
form of alternants ( involving integral functions) which are constant 
multiples of the difference-product of the variables is 

1 {a b c ■ ■ ) </> 2 (a b c ■ ■ - ) 0 3 (a b c - - * ) ■ 


where 

<t>i(a be- • ) = mia + ^6 

<t> 2 (a be ■ • ) = m 2 a 2 + n 2 a J^b + p 2 £ b 2 + q 2 J^bc 
<t> 3 (a be ■ ) = m 3 a 3 -f w 3 a 2 j -(- p ia ^ b 2 -f- q 3 a ^ \bc -f- r 3 ^ ,b’ 
+ ^3 ^b 3 c + t-i J^bcd 
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and that the value of the constant multiplier is the product of 
mi — n x 

w 2 — n 2 — p 2 ~h ^2 

ms — n z — p s + q 3 — r 3 + 2s 3 — t 3 


329. The difference-product of a ly a 2 , 0 3 , - - ■ , a 2n is equal to 

J^(a 2 — 0l)(tf4 — ^3)(fl6 — (if) ■ • + (a 2 r, ~ 02n-l) ^ 

X |(«ia a ) 0 (a 3tt4 )2 . . . (fl 2n _ ia „)2n- 2 | 
where (a 2 — af) (a^ — af) • - - (a 2n — 02n-i) magnitude and sign a term 

of 

1 02 01 03 — 01 ' ■ 02n — 01 

0 3 02 ' ' 02n — 02 


02n — 02n — 1 


0 m/ where each of the binary products 0 i 0 2j 0 3 a 4 , ■ • ■ , 0 2n -i 02 n is formed 
from the original elements occurring in one of the linear factors im- 
mediately preceding. 

From §§100, 103 we have, on putting n = 2 


01° 02 1 


2n — 1 | || ill II I I 2n— 2 2n~l| | 

‘ 02 n | = | |01°02 | | 03 04 3 | | 05 4 06 6 | ‘ ' ' | 02n-J02n | | 

| | a? a} | | a-f aj | | a 4 4 a 6 6 1 • • • | aZ-iaL 2 | | + • • • 


or 


+ + 

= 211 ] | a ? a * | | a ' a * \ ■ ■ \ a , 2 "- 2 ^ 2 "- 1 1 | 

where hk y pq, rs 7 ■ ■ • , yz is one of the ways of separating the 2 n 
suffixes 1, 2, 3, - • - , 2 n into n sets of 2 each, and where the sign of 
summation implies that all other such separations are to be taken, 
it being understood that the sign preceding any permanent is to 
be made the same as the sign of that particular term of the alter- 
nant which is brought into prominence by the notation employed in 
specifying the permanent. Since, however, in specifying the typical 
permanent the particular term of the alternant which makes its ap- 
pearance is a h *a k l a p 2 a* * ■ ■ 0„ 2n “W n_1 the sign of which is (— 1)' 
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where v is the number of inverted pairs in h k p q ■ ■ ■ y z, a better 
way of writing this deduction from the general theorem is 



1 

a?a£ ■ • 

2n— 1 1 

■ #2n I 


H 

| a.} 

| | <U 2 a* 3 | 

| 1 

• | a t 2 "- 2 o t 2 "- 1 1 h 

II 

M 

T 

| a,?i I, 1 

| «r° a} 

1 1 1 
| 1 fir 2 a„ 3 

I a* a» 5 | ■ ‘ 

\a?aj\ • 

• | a p 2n_2 a„ 2 " -1 1 
■ • | a r 2n_2 ffl, 2n_1 |j 

\ 


| a.y a l 

1 | a v a? 1 

( <ly J 

• | a„ 2 " -2 a z 2n_1 1 1\ 

It is then apparent that on the right the differences a* — a*, a q A 


a T — a a , ■ • , ag-dy are factors of the 1st, 2nd, 3rd, ■ ■ • , wth rows 
respectively, and that if we remove them we shall have 

\a?a£ - all *| = ^Z(- l)-(a k - — a„)(a a — a r ) ■ (a 2 — a v ) 



(fllitfj -) 2 

(a h a k y * 

(ana *) 2 " -2 

(«*«„) 0 

( a v a g ) 2 

{a p a Q y 

(a ^) 2 - 2 

(d r a s )° 

( [d T tig ) 2 

(a r a 3 ) 4 - ■ 

(a r a,) 2n ~ 2 ’ 

(Uydg') 0 

(a v a,y’ 

(a„a ,) 4 • 

■ (a„a z ) 2 "' 2 


330. If the expanded form of the difference- product of the n letters 
a, b, Cj - • , l be multiplied by abc - l, and in the result every index 
to a letter be made a suffix to the same letter , the expression obtained is 
the determinant | aib 2 c 3 ■ • - l n \- 

This is self-evident on writing the difference-product in its de- 
terminant form. 

331. The quotient of an alternant by the difference- pro duct of its 
variables is a symmetric function of the variables. 

On the interchange of any pair of the variables both dividend and 
divisor change sign. Consequently when such an interchange is made 
the quotient remains unaltered, and therefore is by definition a sym- 
metric function of its variables. 

Example. 


1 

a 

a z 


1 

a 

a 2 

1 

b 

b 3 

= 

1 

b 

b z 

1 

c 

c 3 


1 

c 

c 2 


{a + b + c) = £ 1/2 (abc) X a * 
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332. An alternant of the nth order being known when we know in 
order its n functions and n variables, we may suitably use for it a 
notation in which only these 2 n things are specified. Thus 

0 i(*0 <t> i(x) fa(x) 

) </>2 (y) 03 (y) = ^4(0iO) 0 2 (y) 0aO)). 

<t> 2 (z) <f> 3 (z) 

The alternants requiring first to be considered are those in which the 
functions are powers , such as 

a m a n a p 

b m b n b* = A(a m b n c p ) 

c m c n c v 

or when possible by A(m, n, p). This type of alternant is known as 
a simple alternant. 

The form of alternant, for which the symmetric quotient referred 
to in §331 is most readily obtained, and which may be viewed as the 
second simplest form , is that in which all the powers except the last 
are in order the same as those of the difference-product alternant. 

333. The quotient of the alternant of the second simplest form by the 
corresponding difference -product is expressible as the sum of a series of 
fractions, namely. 

Aictfao 1 ■ • a n -ia„ r ) ol h t 

A (cki° <x 2 ■ ■ «,7- 2 icC -1 ) (a n ~ a n _i)(a n — an- 2) ‘ (a« — ai) 

OCn - 1 

(ttn -1 — a n )(a„_i — a n _ 2 ) ■ ■ ' (a«-i 

+ 



Expressing 


a 2 r 

(ocj — a 2) (ai — a 3 ) ’ ■ ■ (a x — a n ) 


l 1 

a? • 

ai "~ 2 

oti 

./ 

a 2 

■ a 2 n - 2 

ol 2 t 

In 1 -! 

OCn-l ’ 

n— 2 

OC n - 1 

OCn- 1 

. 1 
•n 

a n 2 ' 

' ■ a n n ” 2 

OL n r 
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in terms of the elements of the last column and their complementaries 
which are all difference-products, we have 

OC n r i ll2 {pL\Ot2 * ' ' ttn-l) ~ 1 /2 («1«2 ' ' ' <2 n -2<2n) 

+ a n r - 2 f 1/2 (atia 2 * «n-3 <2»-]<2n) — • • ■ 

+ (— l) n_1 Q!i r f 1/2 («2«3 * * a n -lO! n ). 

Hence dividing by the difference-product of ai, a 2j ■ ■ ■ , a n -i, a*, and 
legitimately altering the signs so as to have in the second denoijninator 
a n _ i in every case the minuend, in the third denominator a n _ 2 Aand so 
on, there results the identity as stated. \ 

334. The quotient of an alternant of the second simplest form\by the 
corresponding difference-product is expressible by means of two simpler 
like quotients , namely: 

A{<x?OL*f a n T ) A (a® as? ■ a n - ja/" 1 ) 

{* 1 / 2 (aia 2 ‘ ■ ■ f 1 / 2 (aia 2 • • ■ a«_ ia n ) 

. n — 3 r~l 

^A(ociaf ■ • a n _ 2 a n _ I ) 

f 1 / 2 (aia 2 • a«- 2 a»-]) * 

From §28 we have /l (aiW ■ aJCrJa,:) — a n A (a*a 2 x a;zia n r_1 ) 


1 

«l l 

<2 | 2 

■ ai”' 2 

<2i r 

— a n <2i r 1 

1 

&2 1 


■ a 2 "“ 2 

<2/ 

— OLnOL 2 r ~ 1 

1 

ocl-i 

<2 7l 2 _l 1 

n— 2 

a „- 1 

<2nZ 

T— 1 

1 — Ol n OL n — i 

1 

a 7 } 

<2 n 2 

• ■ a,r~ 2 


0 


and (§333) the right-hand member of this divided by £ ll2 (aia 2 ■ • ■ An) 

0 

(0 — 1)(0 — a n _ 2 ) - (0 — ai) 

r 1 i 

^ <2 71 — i QtfiQLfi—i 

(an* 1 — <*n)(<*n-l ~ <2 n _ ■>) ' * ' (a*-! “ «l) 

+ 

^ «i r — OLnOL i 7 ” 1 

(oci — «2)(aa ~ <*.0 ' ■ (<2i — a n ) 
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0 

r— 1 

ttn-1 

(“b- 1 ~ «n-2) ’ 1 ' («n- 1 — «i) 


aii r_1 

(oti — a2)(ai — a 3 ) - ■ (ai — aj-i) 

_ A {ay a.} ■ ■ ■ a„_ 2 a n _i) 

f 1 / 2 (a 1 a 2 ■ ■ a n 

whence the required identity. 

Example : 



(§333); 


1 a a* 1 a a 3 

1 b b 4 1 b b* la 3 

1 c c 4 1 c c 3 1 b 3 

1 a a 2 1 

1 b b 2 1 

1 c c 2 1 

= c(a + b + c) + — , ( §331, Ex.) 

b — a 

= a 2 + b 2 + c 2 + ab + be + ca = d a 2 + dis- 
similarly with the help of this result we may find the like expansion of 

Aia^b 1 ^) 
f in (abc) ' 

thence that of 

A(a*b l c*) 
f ll2 (abc) ’ 

and so on. 

335. The quotient of an alternant of the second simplest form by the 
corresponding difference-product is equal to the sum of all the terms which 
tan be formed by multiplying together such positive integral powers of the 
variables that the sum of their indices may equal the excess of the last 
index of the one alternant over the lasf index of the other . 


— ^ , 

a a 1 1 a 

b b 2 lb 
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Let the quotient referred to be 

n — 2 . 

A ■ ■ ■ an-lOfn r ) 

f 1/2 (aia2 ■ ' ■ Oin-lOCn) 

Since the dividend consists of terms like its principal diagonal term 

n-“2 

ai°Of2 1 «3 2 ‘ ' ’ OL n -\OL n r , i 

and the divisor, similarly, of terms like 

«i 0 a}a? ■ ■ ■ oulW~ l , 

we see at once that the quotient must consist of terms pf the, kind 
specified in the statement of the theorem, and of no others. It thus 
only remains to be shown that all possible terms of this kind occur, 
and that, unlike the terms of dividend and divisor, all are positive. 

As an instance of such a term, namely, one the sum of whose indices 
is r — n-\~ 1, let us take 

a* a T }-i • ■ ■ « 3 5 q: 2 3 «i 4 . 


By repeated use of the theorem of §334 we have 


A(ai° ■ ■ ■ a n ^a n r ) A (ai 0 


71—3 r-1 

0^71—2^71 — 1/ 


A (ai 0 


n-3 r — 2 
- a n _2a n _i) 


f 1/2 («l - ttTi-lttn) f 1/2 (« 1 ■ ■ ■ ttn-l) 


f 1/2 (tti ' a„_i) 


+ <*7? 


71—3 r— 3 

A (ai ■ ■ ■ a T ,_ 2 a, l _i) 


f 1/2 («i ■ ■ ■ a n _i) 


' + 


AM 


n-l 

Otn-\) 


f 1/2 (ai • ■ • ar n -i) 


+ oc n 


r— n+1 


the quotient we are concerned with being thus separated into r — n+ 2 
groups of terms, namely, those independent of a n , those containing 
a n \ those containing a n 2 , and so on. Now the third, if any, of these 
groups must contain the term in question. Taking it, therefore, and 
developing the cofactor of a n 2 according to ascending powers of a«_i 
in the same way, we see that the cofactor of a n 2 a^i is 

. 71—4 7—5 

A (ai° ■ ■ ■ a n _ 3 a: n _2) 

f 1/2 (“i • ■ ■ a„_3a„_ 2 ) 

Expanding this coefficient in like manner, and so on, we shall at 
length come to the coefficient of a n 2 a^_i ■ • ■ a 3 5 , which, as it must be 
of the seventh degree and must contain only a 2 and ai, must be 

A(a 


f 1/2 (aia 2 ) 
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This, however, 

a 2° — a i 
a 2 — 

= <* 2 7 + ■ ■ ' + a2 3 ai 4 + ■ • * + ai 7 . 

Thus +a n 2 ah-i • ■ • a^oc‘ 2 3 ai 4 is a term of the expansion, and evidently 
the same may be proved in regard to any other term of the kind. 

The quotient specified in this theorem is known as the aleph or 
“complete symmetric function of ai, a 2) a 3 , ■ - ■ , a n of the degree r — n+ 1” 
and is denoted by (a h a 2} a 3j • ■ ■ , a n ) r ” w+1 , or, when there is no doubt 
as to the variables, by ( ) r ~ n + 1 or H r -n+ 1 . The theorem thus simply is 

A (a i ol 2 ■ ■ ■ a n -i a n ) A(aP ■ • ■ dUiatn) 

, . or 

A (an 0 a 2 ■ • ■ oLn-iOtl ) 1 “ ■ «»-i «„) 

= (^,02,013, ■ ■ - , a„) T ~ n+l . 

Examples: 


1 a a b a a z 

1 b b* b b 2 =(a,^,c) B - 2 , 

1 c c 5 

= E« 3 + I> 2 * + 

= (a 3 + b 3 + c 3 ) + (a 2 6 + a 2 c + 6 2 a 
+ £> 2 c + c 2 a- + c 2 6) + abc. 
and 


ylOWd 7 ) 

^4(tt°6 1 c 2 <i 3 ) 


( a,b,c,d)' 

5> 4 + 5>** + I> 2 * 2 

+ ^2a 2 bc + abed , 


= (a 4 + & 4 + c 4 + d 4 ) + ■ ■ ■ ■ 

336. From the preceding it follows that every known theorem 
regarding complete symmetric functions becomes a theorem in alter- 
nants. Of these known theorems the simplest flow readily from the law 
of development 

(1) (- a x a 2 ■ * ■ a„) a = ot n (otia 2 - * ■ aj 8 " 1 + («i «2 ■ ■ ■ 

established in §334 in regard to the functions in their alternant form. 



332 


THEORY OF DETERMINANTS 


Thus, developing the first term of the right-hand member of (1) 
by means of (1) itself, we have 

(2) {oli ■ ■ ■ a n ) a = a n * + a n 8_1 (a:i ■ ■ • ■ ■ ■ a„_i) 2 

+ ■ ■ ■ + (ai ■ ■ ■ 0£„_i) a , 

as has already been incidentally seen in §335. By development of the 
second term of the right-hand member in the same way, there/ results 

(3) (qi ■ • ■ an)" = a n (ai ■ ■ • a n ) s “' + a n -i(aj - • ■ a„_i) a_l 

+ a 7l _ 2 (a i ■ ■ ■ a 7t _ 2 )* -1 +■■ ft- a i". 

By developing both terms, and making a third use of (1) to combine 
two of the terms resulting, we have \ 

(aj ’ - ■ OL n ) a = («!■■■ Q!n— 2) * 

+ • ■ ■ a n -i) fl-1 + a„ 2 (ai - ■ ■ an)* -2 , 

and thence 

(ai • * • -(«!■■■ ffn-a)* + (an-2Q!n-ian) 1 (o;i ' ' ' ttn_ 2 ) 8-1 

+ (a„_io:„) 2 (o:i • ■ ■ # ac n _ i) 8-2 

+ QLji («!•■■ «„) 8 ~ 3 , 

and, finally, 

(ai • ■ ■ = Qfi* + (<*2 ■ ' ' Q!„) 1 ( Q! ] a 2) 8_L 

, _ N + («3 ■ ■ a„) 2 (aiQ?2«3) 8-2 + ■ ■ 

(4) 

+ ol£ ■ ■ ■ a n ) B n+1 . 

Again, returning to the first term of the right-hand member of (1), 
and altering it by means of (1) in another way, we have 

(<*i ' ■ ■ an)* = a n {(ai • ■ ■ a n+ i )* _1 

— atn+i(ai ■ ■ ■ + (ai ■ ■ ■ a n - i) fl i 

Similarly 

(ai ■ ■ ■ = <* n +i{(<*j ■ ■ • a„+i) 8-1 

( — ) cx n (ati ■ ■ ■ a n +i) fl “ 2 } + (ai ■ ■ ■ a n _i) ff ; 

and therefore by subtraction and division 

(ai * • * a n -ia n )' — (<*i • - - ot n -iot n +i) B 

(5) = <*!■■• a n at n + 

a n — a n + i 
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337. The quotient of an alternant in which the elements are the same 
as those of the difference- pro duct with the ith power omitted by the cor- 
responding difference- product is expressible as a sum of products of the 
variables. 

That is 


a? 

■ ■ a{ +1 

af- 1 ■ 

1 

a? 

■ ■ o 2 ,+l 

a}~ 1 ■ 

1 

aP 

• • ■ o„ <+1 


1 


f ,/2 (oi ■ 

• ' On) 



where p n -i is the sum of the products n—i at a time, without repeti- 
tions, of the quantities ai ■ ■ - a n . 

Consider the obvious identity 


where 


x n 


■ X 

1 

a? 

a?- 1 ■ 

■ fll 

1 

On" 

On”' 1 • 

• ■ On 

1 

(*- 

ai)(x — 

o 2 ) • 

• ■ (a 


= • • ■ On)f(x) 


or 

= x n — piX n ~ l + p 2 X n ~ 2 — ■'■ + (— 1 ) n ~ X pn-iX' + ■ ' ’ ■ 

By equating coefficients of x i on both sides and dividing by 
f 1/2 (ai ■ ■ ■ a n ) we obtain the theorem. 

338. An extension of the above theorem may be given as follows: 
the determinant 


*i B+r - 1 

X] n+ r -2 . 

■ Xi 

1 

^n+r— ^ 

gfl-j-T—2 . 

■ X r 

1 

a{ l+r ~ l 

ai n+r-2 . 

■ ai 

1 

o„"+'- 1 

0 n+r-2 . 

■ ’ Gn 

1 
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may be expressed as the product of three factors: first f 1/z (xi ■ ■ ■ x r ), 
second f 1/z (ai - ■ • a n ) and third , the product of all such quantities as 

f(x t ) = (x* — ai)(x t — a 2 ) ■ • (x t — af) 

= X » - plXr 1 - *■■ + (“ 1 ) n ~ k pn-kX t k + ■ ■ . 

Its value is therefore 


Xi r ~ L 

Xi'~ 2 ■ 

■ Sj 

1 

X/- 1 

x/~ 2 ■ 

x r 

1 


f I/2 Oi • * • a n )f(xi) ■ ■ ■ jf(* r ). 


If we multiply the ?th row by /(x t -), and then equate coefficients of 
Xi a x 2 %a 7 ■ ■ • , we get the theorem: 

If D a p y ■ ■ • is the determinant of order n formed by suppressing the 
columns containing the ath , f3th } yth, - • - powers in the array 


a? +T ~ l ai n + r - 2 ■ ■ • a-i 1 


then 


a^- 1 a n n + r_2 


a n 1 




II 

Hn—a+r— 2 

H n -a 



II n— o-|- r— 1 

Hn-a+r— 2 

■ Un- a 


■ ■ a„ ) 


where II x is the sum of the products i al a time of ai • • a 7l . Whenever 
is negative or greater than w, /\ = 0, />o= 1. 

339. The quotient of any simple alternant by the corresponding 
difference- product is expressible as a determinant whose elements are 
complete symmetric functions of the variables } namely: 

A(oli v cl <1 ■ * ■ a n z ) 

f 1/2 («i«2 ■ ■ ■ a„) 


(on ■ 


(« 1 


‘ (oil • 

■ ■ a n )* 

(«i ' 

CCn)"' 1 

(<*1 ' 

• «n) ,H 

• (ttl 


(ai * - 

■ a„) r ~ n “ l 1 

(<*1 


■ (ttl ■ 

■ • a„)*-" +1 


Subtracting each element of the first row of the given alternant 
from the corresponding element of all the following rows, we see 
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that the factors a 2 — a\ ) a 3 — ai, - ■ ■ , a n —ai may be taken out, and 
that this being done the resulting determinant is 


a i p 

ai q 

■ ai E 

(ai ai) p ~ 1 

(ai a z)’- 1 • ■ 

■ («1 a 2 y~ l 

(aittn) 1 ’ -1 

(«i a n ) (1 ~ l ■ 

■ • («1 ttn) 2 ” 1 


Treating this in the same way, the elements of the second row being 
now the subtrahends, we can (§336 (5)) remove the factors a 3 — a 2 , 
a A —a 2 , • ■ ■ , (a n — a 2 ); and continuing the process we find finally 



A^afa^ 1 • • a n z ) 

f 1/2 (o:iO£2 ' ' - Qfn) 



ai 9 ■ 

OCl z 

(<*i a 2 ) v ~~ l 

(qjx^) 3-1 ■ ■ 

(aia 2 ) i5 ” 1 

(aia 2 a 3 ) p ~ 2 

(aianas)*- 2 ■ ■ 

(aia2(X 3 ) z ~ 2 

(ai ■ ■ ■ a n ) p ~ 

n+1 («i • - ■ Q£ 7l ) ff ~“ n ' 1 ' 1 * 

*(«!••• a n ) z ~ n+1 


Multiplying columnwise the right-hand member of this by unity in 
the form 


1 

0 

0 

0 

(a 2 • 

• Otn ) 1 

1 

0 

• 0 

(<*3 ' 

’■ «n) 2 

(a 3 • • • a„) 1 

1 

0 

dn 1 

«,r 2 

a."’ 1 ' 

1 


and using (4) of §336 we obtain the result required. 

If p be other than 0 it is better to remove the factor ai a 2 p ■ • a n p 
before applying the theorem. 

Example: 


1 a 3 a 4 


(o,6,c)° ( a,b,c ) 3 (a,b,c) 4 

1 b 3 b 4 

C4 

II 

0 (a,b,c,y (a,b,c) 3 

1 c 3 c 4 


0 (a^.c) 1 (a,b,c) 2 
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= t l,I (abc) 
= £ in (abc) 


E ® 2 + E®& E ® 3 + E® 2 & + E®* c 
X)® X ® 3 + E®* 

- I> - E® 2 * - 2 E®&c 
E® E ® 2 + E®& 


= I 1/2 (abc) 


— E®& V'.abc 

E® — E®& 

= I ll2 (abc) X ( E® 2 * + E®* c ) ■ 


340. A particular case of the above can be obtained by substituting 
p = n, q=n+ 1 , r=«+2, • ■ • , so that \ 


Hn 

H n+i 

B n „ 

//„-! 

//n 

Hn+l 

H n 

II n —1 

H n 


= ai"a 2 n o 3 n • - ■ . 


Also from the above theorem we obtain the relation , 


H v+a’ 

H a +(}' 

7/« + y • 


Hm a ' 


Hfi+y' 1 

(_ l)r(r-D/2( a6c . . . )r-l 

Hy+a' 


Hyjy' 

t(abc ■ ■ • ) 


a a a p 


a“' ■ 

b a ¥ ■ 


b a ' b*' ■ • • 

c a c p ■ ■ 


c“' cV' ■ ■ ■ 


which is due to Jacobi. 

341. From equation (1) §336 we have 

( bed •••)’ = ( abed • ■ • )" — a{abcd ■ ■ ■ )*~ l 

or using the notation with the Il’s 


1 a 
H_ i II, 


or //„'+! = 


1 a 

H P 


h: = 
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and taking the next case 


B^x 

Bp+ 2 



aH p 

Hp+z 

— oHp+x 

Hl + 1 



Bq+1 

aH q 

Hq+i 










I Hg + l 
+ a* I 


H q +z | 
H p # p +i 
H q H q + 1 


Ha H 


Q+2 


1 a a 2 

H p H 1 H p-j. 2 




1 H 

0 B qr\-\ 

h 9+j l 

The general theorem is 





HUi 

Hj+x 

hi +3 ■ 

Hp+ m — 2 


b; + x 

H t \ 2 

Hg+a * 

H jn — 2 


Bl+I 

b :+ 2 

h;+j • 

H Z -\m— 2 


1 

a 

a 2 ■ - 

a m ~ 2 

= 

H p 

Hp+ x 

H p-{-2 ■ 

p+m-3 


H z 

H ,+ 1 

H Z -\-2 ' 

#*+ m — 2 

the number of letters p y q, ■ ■ 

, z being 

m—2. 


342. If the complementary minors of all the elements of the last 
column of an alternant be taken , their product is divisible by some power 
of £ 1,2 (abc * ■ ■ ). 

Denote by P m the product of complementary minors of the elements 
of the last column. 

(a) Let us consider the alternants of the form 


a°b l c 2 ■ • • k m -H n 


the number of letters being m. Since the factor a— b occurs in the 
cofactors of the elements c m , d m , • • ■ , l m that is, m — 2 times, and 
similarly for the other factors in the difference-product of a , b , 
c, ■■■,/, it follows that 

P m = ■ ■ • 01— *■ 
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(b) Let us consider the alternant of the form 
| a°b'c 2 ■ ■ • h m ~*kH n | 

where the last two indices are not consecutive. From §340 and §341 
the minor 


We'd 2 ■ - k m ~H* | = ^'Kbcd * 

= {' ,2 (bcd ■ ■ l) 


2 

1 

Hz—m + 1 


a 

2 


\ 


with m — 1 like results for the other minors. We have P m in\ | Wb'c 2 
■ • • h m ~*k z l n | = P m in \a°b'c 2 * ■ ■ k m ~ 2 l n | multiplied by the product 
of Z7/_ 7/H 2 and — 1 like expressions with b, c, d, ■ - ■ , l respectively 
in the first row instead of a. Therefore 


P m = m ~ 2),2 (abc ■ ■ ■ /) n 


1 

F s— m+1 


a 


z— m+2 


where II consists of m factors from a to £ inclusive. 

(c) Let us consider the alternant 

| Wb'c 2 ■ ■ - z m ~ 4 h v kH n | 

where the last three indices are not consecutive. From §340 and 
§341 the minor 

| We'd 1 - ■ ■ h m ~ 4 k y l z | 

= ("'{bed 


= t l/2 (bcd 


P m = t (m ~ 2)l2 (abc 


TIL 

m+2 

HL 

-m+3 



H v - 

m + 2 

III- 

-m+3 



1 


a 


a 2 


J5T_ 

m+ 1 

II,- 

m+2 

n,- 

m+3 

Hy~ 

m+1 

H y — m+ 2 

II v- 

■m+3 

other minors 

. Therefore 


1 


a 


a 2 

On 

II, 

-m+1 

II,- 

m+2 



1 H V~ m+1 

#y-m+2 



-m+3 

y— m+3 


(d) Lastly let us consider the most general type of simple alternant, 
that is 


| a°b p c q ■ ■ ■ g x h v k*l n | . 
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It follows from the above that the minor 





Hz — m+2 H z — w +3 

• HU 

| b°c p d q ■ ■ 

■ hW) = S l '\bcd ■ 

■ ' 0 

Hy-m+2 Hy-m- 1-3 ' 

■ HU 




TT ' TJt 

“ p — m+2 p — m+3 

■ HU 


with m— 1 like results for the other minors, so that 
P m in | a 0 b p c'’ ■ ■ ■ h v k ! l n \ 




1 

a ■ ■ 

- a m ~ 2 



H z — wi-4-i 

Hz—m+2 1 

//,- 1 

^-(m— 2) l^^abc - 

' on 

U y — m-j- 1 

H y-m+2 ' 




H p — wif i 

H p— m+2 

# „-i 


II consisting of m factors from a to l inclusive. 

343. Consider the well known theorem of a determinant and its 
ad jugate 

A a Ap A 7 ■ ■ ■ a a a p a y ■ ■ ■ r ~ l 

B a Bl> B y ■ ■ b a W b y ■■ 

- =: A 1 - 1 

C“ C 11 C y ■ ■ ■ c“ & c y ■ ■ ■ 

r 

where A k is the complementary minor of a k in A, and multiply both 
sides of the equation by 

a* a* a v ■ ■ ■ 

¥ ¥ b v ■ • ■ 

c x c » c v 

r 

and denoting by a*,. the determinant obtained by substituting X 
for ju in A we get 

Ax , or A* ,0 Ax ,y ’ 

A m ,a A m ,7 

Ay >a Aj/ ( 0 A„ ,7 
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a x a* a v ■ ■ ■ 


a a aP a 0 * ■ ■ 

b ■> b * b r ■ ■ ■ 


b a b B b y ■ ■ ■ 

c y c v - ■ ■ 


c a c B c y ■ ■ ■ 


Multiplying this by the similar result obtained by interchanging 
ot } j8| 7, • ■ with X, /i, v, ■ - respectively, we get 


Ax.a Ax,/s Ax ,7 ■ • 


A a ,X A„ iM A atV • ■ ■ 

A„,a A^ tl3 A MiT 


A^,x Ap ifX Ap'y ■ • • 

A y ,a Ay t y 


Ay ,X Ay lfi Ay fV • 


a a 

a» 

at ■ 

r 

a x 

a' 1 

a v ■ ■ ■ 

b* 

b B 

by - ■ 



b» 


c a 


C T . . . 



c » 

c v ■ 




H a+X 


*H a+v ■ • 


■ ) 




(_ l)r(r-l)/ 2 ( a j c . 

. . )r(r-l) 


Hy+p 

Hy+y ‘ 


344. If we use the theorem of §202 in connection with the two 
alternants A(x f y°z h w k ) and A (x°y l z 2 w 3 ) we get 

A ( x°y l z 2 w 3 ) 3 A ( x f y°z h w k ) 

= | | x f y 1 z 2 w 3 j | x°y°z 2 w 3 \ | x°y l z h w 3 | | x°y i z 2 w k \\ 

or dividing both sides by A(x°y l z 2 w 3 ) 4 and using A(Jghk) for a (%‘y 
z h w k ) we get 

A{Jghk) = | A(J\23) A(0g23) A(Q\h3) A(0Uk) | 
or putting/=0, as we obviously may, 

A(0ghk) = | A(0g23) 4(01*3) 4(012*) | . 

345. An alternant in which the elements are polynomial may often 
be expressed in terms of a simple alternant. This is evident when we 
consider that the converse is true, namely, that the mere transforma- 
tion of a simple alternant or the multiplication of it by a non-alter- 
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nant expression may lead to an alternant with polynomial elements. 
For example, we obtain an alternant with polynomial elements if we 
multiply A (a iV • • • «„*) row-wise by |a ln |; the multiplication 
column wise gives of course the same alternating function, but the 
result is not an alternant in form. 

Example. 


Xjd 3 + mi® 2 + vi X 2 a 2 + Ms 1 

Xi a z a 2 

1 

X 1& 3 + Mi b 2 + v\ X 2 b 2 + M 2 1 

= X 2 X^ 3 b 2 

1 

XiC a + Ml c 2 V\ X 2 C 2 + M2 1 

X 1 C 3 c 2 

1 

( )° 

( ) 2 ( ) 3 


= - XiX 2 f 1/z (afrc) 0 

O’ ( ) 2 


0 

( )° ( V 


x> 

^a 2 + J^ab 


= - \iWKabc) 

x — ^ 

> 

1 




= - XiXsf ll2 (abc) X I>&. 


For another example let us consider the determinant 

fl(Xl) / 2 (*l) ' • ' fn Ol) 

/1O2) Mx-z) ■ ■ J n (x-i) 


f l(,Xn) fz(Xri) ' " fn(.Xn ) 

where f i (x) = a li x n - 1 +a 2l x H - 2 + ■ ■ ■ +a ni , the value of which is 
obtained by multiplying the two determinants 

#11 ' ' <lln 

and 

fl'nl ' ' &nn 

the product being equal to |ai« |f 1/2 (xi #2 ■ x n ). 

346. In an alternant with rational integral elements the co-factor of 
the difference- pro duct is expressible as a determinant whose elements are 
(J) the coefficients in the elements of the alternant , (2) those symmetric 
functions of the variables which are linear with respect to each variable , 
namely: 


Xi n 1 X\ n 2 - ■ 1 


Xn' 1 " 1 Xn"” 2 ■ ' * 1 
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where 

and 


A f M ■ - - /»(«.) } 
f 1/2 (aior 2 - ■•«„) 


Coi 

Cll 

C 21 

■ ■ C n 1 

c n + 1,1 • 

' C T - 1,1 

Crl 

C 02 

C 12 

C 22 

’ ‘ ■ Oi2 

Oh-1,2 ‘ 

‘ ^r-1,2 

C r 2 

COn 

Cln 

C2n 

^nn 

Cn-f-1 ,n 

Cr— 1 ,n 

Cm 

Cr, 

C n — 1 

C n - 2 

•Co 

0 

0 

0 

0 

c n 

C n - 1 

■ ■ - Cl 

Co 

■ 0 

0 

0 

0 

c„ 

• • c 2 

Cy 

0 

0 

0 

0 

0 

■ ■ ■ c r _ n 

C T — n— 1 ■ ‘ 

■Cr 

Co 


/.(*) 

= Cqb 

+ C\gX C 2gX^ “j - ’ 

■ ■ + C r , 

* r , 


Co — 1 , Ci — — C 2 = JjQ:iai2, Ca = — ^aio^aa, ' ' • 

Denoting the right-hand member by A, and multiplying it row-wise 
by f 1/2 («i - - ■ a„w 0 aji ■ • w r _ n ), we have 



.Mai) ' 

• ■ A(«i) 

4>(. a 0 


r— n 

' ■ 0(ai) 

/l(«2) 

/ 2 O 2 ) • 

• ' fn{oti) 

<Ha 2 ) 

«20(CK 2 ) 

• a 2 </>(a 2 ) 

/ l(«n) 

M«») • 

' fn(°tn) 

0(a„) 

a n <f>(oi n ) 

• • «»">(«„) 

/l( W o) 

/2(W0) 

■ ■ /n(w 0 ) 

0(to 0 ) 

wo0(co o ) 

r— n 

■ • coo <Hw 0 ) 

/l( w l) 

/ 2 (C0!) 

' ’ /n(^l) 


Wl</)(03i) 

r— n 

■ ’ </»(coi) 

/l(cO r _„) /ssfar-n) • 

' ‘ /n(Wr-r 

,) <t>(Ur-n) 

CO r _ n (/)(aj r _n) ‘ 

r — n 

■ ’ CO r _ n 0(o) r _ n ) 


where for shortness we put 

x n + CiX*- 1 + * ■ • + C n or (x — oti)(x — a 2 ) ■ ■ ■ (x — a n ) = c fi(x) . 

In this result, however, 0(«i) =0 = 0(a 2 ) = - - ■ = 0(a w ), hence (107) it 
may be retransformed into a product, namely: 


M“l) M“l) ‘ 

■ /n(“l) 


0 (oj o ) 

co o 0(co o ) 

■ COo 0(wo) 

/i(<* 2 ) f 2(012) ■ 

' /.(«: 2) 

X 

<K«i) 

coi0(coi) 

f — 71 , . 

• cui <H«i) 

fr(ai„) /i(a„) • 

‘ /n(a„) 


<K«r-n) 

OV_ n 0(cO r _ n ) ■ 

• Ur-n^Ur-n) 
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and therefore (§§39, 324) into 

A {/l(«l)/*(«*) ■ ■ ■ /„(<*„) } X </>(<Do)<KgJi) ■ • • r-n) 

X f 1/2 ("o,wi ■ • • 

Putting now the original from which this came, namely: 

Af l/2 (ai ■ • • a„o>ou>i • - ■ w r _„) 

into the form 

Af 1/2 (ai • ■ • a„)f 1/2 (toowi ■ • • a) r _„)0(w o )^(wi) ■ ■ ■ </>(£o r _„) , 


and removing the common factors, we have 

A{fi(ai) fi(<x 2 ) • ■ • /„(a B ) } = f 1/2 (t*i , a 2 , • • • , a„) X A , 


as was to be proved. 

Example. Taking 

fi(x) = vi + mi* 2 + Xi* 3 , 

Mx )]= M2 + X 2 * 2 , 

/*(*) = i ; 

then 


A f h (a)f.JbWc) 
' f u \a,b,c) 


VI 0 Ml Xi 
M2 o X 2 0 
10 0 0 
C 3 C 2 C, Co 


= — X1X2C2 — X1X2 


JLab, 


as we have already found (§345, Ex.). 

347. The foregoing theorem, though evidently much more general 
than that of §339, does not include the latter as a particular case. 
There the result is obtained in terms of complete symmetric functions 
of the variables, here in terms of single symmetric functions. Applying 
the general theorem to the case considered in §339, namely, where 

/i(*) = /*(*) = ‘ > /»(*) = 

we see that in A the elements of the first n rows are all 0 except the 
element in the first row and {p~\~ l)th column, the element in the sec- 
ond iow and (^+l)th column, and so on up to and including the ele- 
ment in the 2 th row and (z+l)th column, the excepted elements being 
Consequently A may be reduced to a determinant A' of the 
• z +l — n)th order with the sign-factor 
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1)P+<Z+- ■ -+z+n{n-l)l2 


the columns thrown out from A being the (/>+l)th, (g+l)th, etc., 
or, what is the same thing, the columns ending with C*_ p , C z - Qj etc. 
Hence the last row of A' will contain all the C’s except these, and as in 
any of the other rows the suffix of any C is less by unity than that of 
the C below i t, A' is thus fully determined. 


Example. Taking the alternant A(a°b*c A )j used in exemplifying 
§339, we see that the omitted indices are 2, 1, and that the Excesses 
of the highest index over these are 2, 3, etc. Thus the required quo- 
tient 


= (- 1 ) 


3 + 4+3 ( 3 - 1) /2 


C 2 Cl 
Cs C% 


Y a b — Y a 
— Y a bc Y a b 

= Y a2 b 2 + Y]a 2 bc. 


The final result is thus obtained more simply than before. The 
advantage, however, is not always on the same side. The determinant 
in the first case is of the nth order, in the second case it is of the 
(z+1 — n)th order, and of course either order may be higher than the 
other. 

348. The product of a simple alternant and a single * symmetric 
function of its variables is expressible as a sum of simple alternants , 
whose indices are got by arranging the variables in every term of the sym- 
metric function in the same order and adding the indices of each term to 
the indices of the original alternant , the first to the first, the second to the 
second , and so on. 

LetA(a p b q c h • ■ ■) be the alternant and^a^&Y* ■ ■ - the symmetric 
function, the number of the variables a, b, c } - ■ * being n. 

From the definitions of an alternating and a symmetric function 
it is at once clear that their product is an alternating function. 
Consequently, since a v b q c h ■ • • is here a term of the one factor, 
a^c* • ■ • a term of the other, and therefore a p+fl b g+v c h+ff ■ ■ ■ a term 
of the product, there must occur in the product all the other terms 
of this type; that is to say, the alternant A (a v+p b 9 + v c h+tr • ■ ■ ) is part 
of the product. Taking thus in succession all then! terms of Y.afb’c* 

* As any symmetric function is a sum of single symmetric functions we can multiply 
by any symmetric function. 
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. - • we have part of the product proved to be the sum of n! alter- 
nants. But nt alternants of the wth order have (w/) 2 terms; and the 
product cannot contain more than (n/) 2 terms, for the number in each 
of the two factors is n! ; therefore the sum of the n! alternants is equal 
to the product. 

Example. 

A^b'c 1 ) X X> 4 6 = A(a°b 1 c i ) [aWc 0 + aWc 1 + aW + aWc 1 
+ aWc* + a%'c*} , 

= A (012) {(410) + (401) + (140) + (041) 

+ (104) + (014) } , say : 

= 4(422) + >4(413) +4(152) + >4(053) 

+ >4(116) + A (026) , 

= >4(134) - >4(125) - >4(035) + >4(026). 

349. If the alternant \a n h l c i ■ ■ ■ k n ~H n ~ l \ be multiplied by any sym- 
metric function of a } b, c, d, ■ ■ of the tth degree , t being not greater 

than n, one term of the product is got from the multiplicand by increasing 
each of its last t indices by 1, and the coefficient of this term is the same 
symmetric function of the roots of the equation x n — x n ~ l -\-x n ~ 2 — ■ ■ ■ 
+ (— l) n - 1=0. 

The symmetric function may be expressed in terms of ^2ab 
^abc, ■ ■ ■ , the expression being of the form 

Ci( ]£«)"■( 'Eobc)*' ■ ■ ■ 

.+ C,( !»•< ^abc)y> ■■■+■■• 

where ai+2/3i+37i+ • ■ ■ = 0:2 + 2jG 2 + 3^2+ 

Now the multiplication of | a% l c 2 • ■ ■ k n ~ 2 l n ~ 1 \ byj^ a raises the 
index of / by 1, and in the multiplication of this result by L a one 
term of the product will be got by raising the index of k by 1, and so 
on; consequently, the multiplication by will give rise to one 

term having each of its last indices increased by 1. Similarly in the 
multiplication by ^ai, which then follows, there must arise a term 
got from the multiplicand by increasing the (c*i+l)th and (ai+2)th 
indices from the end by 1 each, and in multiplying this result by 
Lai d term must arise which is got from the multiplicand by in- 
creasing the (a x +3)th and (aj + 4)th indices from the end by 1 each, 
and so forth through the remaining multiplications, the final, result 
necessarily containing a term having the last ai+2/3i+37 l + ■ ■ ■ 
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(that is, /) of its indices increased by 1, and having for coefficient C lt 
For the same reason a like term must occur with the coefficient C 2 
and so on; so that the aggregate of its coefficients will be Ci+C 2 
+ ■ ■ ■ . Now this is exactly what the expression 

Ci( Z^)“ J ( Y2 a bc) yi ■ ■ * 

+ C 2 ( ■•■ + ■■■ 

becomes when we put ^a=^ab=^2abc= - = 1 and this value 

each of these functions would have if instead of a, b, c, ■ ■ * lye take 
the roots of the equation 

x n - x"" 1 + x n ~ 2 - ■ ■ + (- l) n - 1 = 0. 

350. From this law of multiplication we naturally proceed to the 
corresponding division, namely, to another way of finding the 
quotient of a simple alternant by the corresponding difference- 
product. 

Example. 

A(aPb*c A ) -5- A (a Q b l c 2 ) — ^ a 2 b 2 + Y \a 2 bc (as before). 

Process of Division. 

,4(012)| A (034) |(022) + (112). 

A (034) - yl(124) 

,1(124) 

,4(124) 

Here, subtracting the indices in the divisor from those in the dividend, 
we have 0, 2, 2, which gives the first term of the quotient: then we 
multiply, and proceed generally in the usual way of division. 

351. A determinant may evidently be an alternant with respect to 
two sets of variables, the interchange of any two of the one set being 
equivalent to an interchange of rows, and of any two of the other to 
an interchange of columns. Such a double alternant is of the form 

F(ol i/3i) F(c*i0 2 ) • ■ 

F(a 2 Pi) F(ol 2 $ 2 ) or | F(a i/3i) , F(a 2 p 2 ) • • • F(ot n f} n ) | 


and is divisible when the elements are integral and rational by 
f l/2 (ai o£ 2 * • * «n)f 1/2 (/3i/3 2 ■ ■ • j 3 n ). An example is readily obtained 
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as in §345 by multiplying row-wise the three determinants \c 0n -i 

r' 2 («l ' • ■ *„)j- 1/2 (ft ■ ‘ * fin ). 

Example. 


CoO + ClQOll + CoiPi + CuOtipi Coo + CioOLl + Go \&2 + CllOfl /?2 

Coo + Cioa2 + Coifii + Cuac2fii Coo + C10&2 + G01P2 + Cu<X2f}2 

Cqq C10 1 0:1 1 Pi 

c 01 c 11 1 OC2 1 fin f 

or 


x=3 °/ 1 

^ 2 c K \a 2 K fii x ^2c K \a 2 K fi2 X *=o,i 


C01 1 f ll 2 ( a i a i)t in (fiifi 2 ) • 


352. Jf in a double alternant the function be rational and integral 
with respect to both variables , the co-factor of the two difference-products 
is expressible as a determinant whose elements are the coefficients in 
the elements of the alternant , those symmetric functions of the first set oj 
variables which are linear in respect to each of them , and the same sym- 
metric functions of the second set , namely. 


| F{a$i) ■ ■ ■ F(a n p n ) | 


r w, (« 1 •--«„) 

f 1,2 (/3i ■ ' 

Coo Cxo • 

ft.) 

■ C n 0 C n+ 1 ,0 ■ 

‘ C T o 

C' 

0 

0 - 

0 


C 01 C 11 ■ 

C n i C n +x ,1 

■ Crl 

Cn— 1 

C„' 

0 • 

0 


Con Ci n 

Gnn C n _j,x i7l 

C r n 

C„' 

C{ 

a ■ 

■ 0 

= (- i) r +’ i + i 

Cor Ci r * 

C nr C n +i i7 - 

1 C Tr 

0 

0 

0 ■ 

■Co' 


C„ C — 1 ■ 

Cj 

0 

0 

0 

0 

0 

0 

■ 0 


0 c n ■ 

c, c„ 

■ 0 

0 

0 

0 

0 


0 

0 

■ ■ C 2 Ci 

• 0 

0 

0 

0 ■ 

■ * 0 


0 

0 

' ■ 0 C r _n+1 ■ 

■ - Co 

0 

0 

0 ■ 

• ■ 0 


where 


F(xy) = X(c,x*‘/) (« = 0,1 X = 0,1, • ■ • , ») 

c 0=1, c 1 = — E a i> Ci = E a i a 2> ■ 
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and 

Cq = i , c{ ~ ci = 2 > 02 , ■ 

The proof of this is exactly similar to that in §346, the starting 
point being the multiplication of the right-hand member by the two 
determinants 

f 1/2 (aiac 2 ■ ■ • a n tdocoi ■ ■ co r _ n ) , £' 1/2 (j3i/32 * * ' ^ttoXi • ■ • tt^) j 

in succession. \ 

353. Let us consider the double alternant \ 

(xi — o£i)~ l ( Xi — a 2 )~ 1 - ■ ■ (xi — a^- 1 
(x 2 — ai)' 1 (x 2 ~ a 2 )~ 1 ■ ■ ■ (x 2 — aj- 1 

= D n; - 1 , say*, 

(x n — ai)- 1 ( X n — Of 2 ) _1 ■ ■ ( X n ttn)’ 1 

Multiplying the ith row by 

f(xi) = Ui = (Xi — a t )(x t — a 2 ) ■ ■■ (*,- — a n ) 

m 

we get 

U X U 2 • ■ U n D n .-l = 

? Xi ~ a k 

But by §351 the double alternant on the right is divisible by 

£ 1,2 (XiX 2 ■ ■ ■ X n )f 1/2 («ia2 ■ -««) 

and the cofactor is numerical only, as both the double alternant 
and the product of the difference-product have the same order. 

To determine the value of the cofactor we put x\ , x 2 , ■ • • , x n equal 
to ai, a? 2 , ■ ■ * , a n respectively; then all the elements vanish except 
those in the leading diagonal and if Xi = a* we have 

Ui 

( — l) l-1 (<*i “ «i )(«2 — a x ) • • ■ (a *- 1 — a^{ai — 1 ) 

^ , V 

■ ■ ■ — a n ) 

and 

— = (- l)-(-i)/*f( ai a, ■■■a n ) 

Xi — OLi 

* The general notation being Dnip^] (oei + /Si) p (or a -j- ■ • ■ (a„+0») p | . 
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and therefore 


' 

«1«2 ' ■ • t U n 

double alternanTof thTfom ** qU ° tient resultin g from dividing a 

I («i + 0i)'(a, + 0,)* ■■■ (a n + fa), I = Dn p 

by the difference-product of the a’s and a-cc 

the 0’s. and the difference-product of 

(a) Let us take the case of D n . n . 

If we multiply row-by-row weYave, starting with « = 3, 


1 

I -w, 2 j 3 a - i 

(“1 + 0i) 8 («! + /3 2 ) 3 ( ftl -(- 0 8 ).i 

(«2 + ^i) 3 (a 2 + 0 2 )3 ( a2 + /Ja) , 

(a» + 0i) 3 (a s + ( aj _|_ ^3 


1 ft 0i* 0 a » 

1 02 02* 0 2 * 

1 03 03* 03* 

1 * z 2 X 3 

( oil + %y 

{ 0 L 2 + %y 
(a 3 + %y 

(x - 0 X )(, - 0 2 )(* _ A ) | 


• */ v" r-'j/ p 

and dividing both side, „ f this by the™ ™,„i,s 


Ai;3 = * 1 

Qf3 3 3 q: 3 2 3 ag J ^ / (0i020a) 

- 010203 £0102 _ £01 J 

Removing the facto,, we hlvc 

“** 3 «i s 3a! 1 

Z> 8: , = “** + 012011 + “i* 3 («i + a 2 ) 3 

<*3 + «2 + ai 3 

- 010203 £0!02 - 1 

x f 1/S («i“2a,)fi/2( / 3 l/ } 2; g s ) ) 
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and performing the operations rowi — airow 2 + arrows; row 2 — (oti+c^) 
row 3 , upon this we get for the final result 

aiat2<X3 1 

D a; 3 — * 3 

£ ll2 (aia2Ot3)£ ll2 (Pip20a) 3 

— 010203 ^^0102 — ^,01 1 

aiOf2«3 + 010203 2^i/3 2 ^,01 \ 

= ]C a l a 2 ”3 \ 

— 3 

Proceeding in exactly similar manner we obtain 

^44 

f 1/ Hai«2«3«4)f 1/2 (j3l/3 2 i93/54) 

Qfia2«3«4 + 01020304 ^L,010203 ^,0102 ^01 

J~]aiaz as — 4 

* — 6 
“4 

and so on, in general.* 

The quotient obtained is invariant to the interchange of any two 
a ’ s or any two £Ts, also to the simultaneous interchange of every a 
with the corresponding 0. 

(b) Let us take the case of D n . n + 1 . 

By the multiplication theorem we obtain 



3«x 2 

3«i 

1 


1 

Pi 

Pi 

Pi 

«** 

3a 2 2 

3«2 

1 


1 

P 2 

Pi 

Pi 

0102 

- 2> 

1 



1 

X 

X* 

X 3 

• 

0102 

- 5>i 

1 


1 

y 

yl 

yB 


(<*i + £i) 2 (c*i + 0 2 ) 2 («i + %z ) 2 («i + y) 8 

(«* + fr ) 3 (as + ft ) 3 (a, + xy (as + y ) 8 

(* - £i)(* - fo) (y — ffi )(y — fr) 

*(* - /9i)(s - 0 2 ) y(y - 0i)(y - £ 2 ) 


Compare result with ex. 39. Set XVIII 
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and dividing both sides by 
( y - x){y - 

we obtain 

<*i 3 

— 


(y 

- x)(y 

- P*)(y - 

Pi)(x - 

ft)( 


Oil 3 

3a i 2 

3a i 

1 


Cl 2* 

3a2 2 

3a 2 

1 


Plfii 

1 

M 

1 




0102 

- 2>» 

1 


■f 1/2 (ftft) 


Taking the first factor of the right side, removing a 2 — ai and simpli- 
fying, we have 

— OL\OL 2 E a l ~ 3aiQ!2 1 

c* 2 2 + a 2 ai + «i 2 3 E a i 3 

(“2 -«i) aa „ 

ftft ~ Eft 1 

ftft - Eft 1 

and by performing on this the operations cob-aic^, row 4 -j-aia 2 , 
rowa+^ai-rowi it takes the form 


~ E«i 

- 3 




— «ia 2 


3 

2>> 

(«2 

0102 

1 

M 

1 

* 



0102 

- Eft 

aia 2 



Thus we have 



0102 

i 

M 

JO 

1 


^213 

— E<*i 

- 3 


i 




- 3 

- E«i 


• 

0102 

- Eft 



The quotient* is invariant as stated in case (a). 

355. If D ik is the complementary minor of (x t — a k )~ l in D n; -i 
then Dik is equal to the expression obtained by omitting Xi and a ^ 
on the right, and multiplying by ( — l) i+k . That is 

D %k = (- 1 )*+* 

y l) n(n ~ 1)/2 f 1/2 (a;i • - • • • ■ *n)f 1/2 («i ■ • ■ afc-iof*+i ■ - - g») 

^1^2 * ' ’ Wn~l 


For further extension see ex. 47, 48, 49. 



352 


THEORY OF DETERMINANTS 


where 

W1W2 ■ • ■ w n - 1 

U\ U 2 Wt-1 1 u n 

Xi — Otk X 2 — OLk X % -\ — QtJc Xi+1 — OLk 

Now if we write 

g(y) = (y — *i)(y — **)■■■ (y — **)> 

/(*) = (x - on)(x — « 2 ) ■ ■ • (* — a„) , 

then 

f l/, (*i - • ■ • • • *n)f ■ • • a*_ia i+ i ■■■«») 

(- l) i+fc i" 1/2 Caci • ■ • Or 1/2 (ai ■•■«„) 

*'(*.)/'(«*) 

and 

(xi — a k )(x 2 — otk) ■ ■ (*>-1 — a*)(ar, + i — a*) • ■ • (*» — at) 

f . x "( a *) 

= (- 1 )" 

Offc 

hence 

= / x . ■/(*<)&(«*) 1 

A.i-1 /'(“*)g'(*l) — at 

356. When the elements of an alternant are fractions with the 
variables occurring in the denominators, it will generally be found 
suitable to clear of fractions and then apply one of the theorems al- 
ready given. When the elements are transcendental functions in form 
of sin, cos, * - * , sinh, cosh, ■ ■ • , the expression in their exponential 
form are substituted. In alternants of this kind the product of the 
sines of the halved differences of the variables often makes its ap- 
pearance as a factor. 



Exercises. Set XVIII 

1. Prove that 

1 *2 + X 3 X2X3 

1 X 3 + X\ X1X3 = “ t 1 / 2 (XiX 2 X3) 
1 #1 + #2 XiX 2 
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2 . Prove that if F fc (a:)=a; t +ai, lt a: t - 1 4 ■ • ■ +a k)k 


1 

1 

1 



Fi(*i) 

Pl(^2) • 

■ Fi(x n ) 



F 2 {x 2 ) 

F 2 (* 2 ) • 

■ ■ F 2 (x„) 

= f l/2 (*i,* 2| ■ • 

, #n) 

F„_ i(*i) 

F„_i(* 2 ) • 

■ ■ Fn-iiXn) 




3. Prove that if F k {x lt x r , ■ ■ ■ , x r ) = (xi, x 2> ■ ■ ■ , x r ) k + 
a k F k ~ i(*i, xi, ■ ■ ■ , x T ) then 


1 1 


1 

Fi(*i • • ■ z,a; j+1 ) Fj(*i ■ • 

*.*.+2) 

■ .Fi(*i • • ■ *,*„) 

F 2(3*1 • ■ • *i*,+i) F 2 (xi • - ■ 

#1*1+2) 

• F*(*i ■ • ■ x,x n ) 

Fn—i—l^Xi ' #i#i+l) P n—i— l(#l 

■ *,*.+2) ■ 

F n— i— l(#l ‘ ' ’ #t#n ) 


f” ^ 2 (*i+lj *i+2> ) *w) . 


4. Prove: 


1 

*1 

Xi 2 • 

• Xi n ~ 2 

*2*3 • • 

X n 

1 

*2 

*2 2 

• * 2 " -2 

#1*3 • 

#n 

1 

Xn 

xi ■ 

• • x n n 2 

#1*2 ■ 

■ #n— 1 


5. Prove: 


(— l)" -1 f 1/2 (*1*2 •• *„). 


l 

#1 ' 

fit ‘ 

' ’ (*2 + *3 + ' 

• + * n )" -1 

1 

*2 

*2 2 ‘ 

■ • (#1 + #3 + ■ 

• + *„)"- 1 

l 

#n 

*n ■ 

■ ’ (#1 + #2 + ■ 

■ • + *„_i ) n_1 


= (- l)-«f */*(*,*, • • ■ *„) 

6. Prove: 


1 a ■ ■ ■ a" -2 


a n ~\bcd ■ - • 0r n_I 


ir(cde • • ■ l) r 
b n ~ 1 (acd ■ ■ ■ l)r~ l 


= t'i\abc • ■ ■ 0 


1 ft • ■ ■ ft »~ 2 


7r(crfe ■ • • l) 
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and 


( bed ■ * 

/» fi*™- 2 

• 1 C 1 1 

(I 'd 

Tr(cde ■ 

■ • Dr 

(acd ■ ■ 

A 2 V 

. n — 1 

■ l)r+l 

0 0 

Tr(cde ■ 

' ' Dr 


± f 1/2 (abc ■ • /) 


where r = 0, 1, 2, • ■ ■ , n — 2; and tt consists of the n— 1 factors of 
(cd ■ • • l) r (bde • • • ) r ■ • (be ■ ■ • &) r . \ 

Find the expansions for ' 


(a) | aW | 4- | a W 1 . (c) | a°6 4 c 5 1 -4- | a°b l c 2 1 . 

(Z>) | aW | 4- | a°b l c 2 1 . (d) | oWcW | -4- | aWcW | . 

where | a m b n c p | is written for A(a m b n c p ). 

8. Express \a°b m c n d p |E° as a sum of alternants. 

Prove the following identities, and generalize them in such a way 
as to leave the right-hand members unaltered in form:. 


9. 

| a°b l c 3 d * \ -H | a°b'c 3 d 3 

10. 

| a°b l c 3 d 5 1 | a°bVd 3 

11. 

| a°bVd b | | a°b l c 3 d 3 

12. 

| a«iW| -f | a'VcW 

13. 

| a°b 1 c 3 d t 1 -f- | a^W 3 

14. 

Prove that 


Hob, 

E a l b + 2 y^.abc . 

5 Z>a 2 bc + 3 y^ 4 abcd. 

2 2 a2 b 2 + E^ 2 ^ + 2 E abed . 

+ I> 2 * 2 + 2 E<* 2 ^ 

y^.abed. 


\o'b-c*\-\a'b”c*-'\ J^a+a^\c n ~ 2 \ E^-|^V 3 |^ = 0 
15. Prove that 


| aWcW | -f- | a°6 l c 2 <2 3 1 = 


E.a — E ff2 y^g 8 

1 E fl — E® 2 

0 2 

0 0 3 


5> 

E-* 

E« 2 

E° 


16. Express {3 1 5 |a°6 l c 3 d 4 1 } 4- | a°b l c 2 d 2 | as a sum 

second powers. 


of 
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17. Prove that 

cos \(a — b ) cos \{b — c) cos §(c — a) 

cos + b) cos \{b + c) cos |(c + a) 

sin %(a + 6) sin \{b + c) sin + a) 

= 2 sin J(a — b) sin \{b — c) sin %(c — a ) . 

18. Show that { [ + 2 |a°fcVd 5 1 + \a°b 2 c*d A | } -f- \a*b x c 2 d? | is 

expressible as a third power. 


19. 

Prove 






Ha+a' 

Hot+P' 

Ha+y’ 1 * 





Hp+p' 

*w • • • 

(- iyw\abc ■ ■ 

- y - 1 


Hy+a' 

Hy±P* 

Hy + y’ 1 ’ * 

£(abc • - ■ ) 


•W *5*. 

‘S'fl+a' S 

Sy+ a ' S- 


a+p' 

Sa+y 1 

'p+P f 

Sp+y' 

\+P’ 

S t + t ' 


where S p = a p +b v +c p -\- 
20. Prove 


. (See §340.) 
a°b'c T d r + 1 e‘f‘+ i | = Zf 1/2 (o^)f W2 (c,<f)f 1,2 (e,/)- 


1 a r b r a’b’ 
1 c r d r c‘d • 
1 e r f T e‘f‘ 


where b)t ll2 (c, d)£ il2 {e,f) is any of the 15 terms of the Pfaf- 

fian 


1 

1 

e — a 

f-a 

- b d - b 

e - b 

f-b 

d — c 

e — c 

f ~ c 


e — d 

f-d 



f-e 


21. Prove 


£ l,2 (abcdefg)£ 1/2 (efg) 


= (- D7W(/)/'(g) 


S"\abcd) 

where /(e) = (e — a) (e —b)(e—c)(e — d)(e —f) (e — g) . 
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22. Prove the identities 

{ | a # &V | + | oW | } | aWc 2 | = | aWc 3 1 | a«6'c 4 1 , 
{ | «W | + | a°4 s c 6 1 + | oWc 7 1 } | a°b l c 2 | = | a^c 4 1 | aWc 6 \ ; 

and find a general identity including them. 

23. Prove that if f T {a) = a r +B T a r -i+ • ■ ■ +Z T 

1 Ma) ■ - ■ /„_>(«) 
l Mb) ■ ■ ■ f n Mb) 


i Ml) ■ ■ • UMD 

If the coefficient of a r in f r (a) were A r , what would the right-hand 
member require to be? 

24. Show that the coefficient of x n+r in the development 

(six - l) r 

, 

(.1 — ax){ 1 — 6z)(l — cx ) 

where Si = a+6+c is , 

a"+ 2 (i + c) r a 1 
b"+ 2 {c + a) r b 1 
c n+2 (a + b) r c 1 
t l '*(abc) 

25. Show that the coefficient of x" +2r in the development of 

1 + ( be ab -|“ ca)x 2 

( s 2 z 2 - 1)% 

(1 - a 2 z 2 )(l - £> 2 x 2 )(l - c 2 x 2 ) 

where s* = o 2 +& 2 +c 2 , is 

o" +2 (6 2 + c 2 y a 1 
6 n+2 (c 2 + a 2 )' b 1 
c n+2 (a 2 + b 2 ) r c 1 
f 1/2 (a6c) 

26. Prove that 

/ d d d d \. . 

( 1 1 1 ) | a n b’ l c r d q | = m \ a n ~ l b n c p d q 

\ da db dc dd / 

+ n | a m b n - 1 c p d q | + p \ a m b n c p - l d <1 1 + q | aWc^d"- 1 1 . 
For what values of w, w, p , q does this vanish, supposing m<n<p <q? 
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27. Find the co-factor of f 1/2 0i • ■ ■ x n )? l/2 (yi • ■ ■ y n ) in 

(*i ~ yi) n_1 (*i - 3 , 2) n ~ 1 ■ ■ Oi - yn)" -1 

(*2 — yi)" -1 (x*— y 2 ) n-1 ■ • • (x 2 — y„) n_1 


I (Xn - yi)" -1 — y 2 ) n-1 ■ ■ ■ (x n - yn)" -1 I 

28. Prove that 

/ a a a a \ . 

[ 1 1 h — ) a°6 W 4 

\ a<* az> dc dd / 

/ a a a a \ . 

= ( a 2 h b 2 h c 2 h d 2 — ) a°b l c 2 d 3 . 

V da db dc dd/' ' 

29. Prove that 

I cos »ao, COS ( n — l)a\ 9 • ■ ■ , cos (0)a n | 

-5- | cos n Q!o, cos" -1 oc\ y • - ■ , cos 0 a„ | = 2 n(n “ 1)/2 . 

30. For what value of co does 

/ a a a a \« 

( 1 1 1 ) a m b n c p d Q 

\da db dc dd/' ' 

vanish ? 

31. Prove that 

| sin ( n + l)a 0 , sinwai ■ • • , sina„ | | cos n ao, cos n_l ai, ■ • ■ , cos°a n | 

= 2 Tl(n ~ 1) 12 sin a 0 sin ai • ■ • sin ct n . 

32. Prove that 


| a™b l c 2 d 3 \ 

| a n b l c 2 d 3 1 

| a v b l c 2 d 3 1 

| a q b x c 2 d 3 1 

| a°b m c 2 d 3 1 

| a°b n c 2 d 3 1 

| a a b*c 2 d 3 1 

| a°b q c 2 d 3 \ 

| a 3 b l c m d 3 \ 

| aWc'd 3 1 

| a 3 b l c v d 3 1 

| a°b l c q d 3 \ 

| a°b 1 c 2 d m | 

| a?b'c 2 d n \ 

| a°b l c 2 d p | 

| | 


= | a a b l c 2 d 3 1 3 1 

a m b n c p d g | . 



33. Find the co-factor of f 1/2 (*i ■ • • Xn)f 1/2 (yi ■ • ■ y n ) in 
(*1 — yO -1 (xi — y 2 ) -1 - • ■ (*i — y «) -1 
(x 2 — yO -1 (x* — y 2 ) -1 ■ • ■ (xz — y n ) -1 


(x n — yO -1 (x n — y 2 ) 1 * * ■ (*» — y n ) 1 
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34. Find the co-factor of the product of the sines of the halved 


differences of Xi, x 2 , ■ 

• ■ , X n , in 



1 sin xi 

COS X\ 

sin 2xi 

cos 2xi 

1 sin x 2 

cos x 2 

sin 2 x 2 

cos 2 x 2 

1 sin X 2n +1 

COS X 2n +1 

sin 2x 2n +i 

cos 2x 2 n+l 


35. Prove that 


sin <xi sin a 2 sin a 2n 

COS OL\ COS Oi 2 • ■ COS C*2n 

sin 2ai sin 2a 2 • ■ sin 2a 2n 

cos 2ai cos 2 a 2 ■ ■ cos 2a 2 n — 2 2nZ ~ 2n + 1 7r sin J(oct — 


sin na. i sin na 2 

sm na 2n 


cos na i cos na 2 • ■ 

• COS na 2n 


where i > k and S =X) cos 

§( a£ i + a£ 2 + ' ■ ’ 

+ a n — — 

36. If j = a 1 -|-a 2 + 

-\~a n) A { = s a ,, 

prove 

x — Ai a 2 

■ * 1 On 


a i x — . 

/I 2 • • a n 

= x(x — s ) n_1 

CL\ & 2 

■ ' ' X — A n 

37. Prove: 

x — ai A 2 ■ ■ ■ 

An 


Ai x — a 2 ■ ■ • 

A n 

+ (» — 2 )s}(* 


= {* 

^1 ^2 

X — a n 


38. Prove: 

(aci — >i) n_l 

(*1 — 3 * 2 ) " -i • • 

' (*1 — 

(x 2 — yi )" -1 

(*2 — ' 

• (*2 — y ™)" -1 

7 

c 

£ 

1 

c 

(*» - 3’2 )"~ 1 ' ' 

■ (x n — y„) "~ l 

— n— lCl n— 1^2 

1 • ■ 

• x„)t in (yi ■ ■ ■ 



39. Prove: 

(*i - yi) B ■••(*!- y™ ) 
(*2 — yi) n ■■■(** — >») 
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(*» — Ti) n >»n)' 


nC 1 „C 2 ' ■ „C r 


w! 


f 1/2 (.*i ■ ■ • ■ • • y») 


40. Given 


X 


*i 

- yi ■ 

■ X! - y n 

*2 

- yi ■ 

■ Xi — y n 

*Tn 

- yi - 

■ x„ — y n 


yi | yz 

%\ — *1 — Oil 


yn 


= Wl 


*1 — 


jyi ( yj_ 


+ ■■■+■ 


yn 


X n Oil X n &2 


X n ~ OL n 


= w«, 


prove that 


g(«*) / /Qi) /(*») M « 

^ /'(«*) asi- 




/( af n ) | 

g'(*») x n — a k ) 


where the notation is as in §355. 

41. Prove that 


(xi ~ y i)~ 2 (xi — yi) 1 ■ ■ ■ (xi — y n ) 2 


(** — yj -2 (*- — y^ 2 ■ • ■ (*« ~ y») 2 


(*1 — yi ) -1 ••■(*! — y„) 1 

-t 

(*i - yi) -1 •■•(*!- y«) 1 

( x n — yi ) -1 -•■(*»- y «) -1 


(at n — yi ) -1 ■ • (*n — y n )~ l 
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42. Prove that the determinant of order 2 n 

(*i — yi) -1 (*i — y0~ 2 •■■(*»— yi) _l (*« — yi) -2 
(aci — y 2 ) -1 (*i — y 2 ) -2 ■ • (*n — yi)* 1 (x„ — y 2 ) -2 


(*1 — y 2 n) -1 (*1 — y2ji) _ 2 ■•■(*»— y2n) -1 (*» ~ y2n) 

_ ( _ i) n {^ 1/2 (yiy2 • ■ • y*)} 4 f 1/2 (si«« • - • *») 

[^(yO^Cys) ■ • ■ 4>(:y»)] 2 \ 


where \ 

4>(x) =■ (z — Xi)(x — X 2 ) ■ ■ ■ (x — X w ). \ 

State and prove the general theorem, that is where the determinant 
is of order rn. 

43. If 


prove 



(xi — ai) 1 

(Xi — a 2 ) 1 

' ■ (xi — OL n ) 1 

= 

T 

/~s 

S 

\ 

N 

(*2 — Ot2) _1 

■ (Xi — a„)~ l 


(x n OL l) 

T 

S 

1 

It 

■ • (x n — a„) -1 

0 

ci — ai) _l (*i 

— QLi) 1 

(xi — a n )“ l 1 


'■n Ofi) (x n 

— C^)” 1 • ■ 

( ^ 1 


1 

1 

1 


= A-(«i + a 2 + ■ ■ ■ + a n — X\ — x 2 

44. Prove that 


(*i — ai) 1 (*i 

— a 2 ) 1 ■ 

Ol 0£ n ) 


/(* 0 

(x 2 — ai) -1 (x 2 

— CK2) -1 ■ 

■ (x 2 — a n ) _1 

^2 r 

/(* 2) 

( Xn — ai)" 1 (^n 

— OL‘ Z )~ l ■ 

(x n CKn) 

*n r 

/(* n) 

1 

1 

1 



= — AHr—n+\ 


ere A is the same as in ex. 43 and/(x) = (x — ai)(x — a 2 ) ■ ■ ■ (x — « n ) 
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45. Prove: 


1 

• i 

0 

0 

*i 

X n 

1 

1 


• 

2xi 

2x n 

*i 2 "-i ■ 

• • at , 2 "- 1 

(2»— l)*i ln “ 2 ■ ■ 

■ (2m — l)x„ 2n-2 


= (“ lJ-O-D/UfMfo . • .*„)}< 

46. Obtain the quotient 

f 1/2 («ia 2 ■ • • «5)f 1/2 (0i/3 2 ■ ■ • ft) 

47. Obtain the quotient 

^3!4 

f l/2 (<*i<*2 ■ ■ ■ a 4 )f 1/2 (ftft 1 ■ • ft) 

48. Prove 

Dr, a 

r 1,2 ( « i- -«4)r 1/2 (^i --ft) 



- E 

tti 1 


- 4 





- E a i 1 


- 6 




aia2 

— E«i 



- 4 


0lft 


- 

5> 

1 






0102 

- 2>. 

1 




aia 3 


Pifc ~ 

Eft 

49. Prove: 







1 

£ 

* 2 





7w 

Jiti 

/(*) 





i 

X 

z 2 




£)U) 

D< i) 

flU) . . . 

_ (f~ 

1) !(r — 2) ! • 

• -2! 1 


/(*) 

i 

fix) 

fix) 


{/(*)}' 


D :*) 

D< 2 >— 

A 

Z>( 2 ) ' ■ ' 





/w 

/(*) 

fix) 





«„)■ H w here denotes the fcth derivative with respect to a. 
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50. Prove that 


(r + a + a' - 1) ! (r + a + 0' - D! 

(a a) ! + 00 ! 

(r + 0 + a — 1) ! (r + 0 + 0' — 1) ! 


0 + «')! 


(0 + 0')! 


= (- l)’ (r ‘" 


r tr — 1)!T 

/2 — i-' /2 (a,|9,T, ‘ )f 1/2 (a' ,0' > 7 / , 

L(r - 1)U 


)• 


51. Denoting by (;/), the coefficient of ,v n in (1 find the co- 
factor of f lli (ab c) in 


1 («)l ■ ((/)„_! 

1 (b) i (ft),,-. 

1 (c)i (f)«- 1 


52. The determinant whose matrix is the sum of the matrices of 
|cW ■ | n and |a°6" *c -2 • • |„ is equal to 

2 | (a + a~T(b + b~ i y(c + <r‘) 2 • • ■ | „ 


53. Given (m + l)n linear independent polynomials Pq(x), 
Pi(*), ■ • - , of degree less than (m+ \)n and denoting their derivatives 
by P 0 ', Po" • ■ , show that the determinant of order (w+l)w: 


P o(*l) 

pk * .) • 

■ /'o” ,) (x 1 ) P„(* 2 ) 


■ PoM ’ ' 


Pl(*l) 

PlM ■ 

• Py"\x i) p,(x 2 ) • 

■ • Pl m \x,) ■ ■ 

• Pl(Xn) ■ ■ 


PrW 

Pr(Xi) ■ ■ 

■ P, < " ,) (v 1 ) P r (v 2 ) • 

■Pr'%.) ■ 

’ - Pr(x n ) • ■ 

• Pr'%.) 



= e[f 1/2 (*J ■ • 

• x„)J ( ’" +,)J . 




54. If f(x) = (x-\-cti)(x+ot 2 )(x+a r ) - ■ (x+a r ) and D x denotes the 

Xth derivative with respect to x, show that 
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l x 

D a D a l)a 

/O) /(.t) /(.v) 

1 x a- 2 

D» D» DO— • • 

f(x) fix') f(x) 

— ~ — Dv ~ — D'i— • . 

f(x) f( x ) f(x) 

w-.,* a!/3 | 7 j -fix)— 1®. 

1-2 

f 1/2 (aio;2 ■ ■ ) 

X I (* + «i)~" (x + a 2 )~0 ix + a 3 )~y - I 



CHAPTER XII 


Symmetric Determinants 

357. As we have seen before (§ 26) we may have symmetry with 
respect to a line or a point, and have therefore two general kinds of 
symmetric determinants to consider — axisymmetric and centro- 
symmetric. 

Section I. Centrosymmetric Determinants! 

358. In a centrosymmetric determinant, the rth row\ reversed 
forms in every case the rth row from the end, that is to say, the de- 
terminant is the same when read backwards as when read forwards. 

359. Two constituents are said to be conjugate with respect to 
the center of a determinant when they lie on a line through the center 
and equally distant from it. A determinant is centrosymmetric 
therefore, when every constituent is equal to its conjugate with re- 
spect to the center. 

360. Let a — (quo ; 2 ■ ■ ■ 0 L m ) be a combination, m at a time, of the 
numbers 1,2,3,-*-, 2m, such that a h -\-oL k =^2m+l for all values 
of h and k from 1 to m. There are 2 m such combinations, for they may 
evidently be formed by writing the numbers 1, 2, 3, . . ., 2m in m 
pairs, the sum of each pair being equal to 2m+l, and taking one 
number from each pair. 

Let 0^(0102 * • ■ 0m) be the complementary combination of a, 
then 0 is also the rejl ex-combination of a, that is 0/ c is, for each value of 
k from 1 to m , the defect from 2w+l for some one of the numbers in 
of. For by the hypothesis the defect of a k from 2w+l is not found in 
a and therefore must be in 0 . It follows therefore that of the (2 m) m 
combinations of the numbers 1, 2, • ■ ■ , 2m taken m at a time there 
are 2 m , the complementary and reflex of each of which are alike. 

361 . Two minors of a determinant may be called reflex of each other 
where the rows and columns of one are the reflex combinations of 
the rows and columns respectively of the others. Thus | JH® | and 
1 2468 1 are reflex minors of a determinant of order 8. 

Two minors are said to be trans-reflex of each other when the row 
numbers of the two are the same and the column numbers of the 
two are reflex combinations. 

Two minors are said to be sub-reflex when the column numbers of 
the two are the same and the row numbers are reflex combinations. 

362. Every centrosymmetric determinant A of even order 2m is 
expressible as the product of two determinants each of order m. 
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For if we perform the following operations: 


and 


^ 2m j 7 2 + ' * ' , + ^m-hl 


Cl C2m y C*l C^m— 1 > j 6m 

the resulting determinant will have a square of m 1 zeros in the upper 
left-hand corner and therefore breaks up into the product of two 
determinants with binomial elements which we will call D and D f . 
363. We may write 

D = | a r3 + Uri | , 

D' = | a-rs — a rt | , 

where 



and 

(t — 2m , 2m — 1 , ■ ■ ■ , m + 1) . 

The determinant D may be broken up into the sum of 2 m determi- 
nants with monomial elements concerning which it may be observed 
that: 

(1) For every determinant 


D a 


12 ■ ■ m 

oi\OLi ■ ■ a m 


there is another 


where 


Df> = 


12 ■ ■ m 

/3i/3a * ' 


&k + Pk = 2 m +1 (fc — 1,2, ■ • • 9 m) 

That is D a and are trans-reflex minors . 

(2) The signs of D a and when the columns are arranged in their 
natural order , are the same or opposite according as 1) is even 

or odd. 

For if there are gk numbers following otk smaller than a*, there are 
gk numbers following (3 k larger than j S k . Therefore gk is the number 
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of inversions due to the position of «/, in D ai and m — k — g k is the 
number of inversions due to the position of /3 a in D ft . The sign factor, 
therefore, for D a when the column numbers are written in their 
natural order is (— l) p1 ^ 2 '' Ao,n and that for D & under similar con- 
ditions iS ( 1 ) w 2 -- m(m+l) /2- (0i+(72+ • * ■ -f Orn) qj* ( — \ D /2— (01+02H I'Pm) 

Since these exponents differ from \m(m — 1) by an even number the 
truth of the theorem appears. j 

(3) In the scries of 2 m determinants with monomial elements into 
the sunt of which D may he expressed , there arc as many positive as 
negative terms . \ 

Considering two consecutive cases, say when m = h and m=\k+ 1, 
we see that for every term of the series \ 

12* k 

= M , 

ai«2 «/ t - 

when m = k , there arc two terms 

1 2 3 - k + 1 

^ J//, 

1 0£j + 1 0:9+1 ' OlA + 1 

and 

1 2 3 • • ■ k + 1 

2 k + 2 Oil + 1 Of2 + 1 ■ ■ QU + 1 

when m = k+\. 

The term M ! will obviously have the same sign as M and M' r will 
have the same or opposite sign according as k is even or odd. Il 
follows, therefore that if there are as many positive as negative 
terms when m = k there will be as many of each when m = k+ 1, and 
since it is true when m = 2 and m = 3 , it is true in general. 

364. In (he case of D f it is obvious from the method of formation 
that the same 2 m determinants occur as in D , and the signs of the 
various terms will be the same as in D except that whenever there is 
an odd number of columns w r ith negative elements the sign will be 
changed. If k be the number of such columns taken to form Dk the 
sign factor of Di will be multiplied by (— 1)*, and since there arc 
(m) k such determinants the number of changes of sign on account 
of the negative elements would therefore be (w)i + (w) 3 + ■ 

+ W 2 M 1 + • ■ ■ =2 m ~\ which is just half of the whole number of 
terms. 
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d(> 5 . From the foregoing it appears that D is the sum of two sets of 
determinants of order m , and that D' is the difference of the same two 
5 ets of determinants , and therefore A, which is equal to their product 
may be expressed as the difference of two squares. 

266 . If A is of odd order 2 m+l, then the (w+l)st row will be the 
same read backwards as forwards, and the (w+l)st column read 
from bottom to top as from top to bottom. 

Performing the operations 

r\ + r 2in + 1, r 2 + r 2m , ■ , r m + r m+ n 

and 

Cl ^ 2 m+l j a 2 C‘im j j C?u Cni -\- 2 

will result in a determinant with a rectangle of (w+l) rows and m 
columns of zeros in the upper right-hand corner and therefore breaks 
up into the product of two determinants, one of the wth and the 
other of the (w + l)th order. 

267 . Any n-linc determinant having the array of its last (n — 1 ) rows 
i enirosym metric is expressible as the product of two determinants . 

Thus when n is even we have 


u 

V 


X 


z 

dl 

a> 


a A 

a 5 

no 

bi 

bi 

*3 

b,i 

h 

b g 

Cl 

C 2 


Ca 

C‘2 

Cl 

b 6 

b 5 

64 

h 

bi 

bi 

a 6 

a 5 

fl 4 

a 3 

a 2 

a 1 


c j c 2 cj u — z v — y w — x 

— ha “f~ 1 1 b$ b>2 bi + ba b<b — b\ b$ — bz b 4 ba 

ug “h cli a^ a 4 + a 3 Ug — tf-i a;> — (12 fli — a 3 

and when n is odd we have 




V 

w 

X 

y 

ai 

O'i 

a* 

a\ 


fti 

bi 

h 

b 4 

65 

h 

b. 

b» 


61 


a 4 

a 3 

#2 

01 


w v + x u + y 

a 3 a^ + a 2 a 0 + a.] 


an — a\ a\ — 02 


ba b 4 + ^5 + £1 
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368. A determinant is said to be skew-centrosymmetric when every 
constituent is the negative of its conjugate with respect to the center. 
One of odd order would therefore have its center element zero. 

369. Every skew-centrosymmetric determinant of even order 2m is 
expressible as the difference of two squares. 

For if we perform the operations 

+ T 2m j r 2 + r 2 m - 1, • ■ , + ^m+l, j 

and \ 

C\ + C2m, C 2 + C 2 7n-ly ’ , Cm + 1 , \ 

the result will be seen to break up into two determinants D aijd D' 
with binomial elements. Here as in the case of centrosymnietric 
determinants if the element in the rth row and sth column of D is 
z+y, then the element in the same position of D f (or —2/ if m is odd) 
is x— y, and hence the theorem follows as in §365. 

370. Every skew-centrosymmetric determinant of order 2m+l is 
zero. 

For performing the operations 

fl + P 2 m+ 1 , r 2 + r 2m , ■ ■ ■ , f w + Pm +2 

C\ + C‘2m+ 1, c 2 + C 2m, ' ‘ ’ , C M + 2 

the result will be a determinant having a square of (w+1) 2 zeros 
and therefore vanishes. 

If the central element be not zero then the determinant is equal 
to the product of this central element and two w-line determinants. 

Section II. Axisymmetric Determinants 

371. In the case of an axisymmetric determinant; (1) conjugate 
lines are alike, (2) coaxial minors are axisymmetric, (3) conjugate 
minors are equal, (4) all compounds of the original are axisymmetric. 

372. Of the general theorems whose forms are modified by the 
existence in the determinant of axisymmetry, the only one we note 
here is that of §110 which becomes 

A a rr A tr ^^a rl A r { i7 -i ^ ^ ( V) l ^ 3 a r iaj T A r j ir ; 

where 

(* = 1,2, ‘ • r — 1 ,r + 1 , 



i j ** r . 
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But since 0 r t0/r is the same as 0 rj - 0 ir and A r j, r i is the same as A r i, r j 
it follows that the terms in the last sum are double. 

373. From the law of multiplication it is apparent that the square 
of any determinant is axisymmetric. 

374. Any axisymmetric determinant myltiplied by the square of any 
determinant is expressible as an axisymmetric determinant. 

Let A=\ai„\, where a r , = a, T} B= | i ln |, and let BA =C= |ci„ | in 
which 


Cm — b T ya 3 i + br2GB2 + ■ ■ * 

= b r idu + br^H + ■ * * , 

since a rfl = a* r . 

Then 

B C = D = | <f ln | , 

in which 

d T a = b r \C 6 l + b T 2C a 2 + ' ' * 

= b a iCfi + b 3 2C T 2 + ■ ' - 

= d BT . 

Therefore B 2 A is an axisymmetric determinant. 

In this theorem it is obvious we may substitute any even power for 
the square. 

375. If in §374 we let B be identical with A, then we have the 
theorem that the cube of any axisymmetric determinant is expressible 
as an axisymmetric determinant. 

376. Any power of an axisymmetric determinant is expressible as an 
axisymmetric determinant. 

This follows from §§374, 375. 

377. Any even power of any determinant is expressible as an axi- 
symmetric determinant. 

This follows from §§373, 376. 

378. Any power of any determinant of the second order is expressible 
as an axisymmetric determinant. 

This follows from §376 and from the fact that any determinant of 
the second order is expressible as an axisymmetric determinant. 
Thus 


an 0i2 


011 

(01202l) 1/2 

021 022 


(021012) 1 ^ 

022 
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379. The product of the kth power of an axisymmetric determinant by 
the second power of any determinant is expressible as an axisymmetric 
determinant. 

This follows from §§314, 376. 

380. // R represents a rectangular array then it is apparent that R '' 

is an axisymmetric determinant and hence any even power of R is axi- 
symmetric. I 

381. The sum of any number of squares may be written as an axi- 
symmetric determinant.* \ 

Thus 


& 1 ‘ + # 2 2 + 03 2 + ' ' ' 


0 

a \ 

a 2 

a 3 

01 

1 

0 

0 

a i 2 

0 

1 

0 

#3 

0 

0 

1 


382. In the expansion of a determinant there are, as we have seen, 
n \ terms, but when a til = a sl they are not all distinct/ For the numeri- 
cal coefficient of any term we have the following: 

If v Aj - ■ • , be the number of ternary , quaternary , • ■ • index-cycles 
in any term of an axisymmetric determinant the coefficient of the term 
where condensation takes place is 2 V ^~ V4+ ' \ 

For when we have a term with index-cycles higher than binary, 
wc may, by reversing the order of indices in one of the said cycles, 
obtain another term of the development, and this will be equal to 
the former. 

383. For A axisymmetric we have 

2 

^11^22 “ A 12 = A' A 12,12 

and if ^n = 0 we see that A and ^4 j 2 .12 must have opposite signs. 

Using this principle we reach the theorem: In the series A, An, 
-1 12 , 12 , A 123 , 123 , ■ , 1 if any term ( excluding the first and last) is zero 

then those adjoining terms have unlike signs. 

384. If in the foregoing we consider A n as our original determinant 
and A as formed from it by bordering symmetrically and observing 

Certain general homogenous polynomials can be expressed as determinants with 
lineai elements and the student who is interested should refer to a paper by Dicksoi/. 
Irans. Am. Math. Soc., \oI. 22, no. 2, pp. 167; cf. Stouffer, ibid., vol. 26, no. 3, PP- 
356. 



SYMMETRIC DETERMINANTS 


371 


that A 12 is a linear homogeneous function of the bordering elements 
we have the following theorem: 

If an axisymmetric determinant whose value is zero , be bordered 
symmetrically Ike product of the determinant so formed and its leading 
second minor is equal to the negative of the square of a \ linear homogeneous 
function of the bordering elements. 

385. 7/ A =0 and if all coaxial minors of A of order {n — m) vanish 
and if the sums of all coaxial minors of order greater than {n — m) 
vanish , then all minors of order {n — m) vanish . 

Let a 7 ;be the element in the 7th row and^'th column of the {n — m ) th 

compound of A, let A («— m)2,as denote any coaxial minor of the second 

order of this {n — m ) th compound, and let 

A 2 
A («— m)2,as OL tl iX jj Oi tl 

By hypothesis a 7l = () for all values of i and ot lJ = a JI and therefore 

2 

A {n—m) 2,tfs — OL %i 

and 

But by §191 the left hand member may be expressed in terms of 
sums of minors of A of order higher than {n — m) and these by hy- 
pothesis are zero, and we have ^(a u ) 2 = 0 and therefore 0 ^ = 0 for 
all values of i and j. 

386. I] 

1 2 3 4- • r 

9 ^ 0 

1 2 3 4- • r 

and if 

1 2 3 roc 1 2 3 ■ • r a p 

= 0 == 

1 2 3 ■ - r a 1 2 3 ■ ■ r a 0_, 

lor all values of a and P, then all minors of order r+1 vanish . 

For 

12- roc 12 ■ rp 1 2 • ■ r a 

\ 2 - r a 12- - rp 1 2 ■ ■ ■ r 0 


12 - 

r 

1 2 ■ 

rap 

1 2 • 

■ r 

1 2 ■ 

■rap 
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or 

1 2 ■ ■ ra. 2 

0 - =0 
12 ■ r/3 

for all values of a and and hence by §234 all minors of order r+1 
vanish. 

It is also readily seen that if all coaxial minors of order r and also 
those of order (r+1) vanish then all non-coaxial minors of| the rth 
and higher order vanish. \ 

387. From the general relation A rpAsq ApgA r q A ‘A rai pq\ ive see 
that if A=0 and A rp ~0 then either A 8p for all values of s or A t \for all 
values of q must vanish . That is all elements in the same row or column 
of the adjugate as A ap must be zero. 

If p = r } then since the adjugate is symmetrical it follows that all 
elements in both the rth row and rth column of the adjugate must 
vanish. If also q = s then this relation becomes 

ArrA 0B Ara = A ‘A r a,ra 

and we see that if A rs ^ 0 and 

(1) If Arg, r» = 0, then A TT and A 88 have the same sign. 

(2) I f A =0, then all coaxial minors of order n— 1 have the same sign. 

388. When A =0 we have 

A rl :A r2 :A r ■ = (A u y i2 ^A 22 y^:(A, 3 y^: 

the signs for the radicals being undetermined. 

Again by Laplace's theorem 

(rl)[rl] + (r2)[r2]+ ■ ■ ■ +(r») [rn] =A =0 
where [ri] is the cofactor of the element ( rk ) in A. Therefore 
{(rl)[ll] L/ H-(r2)[22] l/z + ■ ■ +(rn) [n»] l/z } [rr] l/z =0 

and since [rr] is not in general zero, we have 

(rl) [l 1 ] l/2 + (r2) [22] l/2 + • • ■ + (rn) [nn] 1/! = 0 

3 89. If in an axisymmetric determinant the sum of the elements in 
every row is zero then all the primary minors are numerically equal . 

For convenience take n = A ) and let the determinant be 

#11 #12 #13 #14 

#21 #22 #23 #24 

A s= 

#31 #32 #33 #34 

#41 #42 #43 #44 
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Since the sum of the elements in each row is zero it follows that A 
vanishes* For if we add all the columns to the first it becomes a 
column of zeros. 

We have given 

011 012 + 013 H~ 014 = 0 1 


012 022 H~ 023 ~b 024 = 0 

013 + 023 + 033 + 034 = 0 

014 + 024 + 034 + 044 == 0 


(1) 


and expanding we get 


1 


A 112 L A 112 I A 1/2 1 A 1/2 

011^11 T" 012^22 + 013^33 T 014/144 
.1/2 1/2 1/2 1/2 
012^11 “T 022^22 “T 023/* 33 + 024/1 44 

. 1/2 . 1/2 . 1/2 , 1/2 
013-^11 T" 023^22 T" 033^33 “T 034^44 
.1/2 I . 1 /^ . .1/2 1/2 

0lVl 11 + 024^22 + 034^33 T" 044^44 


= 0 
= 0 
= 0 
= 0 


( 2 ) 


provided A 22 , A 33 , ^44 are not zero. From these we get using (1) 


012(^11 ^22 ) + 01304 11 — A S3 ) + 014(/lll — ^44 ) — 0 

1/2 1/2 1/2 1/2 .1/2 .1/2* 

022\^4 11 — A 22 ) + 02304 11 — /I 33 ) + 02404 11 ~ A 44 ) — 0 
1/2 1/2 1/2 1/2 1/2 1/2 

023(^4 11 — A 22 ) 033(^11 + /t 33 ) ■+■ 044(.^1 11 /I 44 ) — t) 

But the determinant of these 0/1 u) is not in general zero; therefore 


1/2 1/2 1/2 1/2 

An ~ A 22 = A 33 = A 44 

and therefore by the last article all primary minors are numerically 
equal. 

The same line of reasoning holds for determinants of any order. 
390. Let 


01011 + 02012 + 03013 + 04014 — 0 
01021 02022 ~t~ 03023 04024 = 0 


CD 


and we have 

a 112 . a 112 

011-^11 ~r 012^22 
.1/2 .1/2 

021/1 11 T" CL 22 A 22 
. 1/2 , .1/2 

031^11 ~T 032^22 

„ A 1/2 l A 1/2 

041/1 U T" 042^4 22 


+ 013^33 + 014/1 44 

T" 023/1 33 "T 024/1 44 

4 " 033/1 33 + 034/144 
. . 1/2 . . 1/' 
T" 043^33 “T 044^-44 


= 0 

if 

An 9 * 0 

= 0 

if 

A 22 0 

= 0 

if 

A 33 t*~ 0 

= 0 

if 

A 44 7 ^ 0 


( 2 ) 
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From (2) and (1) we have 


Qn(ciAn - 

(122(0 [A 22 ~ 
1/2 


OiA n”) ~j~ &i3(CiA 33 C3A 1 i ) “h (^14(0 lA 44 C4A11) — 0 


o >A n ) + ^23(^1^33 
1/2, , , ,1/2 


c$A 11 ) + # 24 (ci ^4 44 
1/2 


1/2, 

04A 1 1 ) = 0 

1/2 n 


^32(cij4a'2 — C 2 ^u ) + «33(ci^l33 — C3-4ll ) + a^ 4 (0\A 44 — C 4 j4ii ) = 0 


^42(^1^422' — ^ 2^4 1 1 ) -\~ 0 i\w( 0 \A 33 C 3/t 11 ) Q'44(C]A 44 

If ^4 11^0 then 




,1/2 


.1/2, 


1/2 


1/2, 

c^ii ) 


0 


1/2 1/2 

£1^22 = O2A 1 1 

,1/2 . 1/2 

£1^33 = C3V111 

1/2 1/2 

0 \A 44 — C 4 < 4 u 


or 


( 3 ) 


,1/S. 1/2 1/2 1/2 . . \ 

A i] .A 22 . -4 33 -H44 — £j . C2 • £3 • £4 - 


If one of the coaxial minors, say -4 44, vanishes then equations (2) 
become 


<i\\A 

#2^4 

0an4 


1/2 

11 

1/2 

11 

1/2 

ij 


+ ^12^22 + a uA 33 
1/2 1/: 

+ 22^4 22 + ^23-4 3J 

+ ^32^4 22 Q'mA -sz 


= 0, 
= 0, 
= 0, 


if An 9^ 0 
if ^ 0 

0 

if A 33 5^ 0 


(4) 


Equations (3; become 


#12 (ci^4 
^22(£l-4 
^32 (ci^4 


1/2 

22 

1/2 

22 

1/2 

22 


£2^4 11 ) + 0>li(C\A^ — £3-4 H ) + a^C\A\\ — 0 

4 lf \ 1 / A 1/2 i/\ . .i/a 

£24 11 ) + <72 3 (£lH33 — C$A u ) -|- ^ 24 £ 4 £lll “ 0 
£ 2^4 11 ) 4 “ £T 3 3 ( < 7 33 — 6 ‘ 3-4 11 ) + # 34 £ 44 ii = 0 , 


(5J 


Multiply these equations by c iy c 2) £3 respectively and add and we get 


Q > 4 i ( c \ A 22 c^Aw ) ££43 (£ i -<4 33 — £s -4 1 1 ) -|- u 4 4 £ 4 4 11 — 0 . ( 6 ) 

Since ^4 44 is zero it follows that ^ = ^-1 24 = vl 34 = 0 and we cannot infei 
anything from equations (5). 

If we take any two of (5) with (6) then if A U) say, is not zero it 
follows that 


a a 1/2 ,, W 2 1/2 1/2 

£n 4 22 — A n c 2 = £1^33 — £ 3^4 1 1 = C4A11 = 0 

which requires that either £ 4 or An vanish 
If c i = 0thenA\ / l 2 :A 1 2^:A , 3 / 3 2 = c 1 :c 2 :c 3 . 

If j4 }{ 2 = 0 then A22 2 = A\i 2 = 0, also, and therefore all primary 
minors vanish. 
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However, if f4 = 0 we would not have (6), but taking any two of 
( S) we get 

, l/2 . A 1 ' 2 . t 1 *' 2 
A II .-'122 -J 3ll = ( l .C 

unless all minors of order two from 

012 022 032 

013 023 033 

vanish, which in general is not the case. 

We have therefore 

1/2 1/2 1/2 

Am i A 22 !-4 3 3 = C\\C'i\c% if X44 — 0 and Am 7*^ 0. 

If yl 4 4 = ^l u = 0 then A 22 = A 33 = 0 unless 

022 023 

= 0 , 

032 0 33 


which is in general not the case. 

391. If in an axisymmetric determinant the signed primary minors 
arc all equal then the sum of the elements in any row is 0 . For 

2 

J 1 rrA a s Af& A ‘A r8i ra 

or 0 = A 'A rSirt>} and therefore A is zero since in general A TStT ^ 0 . 
The theorem is then readily seen on expanding in terms of the 
elements of a row and then dividing by the common factor. 

Example: The determinant 


2 - 1 - 1 
A = - 1 2 - 1 

- 1 - 1 2 


which equals zero, has all its primary minors numerically equal or 
m other words has all its signed primary minors equal, and the sum 
<»f the elements in each row zero. 

We observe that anA\[ 2 +ai2A { 2 2 2 +anA si 2 and not flu- 4 ii 2 — 012^ 22 2 
+ fl ia433 2 equals zero. 

392. If in an axisymmetric determinant the coaxial minor 

(n | m a ) 

( n | m a ) 
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of order m is not zero and all coaxial minors of orders m-\-h 3 and 
1, which contain M as a minor are zero } then alt minors of order 
m-\-h which contain M are zero. 

That is if 

( n | mf) ( n \ ni a )(n \ m a | hp) 

(« I m a ) I I (» | m a )(n | m a | hp) 

arid 

( n I m a ){n | m a | h + 1 T ) 

(n | m a )(n \ m* | h + 1 7 ) 

for all values of 0 and 7 then 

( n | m a )(n | m a | h t ) 

(n ] m a )(n | m a | h y ) 
for all values of i and j. For 

(n | m„)(« | vn a | h t ) (n | m a )(n | m a | hy) ( n [ m a )(n | m a | hi) 2 

(n | m a )(n | m a | h t ) ( n | m a ) (n [ m a | h 3 ) ( n | mf)(n \ m a \ hf) 

» 

being a minor of the second order of the adjugate of D vanishes and 
since each factor of the first term is zero it follows that 

(n | m a )(n | m a | h t ) 

( n | m a )(n | m a | hj) 

From this and the theorem of §234 it follows that every minor of 
order m+h is zero. 

Exercise: Show that for the determinant 
■ 1 1 1 

1 d 12 d 13 ■ 

1 d\2 d‘i 3 ■ =0 

1 ^13 <^23 ' ■ ■ ■ 

we have 

[22 ] 1/2 + [33 ] 1/2 + - - + [nn]^ = 0. 

393. If A — \a\ n | be axisymmetric and positive and if the terms of 
the series of coaxial minors flu, |a n a 2 2 |, | ^ 11 ^ 22 ^ 33 1 , * ■ ■ , are aV 
positive j then all coaxial minors are positive. 
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This may be proven by induction. Given A of order three our 
hypothesis is that j 4 > 0 , [ an<x 2 2 1 > 0, ou > 0 and we are required to 
prove that a 2 2>0, a^> 0 , ^ 4 n> 0 , 4 22 > 0 . Since ana 2 2— fli2 2 >0 it 
follows that a 2 2>0. Since ^ 4 11^33 — >t 13 2 = <222-4 >0, it follows that 
4 n> 0 . Since A22A33 — 4 2 3 2 = anA > 0 , it follows that -4 2 2>0. Since 
A22= (011G33 — Oi3 2 )>0, it folows thata 33 > 0 . The theorem is therefore 
true for determinants of the third order. 

For the fourth order we are given A > 0 , A 44 > 0 , ^4 3 4.34>0, flu >0 
and since the last three conditions are just those for the case of the 
minor A 44 of order three we have a 22 >0, a 33 >0, ^ 2 4,24>0, - 4 i 4i h> 0 , 
and since 

2 

A rrA 44 — A r 4 = A ^ 4 r 4 .r 4 > 0 for Y = 1 , 2 , 3 

we see that - 4 rr >0 for r— 1 , 2 , 3 and all the conditions are satisfied 
for all four coaxial minors An, A 2 2 , ^33, 4 44 and consequently a 44 >0, 
^i2,i2>0, A 13 ,13 > 0 , A 23 ,23 > 0 , and the theorem is true for de- 
terminants of order four. 

Let us now assume that the theorem is true for a determinant A 
of order (& — 1 ); then all coaxial minors of A of all orders from 1 to 
(k— 1 ) are positive. Border A symmetrically with a kth row and kth 
column. Then the theorem will be true for the resulting determinant 
A' of order k and to show this it will be sufficient to show that it is 
true for every principal coaxial minor of A', since by hypothesis A' 
is positive. 

We have 

MH-W'-J'P 

But [ kr] being a coaxial minor of A is positive and [ kk ] is positive. 
Therefore [rr]>0, for r = 1 , 2, ■ ■ ■ , k— 1 . The proposition is there- 
fore true for the order k. 

394 . Again if ^ 4 = 0 , then 

A rT A A ra — 0 

or 

A ra = {ArrA„yi*. 

The sum of the squares of the primary minors of A is y^4 r 8 f +2 ^A^ 
or $ 2-4 rr 2 + 2 Ya rrA ** = \ y^Arr 1 2 . T hat is the sum of the squares of the 
Primary minors of an axisymmetrie determinant which vanishes is 
equal to the square of the sum of the principal coaxial minors . 
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395. By Laplace’s theorem we have 

A = (11) [11 1 + ( 12) 1 12 1 + + (lff)|l«| 

where [lr] is the cofactor of (lr) in A. 

But 



if A or vanish. 

In either case we may write 

A = { (ll)|llj 1,a + (12) [22] 1,2 + + (1 h)[««] 1 ' 2 } [11 | 1 A 

From which we see that: 

If any principal coaxial minor [ss] of an axisymmetric determinant A 
vanishes and if all the principal coaxial minors of [ss] vanish then the 
determinant A vanishes . 

396. Expanding A by Cauchy’s theorem we have 

A = (ID [11] - £(l/) 2 [j’] - (- 



= 0, 


if either [ll J or [i{{] vanish. Tn either case 



if | 111 or (11) = 0. 
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.™\ iS ° btained in § 384 - We get this same result, however 

if instead of [ll] being zero we have (ll)=Oand [$] = 0. That is- ' 

If one of the coaxial elements (rr) of A vanishes and i} all the secondary 
coaxial minors of [rr] vanish then A is the negative of the square of l 
linear homogeneous function of the elements in the rth row. 

‘ill r ? ^° r > ( w — 2) it will be apparent that A 

WI ‘ e a TT PCrfe ^ squar f if the sin 8 le minor vanishes. 

397. Using Cauchy’s theorem Lo expand [\j] we have 


•M-cr-rar- )■• 

■ca- 


1234“ 
1 235_ 


Similarly 


■ca- 


1 235‘1 1/2 
1 235 J + 


F 


Substituting these values in the expansion found for A in §396 we 
get 


-[»l-CT-»»CS]-v 1 

a"- ) 

-H-cr-«iar* ) 

■ j 
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k = 1,2,3, ■ ■ , 

a takes all values from 1 to n except 2k and 2& + 1, and v = l-\-2k 
+ 2/5 + 1 +« = 2(2&+l) + a: = a. 

It would appear that under proper conditions this process might 
be continued. 

It should be observed that the necessary conditions that A can be 
expressed as here given is that 

(a) (11) = 0, and \ ^1 = 0, 

Ll ij J 

or 

<t) [11] -0, and r ,V 1 o, r^l-O. 

V-hjA Llijrsj 

398. It is readily seen that if [u] = 0, then 

r . ( rmi 1 ' 2 rukyi* ) 2 

and making this substitution in 
(11) [11 J 1 / 2 - (12) [22] 1 / 2 + (13) [ 33 ] 1/2 

— (14) [44] 1/2 + (- l) n -i(l»)[«»] 1/2 

it is readily seen that this factor of the norm of 

(H)[ll] 1/2 + (12) [22] 1 ' 2 + - • + (1 »)[«*]«* 

reduces to (11) [ll] 1/2 and from §395 we see that the norm is divisible 

by A. 
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That is, under the given condition 
(11 )A = {(11)[11] 1/2 + (12) [22 ] 1/2 + • ■ - + (1*)M ,/2 } 

X{(11)[11] 1/2 - (12) [22] 1/2 + ■•■ + (- l)»-i(l»)[ ww ]i/2} 

Hence the theorem: 

If the minors [}{] of an axisymmetric determinant A vanish , then the 
norm contains A as a factor and vanishes if cither (11) or [ll]=0. 

399. The axisymmetric determinant which has the differences 
01 — 02 , 0 i — a 3 , ■ - ■ , 01 — a n in the 1 st, nth , 2 nd, (n—\)th, ■ ■ - , places 
of the principal diagonal , the differences 02 — 03 , 02 — 04 , * ■ • , 02 — 0 n 
similarly disposed in the adjacent minor diagonal , the differences 
03 — 04 , 03 — 06 , ■ ■ , 03 — 0 n similarly disposed in the next diagonal and 

so on , is resolvable into linear factors , being equal to the product of 
(77 — 1 ) different expressions of the form 

0 ! + (a + at 2n ~ 2 ) 02 + (a 2 + a 2n_3 )fl 3 + ■ • • + (a 71-1 + a n )a n 

where a is a (2 w — l)j& r 0 o£ 0 / unity. 

This may be established by performing the operation 

cob + (1 + 0i) col 2 + (1 + 0i + # 2 ) col 3 + * ■ * 

where 0 r stands for a r + « 2n “ r “ 1 . 

For example when n = 4 and a is an imaginary 7th root of unity, 
if we perform on the determinant 

0] — 02 02 — 03 03 04 

02 — 03 01 — 04 02 04 

03 — 04 02 — 04 01 — 03 

the operation 

cob + (1 + a + a 6 ) col 2 + (1 + o: + oc 6 + a 2 + a 5 ) C0I3, 
the elements of the first column become 

P, (1 + a + a«)P, (1 + a + a 6 + a 2 + a*)P, 

where 

P — 0 i + (« + a 6 ) 02 + ( ot 2 + a 6 ) 03 + (« 3 + a 4 ) 04 
showing that P is a factor. Similarly 

0i + (a 2 + a 6 )02 + (a 3 + a 4 )03 + (a + a 6 )04 
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and 

di + (qj 3 + a*)a 2 + (a + + (« 2 + ^ b )a 4 

are also factors. 

400. Let.4 = |c/i rt |,\vherca, ft = a vSO an(llct i S , = /li] + ^l 2 2 + ■ ■ -+A nn . 
Then 

A Jc A 12 ,12 + 0^13 ,13 ~\~ +CL^|,|,i,|| 

= (A\iAri ~ A 12) + 4 " (AnA nn — A\ n) 

= — (An “ S)Ai\ — Ayi — A 1:1 — ' — Ai n, \[ ( 1 ) 

A \A\2,Vl + A 2 3,23 + ' + A 2n y> n \ 

= — zA VI — (cy/22 — S)<A 22 A'>\\ — A. 2n J 


etc. Denote 


A. 12,12 +ey/j;i,i 3 H~ ' “I - < AI 1 ;/ ( i/i by A/n 

C^13,23“l~ ’ ~\~A\n,2n by A /12 CtC. 


Then 


ffllMn -(- £*12^12 H - 


+ </i n Af iM 

= tf]i(cy/j 2 ,12 + ^13 .13 + +C^ ]rii ] 7£ ) 

+ ^ 1 2 ( H“ Ayi t »3 + + <^ln p 2n) 

+ 013 ( 2,32 + * +C/fi,i, 3 u) 


= ^22 + ■ 


Similarly 


d2\M H “f" 0 2 2 A / 12 4“ 
a 3 iAfn + 032A/12 + 


+ etc. 

+ cyf™ = 5 — A\y. 

-f- a 2tl M in — — A.\ 2 
+ = — Aw 


etc. 


Solving for the Af’s we have 

— M \\A = (c/fn — S)A\\ + A J 2 + ■ + A \n 

— My&A = (All — S)Ai 2 + A12A22 + ' ' + AinA'in 


— M T A — AriAsi + Ar'tArt + ’ + (<^rr — S)A er + 
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From these relations we have 


^Ai\ 

— S c/^12 

1 „ 


ivfll 

zA 12 

’ lAfl n 


0^22 — •S* 

^ 2 „ 


zA.y 

cyf 22 ■ 


vfni 


• ■ — s 


Z-A; 71 1 





M u 

M u ■ 

M ln 

1 ) n -A n 

Mu 

M 22 

M 2n 


M n 1 

M n . , 

M nn 


Rut the second factor on the left is equal to A n ~ l and therefore 


M n 

M 12 ■ 

M in 


*Aw 

— iS* zAl‘2 

’ ^A\n 

M n 

M 22 

M in 

II 

^ 1 

zA ‘21 

zA<n - 5 • 

■ *A 2n 

M nl 

M n 2 ’ 

Afjin 


zA n \ 


■ <^nn — S 


The determinant on the right may be expanded with the result 

A{A«~* - A^SiSn-y + A ”-<S 2 sL 1 (- 1 

where 5, = the sum of the coaxial minors of A of order r. Therefore 

| Mu I = S n ^S n Z 1 - A S„_ a sZ-\ + ■ ' + (- 1 

If S n -i=S = 0 then \M\ n | = (— l)M n_2 = 0, if A =0. But when A =0 
and S = 0, (1) shows that A T h = 0 for all values of r and s, 

401. The norm contains 2 n ~ l factors and if we take as the first two 

{(11)[11] 1,2 + (12) [22] 1/2 + • ■ ■ + (1 n)nn]"*} 

{ (11) [11] 1/2 - (12) [22 ] 1 /2 + h (- 1)” _1 (1») [nn\ li2 ] 

it is readily seen that all the others may be taken in pairs and each 
pair derived from this pair by changing the sign of one or more of the 
elements (12), (13), ■ ■ - , (In). 

Thus in the case where w = 5 we have, writing but the signs of the 
terms, 

(4 — I — I — I — (-)(+ b “ +) 

2- (+ - + + + )(+ + + - +) 
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3. 

(+ 

+ 

- 

+ ' 

H(+ 

— 

— 

+) 

4. 

(+ 

+ 

+ 

+ ' 

-)(+ 

- 

+ - 

-) 

5. 

(+ 

— 

— 

+ +)( + 

+ 

— 

+) 

6. 

(+ 

— 

+ 

+ - 

-)(+ 

+ 

+ - 

-) 

7. 

(+ 

+ 

— 

+ - 

-)(+ 

- 

— 

-) 

8. 

(+ 

4- 

— 

— - 

-)(+ 

— 

- + 

-) 


Here product 2 may be obtained from 1 by changing the\sign of 
the element (12), product 3 may be obtained from 1 by changing 
the sign of the element (13), etc. 

In §398 we saw that product 

1. was equal to A • (11) and now we see that product 

2. is equal to A i(ll) 

3. is equal to vl 2 (l 1) 


8 . is equal to .4 7 U1), 

where A \ is derived from A by changing the signs of (12) and (21), 
A 2 is derived from A by changing the signs of (13) and (31), etc., 
A 7 is derived from A by changing the signs of (13), (14), (15) and (31), 
(41), (51). The norm is therefore equal to 

A-A,A 2 - [j!] = 0, (i = 2,3, ■ ■ ,n). 

402. It should be observed that if (11) as well as [}J] vanishes 
then the eight products of pairs of factors of the norm reduce to 
half that number. If it is (12) instead of (11) that vanishes then 
there would be but eight distinct factors in the norm but they would 
be paired differently. 

If (12) = (13) = 0, then the number of factors in the norm is halved 
again, so that if r is the number of elements ( 12 ), (13), ■ ■ ■ , which 
vanish then the number of factors in the norm is 2 n_r_1 . 

403. If A = |a in | where a r , = a ST and ai r = 0 for r = 2, 3, ■ • , n — 3 

then by Cauchy’s theorem 


A = (11)[ 


ri n ~ 1 

11] - (In- 1)* 

.1 (1 — 1 _ 



+ 2(1 n - l)(ln) 






SYMMETRIC DETERMINANTS 


385 


A, = (11)[11] - (In- I)*!" 1 n H 

LI n — 1J 


2(1 n - 1)(1») 


CV] 


where Ai is derived from A by changing the sign of (1 n). 
The product 


■Ai = |(ll)lll] - (In- l) 2 


r,„-n 

Ll n - lj 

2 

— 4(1 n — 1) 2 (1 n 


~1 n — 1”| : 

° 2 i 

Ll n J 


in which 


I Q -2(1 n- 1) 2 (1 nY 

Ll n — 1 raj Ll n — lj LlwJ 

i put for 

n n- n 2 

~ Ll n J ' 

;re 

r , ri n - i n~\ ri n - nri«" 
F ~ 2 11 Ll n - ! n\ 2 Li«-1jLi«. 


A, say, 


has been put for 


and where 


But we may write 


Q oo 

2(1 n - 1) 2 (1«) 2 0 0 


Cl] 

ri n - n 

Ll n - lj 
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and the operations 


r 

1 n — 1 

1 ri»i 

n + \ 


\r* + 1 

L 

1 n — 1 

J LlnJ 

c,+ (\n 



by dividing the first and second rows by [l 1 J and multiplying the 
third and fourth columns by the same. 

The norm is the product 

{(ll)[llJ‘/*+ (In - 1) \n -In- l|w* 

+ (ln)[nn]‘' 2 j {(ll)[llJi /2 

- (1 » - 1) |» - 1 » - 1 Ji/* + (l n ) [*„Ji/»} 
X{(ll)[llJ«/*- (In - l )\ n - in - l]wt 

- { ( 1 1 ) [ 1 1 J */2 

+ (1 n - 1)[« - 1 n _ iji/i _ (l w )[, m jm} 
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which is equal to 

[{(ll)[ll] 1 «+(U)[iin]w*}t_ (i„_ 1)*[«- i„_ 1] J{(11)[11]*'* 

- (1 n) \nn ] in ) 2 — (1 n — 1 ) 2 \n — 1 n — 1 J^j = (ll)^(ll) [ll] 

- (1 n - l) 2 ^ ” _ |J + (!«){;”] + 2(1»)[11] 1 ' !! [mw1 1 ' 2 | 

X (ll)|(ll)[llj 

- (1 n - l) 2 ^ ” |J + (1«) 2 |^”J - 2(l»)[ll] 1/2 [««] 1/2 | 

= (ll) 2 [j(U)[ll] 

- (1 n - l) 2 ^ ^ _ jJ + (1») 2 j- 4(l«) 2 [llJ[w«]J 


and this may readily be shown equal to (11)M A That is the norm 
is divisible by A and the quotient is (ll)Mj. 

If (1 7i — 1) is zero then the norm is equal to (11)^4. 

The norm of # 1/2 +y 1/2 + j3 1/2 is readily seen to be 


0 

a .1/2 

yil'l 

j.I/2 


0 

1 

1 

1 

,.1/2 

0 

z l/2 

yt/2 

or 

1 

0 

z 

y 

y'l 2 

Z 1 ' 2 

0 

v r/2 


1 

z 

0 

X 

z 1/2 

yU‘1 

.v 1 ' 2 

0 


1 

y 

.V 

0 


404. If A = |oi n | , where a rR = a s1 and (lr) = 0 for r = 1, 2, • ■ , ti — 3, 

then the norm is the product 


{ (1 n — 2) [« — 2 n — 2] l/2 -f (1 n — 2 )[n — 1 n — l] l/2 + (In) [nn \ ]t * J 

X ( (1 n — 2) [ft — 2 w — 2] l/2 — (1 w — 2) [» — 1 n — l] l/2 4* (lw)[wnl l/2 J 

X {(1 n - 2 )[n -2n- 2 ] 1 ' 2 - (1 n - 2 )[n -in- l]*' 2 - (1 

X { (1 7i — 2)[w -2n - 2] 1/2 4- (1 w - 2)[» - 1 » - l] l/2 - 

U 1 1 t 

1 0 (ln) 2 [»»l (1 n— 1) 2 [«— 1 n— l] 

1 (ln) 2 [wn] 0 (1 n—2) 2 [n—2 n — 2] 

1 (1 n— l) 2 [w— 1 « — l] (1 n—2) i [n—2 n — 2] 0 


= N, siiy . 
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By §403 easy transformations give 

0 (1 n - 2) 2 (1 n - l) s 

v = (1 » - 2) s 0 [nn] 

(In — l) 2 \nn\ 0 

(1 n) 2 \n—\n— l] \n — 2n— 2] 

Substituting in this for 


(1«) 2 

[n — 1 w - l] 
\n — 2 n — 2] 
0 


r , ri « - 2 n - n 

[n- In- 2] = - {In- 1)* 

LI n — 2 n — 1J 

ri n - 2 nl T 

- (In) 2 , n \ + 2(ln- 1)(1 n)\ 
LI n — 2 nj L 


ri n — 2 n — \1 
LI n — 2 n — 1_ 


and similarly for [n— 1 n— l] and [nn], wc get, after performing the 
operations 

|“1 n — 1 n~| ri n — 2 nl 


ri n — 1 nl 

Li » - 1 nj ri ' 

ri w- 

+ i 

Lin — 

ri » — i »"i 

Ll * - 1 J 


n — 2 n_ 


1 n — 2 n — 1' 
1 n — 2 n — 1_ 


V\ n — 1 n~\ |”1 n — 2 n" 

I . + 

LI w - 1 wj Ll n — 2 n_ 

ri n - 2 n - 1"| 

^4 ”f“ I I Ci 

Ll n — 2 n — lj 
= 4(1 n - 2) 2 ( 1 n - l) 2 (1 n) 2 X 


0 

(In - 2) 

(1 n — 1) 

(lrc) 


”1 n~ 1 n 1 

“1 n n — 2~ 


”1 W — 1 n — 2“ 


(1 n — 2) 







_1 n — 1 nj 

_ 1 n n — 1_ 


.1 n— 1 n _ 


(In - 1) j 

"1 n n— 1"] 

”1 n — 2 n“ 


”1 n — 2 n— 1” 



_1 n n — 2j | 

_1 n — 2 n_ 


_1 n — 2 n _ 


(In) r 

1.-1— « r 

1 n— 2 »— 11 

”1 n — 2 n— 1“| 


L 

1 n — 1 w J L 

1 « — 2 w J 

_1 n — 2 n— 1 J 



= 4(1 n — 2) J (1 n — 1) ! (1m) 2 L H 2 ” 1 ”1 . A 

Ll n — 2 n — In 


by Sylvester’s theorem. 
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The norm will evidently vanish when any one of these factors 
vanishes. 

Exercises: Set XIX 

1. Show that 

■ x y z 
x • 2 y 

= (x + y + z)(x + y — z)(x — y + z)(— x + y + z) . 

y z x 
z y x 

Give the general equation and show that if x> y, z> * ■ ■ , are 
quadratic radicals the product of the linear factors is rational. 
(Briochi). 

2. If 

11 11 

11 + 0! 1 1 

A = 1 1 1 + a 2 ■ 1 

■ * ■ 1 + a u n-f 1 


and A n 


1 + a x 1 1 

1 1 + 02 ' 1 

1 1 • • • 1 + a n 


then show that A~aia 2 ■ ■ ■ a n) and 


/ 1 1 

An = A ( 1 1 h ■ ■ • + 

\ c/i a 2 



3. Show that 


111 

1 a -f- b <i -|- c • 

1 b + a b + c 

1 c -|- a c -f- b 




= abc ' 
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4. Show that 


= 1 


and in general 


1 



O i 

0‘i 


i 


bx 

bo 



1 

Cl 

C‘> 

tfl 

b , 

Cl 

1 


a 2 

b> 

C‘> 


1 

0,i 

b. 

O 



Zo 

i 2 + 

LI 

(7 1 l 

n| * 


O 3 

b 3 

C 3 


1 


a 1 ^2 I 


I 




\ 


(1) A 

A' (1) 


5>. 2 + 


where A' is the conjugate of A and 
squares of all minors of A of order r. 
405. If we denote the determinant 


I>, 2 - + 

denotes the sum of the 


<ri ~ (11) 

- (12) 

- (In) 

- (21) 

<r 2 - (22) 

- (2n) 

- («1) 

- (n2) ■ 

o,i — {fin) 


where (rs) = (sr) and <r r = (rO) +Jrl) + + (,*) then the co-factor 

of (01) is readily seen to be (0+1, 2, 3, • ■ , ») because it occurs 

only in the element <n — (11). Again the co-factor of (01)(02) is 
(°+ 1 + 2, 3, • ■ , ») and finally the co-factor of (01)(02) ■ (Ow)isl. 

If we add all the other rows to the first and then all the other 
co umns to the first the determinant is not altered in value but it 
will be observed that these operations have the effect of interchanging 
the two numbers 0 and 1. Similarly it may be seen that inter- 
changing any two umbrae does not alter the value of the determinant 
There is no term of the determinant free from the umbra 0, for if 
we place all the elements (Or), (r=l, 2 ,-•-,«) equal to zero the 
resulting determinanl is seen (o be zero. It follows therefore thal 

(0, 1,2, ■ , ») = Z(01)(l,2, ■ , „) 

+ L(01)(02)(l + 2, , n) 

+ . . . 
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+ ^(01)(02) ■ (Or)(l + 2 + ■ ■ ■ + f, 

r + 1 , ■ • , n) 

+ • 

+ (01) (02) • ■ ■ (0») 

Exercises: Set XX 

1. Show that 

a b c d a — b — c -f- d a — b -f- c — d 
{(i) a — b — c d <i -)- b c + d a -f- b — c — d 

a — b + c — d a + b — c — d a + b + c + d 
= 16 (abc + abd + acd + bed) 
a d c 

(b) dab 

c b a 

= H" b c -f- d ) (a -f- b — c — d)(a — b -|- c — d) • ■ * ) 

2. Show that 


fll + fl 2 + 03 ' 

CLi "h fl 2 d% 

A = 

fli + a 3 fl 3 + a 2 


= (- l) n - 1 2 M aifl 2 



where r and s are duads from 1 to n. 

Also obtain the value of A in the form 

(— 2 ) n ~ 2 [(n — 1 ){n — 4)flifl 2 ■ ■ d n ~ ‘ ' ' a «-i} 

and note the result when n = 4. 

3. In the determinant 


2flifl 2 fll&2 “h ^2 b j di C2 H“ d2Ci 

dib2 ”1" dibi 2b\b'i b\C2 “t~ b^ci 
d\C2 “1" d2C\ b\C2 "h ^ 2^1 2cic 2 
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show that (a) all coaxial minors of order greater than 2 are zero and 
(b) the sum of all coaxial minors of order two is 


a i 

bi 

Cl ■ ■ 

02 

b * 

c 2 


2 


- ( I>1 2 I>2 2 - Sr?) 


where S n = a } a 2 +bib2+ * • . ; 

4. If A denote the determinant of the last example wil(h S n sub- 
tracted from each diagonal element, show that 

A = (- l)\S\r 2 £>i 2 X> 2 2 . 

Show that the result when all the a’s become equal to a an)$J all the 
b’s equal to b is (— l) n_1 CC a2 )"- 

Give the results when all the letters but two are made zero; when 
all but three; etc. 

Zero-Axial Skew Determinants 

406. As we have seen (§26) a determinant having conjugate 
elements equal but opposite in sign (i.e. a rs = — a*) is called a skew 
determinant; and if in addition fl rr = 0 it is called a zero-axial skew 
determinant. Zero-axial skew determinants have sometimes been 
c all e c ! ske w- sy m m elric. 

The word skew as here used is meant to be contrasted with sym- 
metric, every kind of symmetric determinant being matched by its 
corresponding skew determinant. But just as the term, symmetric, 
is often used in the narrower sense of ‘axi-symmetric’, so ‘skew’ is 
almost universally taken to mean ‘skew with respect to the principal 
diagonal.’ 

407. In the case of zero-axial skew determinants it readily appears 
that (1) coaxial minors are zero-axial skew, (2) conjugate minors are 
equal or differ only in sign, according as they are of even or of odd 
order, (3) the adjugate determinant is skew if of even order and axi- 
symmetric if of odd order. 

408. A zero-axial skew determinant of odd order vanishes. 

For changing the signs of all the elements amounts to inter- 
changing rows and columns which (§37) does not alter the determi- 
nant, yet the determinant being of odd order is changed in sign; 
therefore it is zero. 

The adjugate would also be zero. 

409. The adjugate of a zero-axial skew determinant of even order is 
zero-axial. This follows at once from §408. 
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410. For any zero-axial skew determinant A of order n we have 
(1) ArrAgs A rs A or = A ' A <ra . 


First, suppose n is even. Then A rr and A 8S = 0 (§408) and A rs = -A ar 
(§407). Therefore 

* 2 A r l 

(2) Afs A ‘ At 9 t r 8 , or A = 

A* re 


and 

(3) Art = (A'A rs ,rs).V 2 

The relation (3) shows that if yl is zero then A ra is zero for all r 
and s. That is if a zero-axial skew of even order vanishes so do all its 
principal minors. 

I rom (3) and A ^rsp ,m t A rs t rsA TS tp ,rstp we see that A T8 and Af S p iT8 t 
have the common factor A l r ^ rs . 

Expanding A by Laplace's theorem we have 

A = (— l) r { a rl A r i ~ a r2 Ar2 + ■ ■ } 

_ / ,v r ( a'/I 1 ' 2 ,1/2. 1/2 1 

— 1) { a r iA A\ rt ir — a-riA ■ A 2r ,2r -\~ ' J 

— (~ l) r ^4 ~~ ^r2^2r,2r + } 

or 

(4) A in = ( 1) r { a r \A ir — ffr 2 ^ 2 r I 2 r + ' } ■ 


Second , suppose w is odd. In this case ^4=0 and (1) takes the form 


or 


A TB ArrA es 


(S) 


i*r. = 


Giving 5 the values 1,2,- , n and substituting for j4 r i, ^4 r2 ■ • ■ , 

in the expansion of A we get 


A = (- 1 )'{a r XV/i 2 - a r X 2 ^ 2 + • • ■ } 

/ r m 1 ! 1 a 1 ! 2 . i .1/2 

= (— l) r [a r i^4 1 i — a r 2>l22 + ■ • ' J Arr 

or 

(6) a T \A 1 1 — a r 2^22 + ■ = 0, 

since in general A rr is not zero. 
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From (5) 

(7) Ari:Ar2’Ar3- ‘ = A n M 22 --^33 ■ 

which shows that the ratios are independent of r. 

Relation (5) shows that every principal coaxial minor is a factor of 
the adjugate of A. 

411. From (2) §410 we have the theorem: ( 

A zero-axial skew determinant of even order is the second power of a 
rational function of the elements. \ 

For (2) shows that it is true for A of even order n if it is true for 
A rs ,r a of even order n — 2 , but it is obviously true for w\= 2, and 
therefore true in general. 

412. Looking at the coaxial minors of order two of A we see that 
their product 


2 2 2 2 
Gl2#a4<?56 ‘ Or2n — 1 ,2n 

is a term of the determinant and that therefore one square root of A 
contains the term +ai 2 fl 3 4 ■ * ■ a 2 n-i ( 2„ and the other *-012^34 - * • a 2 *-i,2». 

The square root of a zero-axial skew determinant of order 2 n 
which contains as a positive term the product of the elements in the 
places (1, 2), (3, 4), * • ■ , (2ra — 1, 2 n) is called a Pfaffian function 
of the whole of the elements lying on the same side of the zero diagonal 
of the elements mentioned. 

The usual notation for a Pfafhan is *[ ai 2 n or ff {a 1 2 n). Another 
notation is to use 

| <z 2 a% O 4 
63 hi 
c 4 

for (02^4-^364+63^4). A Pfaffian which is of the nth degree in its 
element is said to be of the nth order. 

413. A determinant having the complementary minor of one of 
its corner elements a zero-axial skew determinant, is called a bordered 
zero-axial skew determinant. The word is similarly applied in connec- 
tion with other special determinant forms. 

The first row of a Pfaffian of the nth order contains 2 n — 1 elements: 
the line through the 1st column and 2nd row contains the same 
number: so also do the lines through the 2nd column and 3rd row, 
through the 3rd column and 4th row, and so on to the last column. 
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These 2 n lines each containing In— 1 elements may be called the 
frame-lines of the Pfaflian and numbered 1st, 2nd, 3rd, etc. in order. 
Evidently every element of the Pfaflian belongs to two frame-lines, 
and is fully specified as to position when the numbers of these are 
given. In the Pfaflian *| fli, 2 n |, the suffixes of each element indicate 
the number of the frame-lines to which it belongs, the smaller number 
being always written first. 

414. The terms minor and adjugate and the subsidiary terms con- 
nected with them are used in regard to Pfaffians just as in regard to 
delerminants. Thus, if the frame-line of any element be deleted, the 
Pfaflian whose elements are in order the elements left is called a first 
or primary minor of the original Pfaflian and the complementary 
(minor) of the said element. The notation, also, which corresponds 
to this nomenclature may be made quite analogous for the two 
functions: 

415. A bordered zero-axial skew determinant is expressible as the 
product of two Pfaffians . 

As we have seen from §413 A rs is a bordered zero-axial skew de- 
terminant and the relations 

Ars = aI^aH* (when n is odd) 

At* = A l/Z A r i,r S (when n is even) 

where the two factors on the right are Pfaffians, proves the theorem. 

From this it appears that every principal minor of a zero-axial skew 
determinant is equal to the product of two Pfaffians. 

416. For a determinant of order 2 n the relation (4), §410 gives an 
expression for a Pfaflian of order n in terms of Pfaffians of order « — 2. 

417. Any determinant of the 2nth order is expressible as a Pfaffian 
of the nth order , viz. |ai f2n | = *| Pi,* n |, where 


Va = (#rl,#r2, ■ ' ’ , #r,2n$#a2, 

#al » #a4 j 

~~ #«3 1 ' ‘ 

j #«,2nj 

Writing |a 1(2n | in the form 




#12 — an #14 

— an 

- ‘ #1 ,2ti 

#1 ,2n-l 

#22 #21 #24 

— #23 

* ' #2 ,2n 

— #2 ,2n — 1 

1 #2n,2 — #2n ,1 #2n,4 

“ #2n , 3 ’ 

‘ ' #2n ,2n 

#2n ,2n— 1 


and multiplying the two forms together row-wise we have 
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But it is evident that P TS = — P sr and that P rr =0; hence, on extract- 
ing the square root, the theorem follows. 

Treating the rows of ai^ n in the same way as the columns have 
been treated, and multiplying the result column-wise by |ai i2 n|, we 
obtain a different but equivalent Pfaffian. 

418. Any determinant may be expressed as a Pfaffian of the same 
order. 

Starting with the determinant A of order 2 n 

§(#11 — 0]l) ^( fl 12 02l) 12“b 0'2l) 

§(#21 — ^12) ^(^ 22 — ^22) ’ "2(^22 ~ I $22) 

A = 


2 (011 + 011) 
2(0210" 012) 


— "2 (^21 + ^12) 
\ (^11 “1“ ^ll) 


— 2 (^22+^22) 
~ -2'(#12+02l) 


i(^22~ ^22) 
“'K a 12 — 02l) 


— ^12) 
2(^11 — <^ll) 


which is zero-axial and skew centrosymmetric, its value is readily 
seen by §362 to be 0 in hence |a ln t = £ l/2 = P, where P is the 
Pfaffian function which is the square root of A. Since |ai n | is any 
determinant the truth of the theorem appears. * 

419. If we denote by B the coefficient of a rs in the Pfaffian function 
P then B does not contain a TS and is not therefore affected by changing 
the suffixes rs , to sr , but this changes the sign of a rs , and it is thus seen 
that some of the terms of P f 9 which we use to denote what P becomes 
on making the change, differ in sign from the corresponding terms of 
P. But since the change of rs into sr means the interchange of the 
signs of a row and column we have P 2 = P' 2 which shows that the signs 
of all the terms of P f differ from those of P. We have therefore the 
theorem that interchanging two suffixes changes the sign of the Pfaffian. 

420. There are a number of properties of Pfaffians quite analogous 
to those of determinants. Thus the theorems of §§93, 174, 175, 179 
may be transferred into the theory of Pfaffians without alteration. 
Others need some variation of statement, such as: Of the full number 
of terms of a Pfaffian there is one more positive than negative. 
Similarly for others. 

421. It is obvious that a zero-axial skew determinant of even order 


0 


A = 


“012 
~ 013 


012 013 ' ' ‘ 
0 <223 ' ' 1 
023 0 ■ • ■ 


2 n 
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is not altered by being bordered thus 


1 

1 

1 

1 


— X 

0 

012 

013 


— X 

— 012 

0 

023 

= A, say, 

— X 

013 

023 

0 

2n+l 


for A is equal to A plus x times a zero-axial skew of odd order which 
vanishes. 

If in A we add a* times the first row to each of the others it reduces 
to 


X 

012 + X 

013 + X 

014 T" X 

— 0u + X 

X 

an + x 

024 ~ l~ a 

— 013 + X 

~ 023 + X 

X 

034 + X 

— 014 -|- X 

— 024 + X 

~ 034 + a' 

X 


D, say. 


We have then A = A = D, and the theorem.' 

A zero-axial skew determinant of even order is not altered by adding 
the same number x to each element. 

The x may of course be positive or negative. 

It follows from this theorem that any determinant A of even order in 
which a xx — x and a w + o^ = 2x may be written as a zero-axial skew of the 
same order. 

Thus we may write 


X 

012 


013 

014 

2x — 012 

X 


023 

0 24 

2x — 013 

2x — 

023 

X 

034 

2x — 014 

2x — 

024 

2X — 034 

X 



1 

0 


0 

0 


1 

X 


012 

013 ' 

= 

1 

2x - 

012 

X 

023 ■ - • 


1 

2x — 

013 

2X — 023 

x ■ ' 


2n+l 
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0 ai 2 — x aw — x ■ ■ 
x — a,i 2 0 a 2 s — x - ■ • 
x — a 13 x — a 2 3 0 ■ ■ • 


2n 


422. If the same number x be added to every element of a pero-axial 
skew determinant of odd order the result is x times a perfect square. 

For if 


A = 


X di2 + X <Zi3 + X 

— 012 + X X 023 + X 

— 013 + X — 023 + X X 


2ti+1 


then 


A = 


1 

— x 

— X 

— X 


0 

X 

— 012 + x 


0 0 
012 + x 013 + p 

X 023 -|- X 


013 + X — 0 23 + X 


and if on this we perform the operations c 2 -\-c lf c 3 -f c 1; 


2n+2 

, we have 


A = 


1 

— x 

— X 

— X 


1 

0 

— 012 


1 1 

012 013 
023 


0 


— 013 — 023 0 


2n+2 


0 012 013 ' 

012 0 0 23 

013 023 0 



0 

1 

1 

1 


- 1 

0 

012 

013 

+ * 

- 1 

~~ 012 

0 

028 

2«+l 

- 1 

. 

~~ 0 ? 13 

~ 023 

0 


2»-|-2 


0+* times a zero-axial skew of even order which is a perfect square. 
Hence the theorem. 
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423. If we border a zero-axial skew of odd order by adding a column 
with elements all Vs and a row with elements all — l’j with 0 in the 
intersection of the two ) such a determinant may be condensed into a zero- 
axial skew of order two less. Thus if 


0 

#12 

#13 

#14 

#15 

1 

“ a 12 

0 

#23 

#24 

#25 

1 

— #13 

#23 

0 

#34 

#35 

1 

— #14 

— #24 

“ #34 

0 

#45 

1 

— #15 

#25 

“ #35 

#45 

0 

1 

- 1 

- 1 

- 1 

- 1 

- 1 

0 


and we perform the operations 


Cl + #15^6 , 

followed by 

ri + 015^6, 


C2 + # 25 ^ 6 , C3 + # 35 ^ 6 , #4 + # 45^6 


^2 + #25^6, r 3 + ^4 + ^45^6 


we get 


0 


#12“ #15+#25 


A = 


“ #12+#15“ #26 
~ #13 + #15“ #35 

— #i 4 +#i 5 — # 4B 


0 

“ #23 + #25“ #35 
— #24 + a 2 5“#45 


#13“#15+#35 #14“#16+#46 
#23“ #25+#35 #24“ #25+#46 
0 #34 — #36“1“#46 

— #34+035“#45 0 


If we put aiB = a 2 & = a 36 = a 4 5 = ^, then this relation becomes 


0 

#12 

#13 

#14 

X 

1 





#12 

0 

#23 

#24 

X 

1 


0 

#12 

#13 

#14 

“ #13 

— #23 

0 

#34 

X 

1 


“ #12 

0 

#23 

#24 

— #14 

— #24 

— #34 

0 

X 

1 


— #13 

“ #23 

0 

#34 

— X 

— X 

— X 

— X 

0 

1 


— #14 

— # 24 

— #34 

0 

“ 1 

- 1 

- 1 

- 1 

1 

0 






In other words A is independent of x and is equal to -4se , 50 . 
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Exercises: 

1. Show that 

x ax i bx 2 

— %i x — bx 3 

— x 2 ax 3 x 

— X 3 — x 2 Xi 

2. Show that the number of distinct terms in a zero-aWial skew 
determinant of order 2n is 1-3-5 ■ ■ ■ (2w— 1) V n where V^is deter- 
mined from V n = (2n—l)V n -i— (n— 1)F„_ 2 , and Vo=Vi= ll 

3. Show that V n of problem 2 is equal to 


abx 3 
bx 2 
ax i 
x 


— ( x 2 + aaci 2 + &# 2 2 + abx£) 1 


1 1 

1 3 2 

■ 1 5 3 - • ■ 

■ ■ 1 7 ■ ■ 


424 If we expand an even-ordered zero-axial skew determinant A 


by Cauchy’s theorem we get 


A = (11) [ll] + I>(lr) 2 [j'] + 2£(- 1)’ 

+ 'a-l,Qil [ ] , * ^ i 

and since 


cata-m-M 

o 

II 

1 1 

l-H i— 1 

1 1 

both [ll] and [}jj] being zero-axial skew of odd order and therefore 

vanish, we have 



ri«n 1/2 i 2 

+ (, ” ) [,J I 

-ju» [”]“»•-»(»[;]”- 

- (2 ”>U I 


■ + ™L] } 


etc. 
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or denoting the Pfaffian by // we have 

/ ri2~i i/!! rm 1 ' 2 n»T /2 i 

//-{o+Ufly -d3)[ 13 ] +■■ +(!*>[,.] } 

i ri2“i 1/2 r23 _ | 1 ' 2 r2»n 1/2 i 

-{ (12) U +0+(23) [ 2 3] - } 

etc. 

If we take the signs alternately positive and negative and add these 
equations we get 


i ri3Y ' 2 

2 {- (13, LJ -(,5) 

pi5 "| 1/2 

(1 n - 1 ) 

n — 1 

LisJ 

n — 1 

r24"i i/2 

r26T^ 2 

r?ni 1/2 


+ (24)| m +(26) 

1 + •■• + (2 n) 


r35"|«* 

- (35) -(37) 

p37 ”| 1/2 

(3»~ 1)[ 

n — \ 

L 37 J 

n — 1 

L35J 

L3 

+ 




rn - 2 

Ml 1 / 2 ) 

J H' 



+ (w — 2 , «) 

Lw — 2 



Thus for n = 6 we have 



ri3i I/2 r 

'15 _ l l/2 r24 

n 1/2 r 

261 1 ' 2 

- ( »>y - (is) [ 

.u] + (24) [ 2 < 

J +(26) L: 

J 

r35i i/2 r 

'461 1/2 



- <35) U + 

= 0 

46j 



or 




ri3T /2 i 

“15l W2 T3i 


24"| 1/2 

(,3) U +<15) l 

+ (35) 

_15j L 3! 

J = (24) [ 

J 

r 26 T /2 

~ 461 1,2 



+ (2«)[J +(46) 

.46 



For n = 6j if we had taken the 1st, 5 th, 6th positive and t 

3rd. 4th negative and added we would get 




'161 1/2 T5( 


23 - 11/ 2 

~ (ls) [i 5 ] +(16) 

is] +<56 ) Ls( 

.] - <231 [ 

J 

T24-I 1 ' 2 




(24) L] +(34) 

. 3 J ■ 




Similarly other forms may be obtained. 
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425. From 

A = (12) 

we readily get 


CM 

- (15) 


ri3T ' 2 


13 J 

[,T 


+ (14) 
+ (16) 


cir 
cr 


ri5-| 1/2 ri6-| 1/2 f56"| 1/2 r-56h I/2 

- (is) [ ls ] +<i6) [, 6 ] +<56 >u -<“>y 

ri2Y' 2 ri3n i/ii ri4i 1/2 

- <,2) U] +(,3) U - (i4) U • 

From expanding |isJ| by Laplace’s theorem and adding and sub- 
tracting the term (56) [H] 112 we get 

r 121 1 / 2 rui'i 2 run 1 ' 2 r56i 1/2 

- <i2, U +(i3) LJ - (,4) U +(5 «U 


- + (56) 


-56T' 2 2 

_56j ~ 1 


234 

56 


Therefore 
-(15) 
and also 


risi 1 ' 2 n 

6Y /2 T5 

!61 1/2 

234 

ie + < 16 ) , 


= A - 

Li5j Li 

6J 

156 


r23i i/2 n 

4"1 1/2 T3 

4 - 11/2 

234 

„ -(24) 

J +<34) L 

= A - 

L23J L2 

4j 

156 


426. If in §424 we subtract the sum of the first k equations from 
the sum of the remaining n—k we get 


(» - 2 k)ff 


-2{( t + l,k + 2)\ t + i * + 2 l 
l ik + 1 k + 2j 

\- (» - 1 ,»)| 


-» - 1 »-| l ' 2 l 
jn — 1 nj ) 


If 2 k = n then the left-hand side is zero. 

427. If represents an even-ordered zero-axial skew 

determinant, and |^i n represents its adjugate which as we have 
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seen is zero-axial skew, then FF=(ff) n - l } where FF represents the 
Pfaffian function of \Ai n |. 

428. Let A= |ai n | be any determinant of order n and form from 
it another determinant A by subtracting from every element its 
conjugate. This gives 


A = 


0 a 12 o 2i a 13 — a 31 • • * 

0 21 012 0 023 — 032 ‘ 

031 — 013 032 — 023 0 


n 


which is zero-axial skew. 

Expanding we have, supposing n to be even, 

A = — («i2 — #2l)Ai2 + (#13 — 03l)Ai3 — • - • 

1/2 1/2 1/2 1/2 
= — (ai 2 — 0 2 iJA A 12 , 12 + (013 “ 0 ai)A A1343 — ■ ■ 

or 


A 


1/2 


1/2 

(#12 — ^2l) A 12 ,12 + («13 — 03l)Ai 3 i i3 — 


a result corresponding to (4) §410. 

It is obvious that A will vanish if a ri = a ir (i= 1, 2, • • , n) for any 

value of r. That is A will vanish if A has the elements of the rth row 
equal to their conjugates in the rth column. It will also be apparent 
Lhat A is zero if A has any coaxial minor of order 5m+l ( n = 2m ) 
axisymmetric. 

429. The determinant A §428 having binomial elements may be 
written as the sum of 2 n determinants with monomial elements, so 
that if A' denotes the determinant, formed by interchanging the 
rows and columns of A and changing sign of every element, we have 

A = ^ 4 a -^ 4 / |=| fl ] 2 — 021 013 — 031 ■ • * 2 

023 ~ 032 ' ’ 


where (a, 0 = 0, 1, ■ ■ ■ , n) and a + 0 = w, and where \A a -A p ' | 
denotes the determinant with monomial elements formed by taking 
a columns of A and 0 columns of A r . 

430. By §313 we may write 


156 

234 


= E 


-£ 


+ E 


56 

23 
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-z 


46 

23 


+ Z 


= (fll2 #2l) E 


56 

34 


— (#13 — <^3l) 22 

+ (flic - ^oi) 22 


56 

24 

45 

23 


+ (<Zi4 — #4l) 22 


56 

23 


— (^16 ~ #6l) 22 


46 

23, 


and it may be easily verified that 


56 

24 


i/2 

= ^12.12, / v 

etc. We have, therefore, 

A 1/2 V 

Ac — — 2 ^ 


= *»!», E 


56 

23 


_ A !/ 2 - 
“ ^14.14, 


1 5 6 
234 


where the subscript 6 denotes the order of A. Again 


Z 
+ Z 


16 7 8 
2 3 4 5 1 

1 


= Z 
Z 


1 

2 

567 

234 


6 7 8 
3 45 


-z 


6 7 8 
245 


+ 


1/2 1/2 
= 12 — ®2l) A 12 ,12 — (#13 — ^3l)Ai3,13 + 


1/2 


+ (<*18 ^8l)A]8, 


by the preceding case. Therefore 


A 


1/2 

8 


z 


16 7 8 
2 3 4 5 


and in general 

1 tn + 2 

2 3 

1 

w + 1 m *T 2 ■ ■ ■ 2w | 

This sum will vanish under the same conditions as in §428. 

431. If instead of subtracting every element of A from its conjugal 
to foim A we subtract only those in the minor An, and replace the 
elements in the first column by the negatives of their conjugates, thus 



w + 3 2m 

4 ■ m + 1 

2 ■ m I 
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A e= 


0 

012 


013 

— 012 

0 

023 

0J2 

013 

032 ( 2 2 3 


0 

014 

042 — 024 

043 

034 


014 

024 &12 

034 — a 43 
0 


— 012A12 + a isA] 3 — ■ 


, / 1/2 / 1/2 


012 A A ] 2 , 12 + ffnA^^AlJ^g — 


or 


/i/a 


A ' * # " a ' ] /2 . /] /2 

012 A 12 , 12 “1“ (1 13 A 13,13 — 


./ 1/2 

01n^ln , In ■ 


Ihis again is a Pfaffian and vanishes if a ri = a ir (i= 2 3 • • n ) 

or if any coaxial minor of A u of order Wm+1 is axi’symmetric 
Again we may write 3 


156 

234 


and therefore 


— 012 Y. 


~ 013 E 


56 

24 


+ + 016 2 


/ 1/2 


- a 12 A; 2 ', 12 - -|_ . + aioA^i 


. /I/2 

A 6 = — 2 _ 


156 

2^4 


or as it is sometimes written 


-z 


156 

234 


and in general 


^l /2 = - E 


1 2 
tn + 1 m + 2 


Mon 


e generally still we have 


m 

2w 


A a)1/2 V 

A 2w = - E 


1 2 
w + 1 


m 

'2m 


when 


arp it n0W lll . e ^ rst * rows anc * c °l um ns have monomial elements and 
e negative of their conjugates in A . 
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The conditions for vanishing in this case are 
( 1 ) if (iji = o,’ f (i = k -|“ 1 , k -|- 2 • • ■ n) 

or (2) if any coaxial minor of i * of order m + 1 or greater is 

axisymmetric. 

432. If A is a zero-axial skew of odd order then 

(11) [11] -(12) [12] +(13) [13] 

+ (1m) [in] = 4 t 0 

OI \ 

{(11)[11]‘»- (12)[22]w*+ (13) [33] 1/2 \ 

+ (1m)[mm] 1/2 } [llj 1 ' 2 = 0 

or 

- (12) [22 ] 1/2 + (13) [33] 1/2 — ■ ■ - 

+ (1 n) [nn] in = 0 

since (1 1) = 0 and in general [l 1 ] ^ 0. 

If [rr] = 0 for any n — 2 of the values r = 2, 3, ■ ■ , n then it must 

be true for the remaining value, since the coefficient of the remaining 
term is in general not zero. In other words if one , say [ll]=^0, and 
if n —2 of the other principal coaxial minors vanish then [rr ]=0 for 
all values of r except 1. 

Equation (3) may also be seen to be true by substituting for 
[22], [33], • • • , their values by Cauchy’s expansions where it will 
be seen that the terms cancel in pairs. 

433. If in a zero-axial skew determinant A, a coaxial minor of order 
2 r is not zero , and if every coaxial minor of order 2r+2 formed from it 
by adding two additional rows and two additional columns does vanish , 
than all minors of order 2r+l, which contain the given even-ordered 
minor are zero . That is if 


1 ■ • ■ 2r 
1 ■ 2 r 


7 * 0, and 


then 


For 


1 2 ■ • - 2r aj9 
12- ■ 2r a/3 



= 2r + 1 , ■ 


1 ■ 2ra 
1 ■ ■ • 2r/3 



11- ■ 2 ra 


1 ' ■ • 2r/3 


1 ■ ■ ■ Ira 

1 1 • ■ ■ 2 roc | 


1 • ■ 2 rp 

+ 

1 • 2r/3 


1 •• ■ 2 r 


1 ■ • * 2ra/3 

1 ■ ■ ■ 2 r 


1 ■ • * 2ra/3 
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or 

1 ■ ■ • 2 ra 2 
0 + =0 
1 ■ ■ ■ 2 r/3 

and therefore 

1 • ■ 2ra 

= 0 

1 ■ ■ • 2 rfi 

This being true it follows from the general theorem on rank that all 
minors of order 2r+l vanish. 

Since all minors of order 2r-\-l vanish all minors of higher order 
will vanish and therefore among them all minors of order (2r+2). 

434. If a zero-axial skew determinant of order n vanishes and if the 
sum of all the coaxial minors of orders n— 1, n — 2, • • - , n — m vanish 
then all minors of order n — m vanish. 

For since the sum of the coaxial minors of order r is zero and since 
it is either a sum of individual zeros (when r is odd) or a sum of 
squares (when r is even) it follows that every coaxial minor of order 
r is zero. 

Again 

A(n— m)2ii = A («— m) iiA (n— m) j j ^ (n— m) (n— m) ji 

where A (n _ m) is a minor of A of order n — m and A (n _ m)2 a« is a 
coaxial minor of order 2 of the {n — m) th compound of A. 

But 


and 

Therefore 


A ( 7l _ 7n ) rr 0 

A (n — m) i i — ( l) n m A( n — m) ji* 


A( n _ wl )2it — ( l) n m A 2 (n — m) i j 

and 

EA(«)i« = ( 1) n ~ m ^A 2 („_- m )t, 

But by hypothesis and §191 

y^ A fn— m)2ii = 
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435. If cx 18 ^0 and represents the element in the position (rj) of 
the wth compound of A and if all minors of A of order m+1 are zero, 
then 

a r iOL t s„ ~ OLrs<X ST = 0 

or 

2 n I 

a ir OL at + OC r s — U. I 

From this we see that if a rs 5*0, then a ir and a 8li are not zero, ant 
also that m must be even since all coaxial minors of odd orde\ vanish 

If in §221 we make A an even-ordered zero-axial skew determinant 
and B identical with it we have — A =T a 2 , where ot r is a pHncipa 
minor of A', and A' is formed by bordering A symmetrically, that is 
a r is A '+ 1 , r . 

But 


a: 


+ 1 ,«+l 


■Ar 


A 


2 

n +1 ,r 


= A 
= 0 , 


n-\-l ,r n+1 


since 4', n+1<1 n+i , is a zero-axial skew of odd order. 
Substituting for a r we get 


(1) — A = J^rA 'n\ i = 22rA -A' n , since A' n+x , n+ i = A 

= A fAr, . 

From which it is seen that A contains A as a factor. 

If the original determinant is of odd order, then 


or 

A* A ' A A ' A 1 

A n +l lA Tr — H n+lir — A Ar 5 


0 — A' n +!,, = A'a', ; 

and 

— 

(2) 

A = A ■ ^2A t i.r n -|-l 


in which case A contains A' as a factor. 

Since the terms under the sigma on the right of (1) and (2) are 
even-ordered zero-axial skew determinants they may therefore be 
expressed as the squares of Pfaffians. 

436. Let A= |a ln | be any determinant and let \bm\ be a 
zero-axial skew determinant. Let A r be the determinant formed by 
replacing the rth column of B by the rth column of A . Thus 
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#11 

^12 

bn ■ 

bln 

^21 

0 

bn - 

bin 

a n i 

~ bin 

— b^n ■ 

• 0 


But by §415 when n is odd this is equal to 


0 

an 

d\i ' 

din 

1/2 

0 

bn 

’ bin 

- Q \ ] 

0 

^12 ’ 

‘ bi n 


~ bn 

0 ■ 

• bzn 

— din “ 

— b i n 

“ bin ‘ 

' 0 


— bn 

~ b$ n 

0 


t 1/2 1 /2 1/2 ) 1 

\Ol\B\i — ^ 12^22 + 013^33 — ' \Bl 


.1/2 


iince the two determinants are zero-axial skew of even order and 
dierefore perfect squares. 

Therefore 



dn 

d\i 

■ ‘ di n 

Bn 

-M- 

E> 

-* 

II 

dn 

da 

din 

- Bn 


dnl 

d n 2 

dnn 

Bli! 


^0 if A is zero-axial skew. 

437. In the case when n is even we have 


1/2 1/2 

-Sir = B - J5i r ,ir since B rr = 0, 

Ai = {^11-0+ ai2-Si 2l 12 ~ ^13-Si3,i3 + ’ + ^ln-Bln , i n } B 


nd 


'y. — B ^ ^ (djj (^Ji)Bij fl j 

i 

= 0 


when A is axisymmetric. 

In this case both B and are even-ordered zero-axial skew 

a nd therefore perfect squares and their square roots may be taken. 

Instead of replacing columns of B by the corresponding columns of 
^ we might have replaced rows instead with the same result. 
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438. If A r denote the determinant formed by replacing the r tl 
column of A by the rth column of B , then whether n be even or ode 
we have 

Y^rb 6 r (A T8 — A sr ) 

1 i i 

= 0, I 

when A is axisymmetric. \ 

Exercise: Show that \ 

I b 2 + c 2 — ab — v — ac + (3 \ 


V 1 V 

— ba + 7 

~ ca — (3 

c 2 + a 

— cb T" 

2 

a 

— be — a 

a 2 + b 2 

a 

a 

6 c 2 

P y 

a. (3 

7 


a 

b 

c 

b 2 + c 2 - ab 

— ac 

a 

P 2 + Y 2 

— a/3 

— ay 

— ba c 2 + a 2 

- be 

p 

— Pa 

a 2 + 7 2 

— Py 

— ca — cb 

a 2 + b 2 

y 

— ya 

Y/3 

V + p 2 


Skew Determinants 

439. A skew determinant which is not zero-axial may, by Cayley’s 
theorem, be expressed in terms of the diagonal elements and zero- 
axial skew determinants. 

Thus 



Xi 

#12 

013 

0]4 


0 012 013 

014 



— a 12 

%2 

023 

0$ 4 

— 

012 0 023 

024 



— U ]3 

— #23 

£3 

034 

— 

013 — 023 0 

034 



— a \ 4 

— 024 — 

034 

X 4 

— 

014 — 024 — 034 

0 



0 a 34 


I 

0 

024 

0 

023 

+ X 1 X 2 


+ 

xixA 


+ X 1 X 4 



— 

<*34 0 


1 “ 

024 

0 - 

023 

0 


0 &14 



0 

013 

0 

012 

+ X 2 X 3 


+ 

X 2 X 4 


+ *3*4 




<*14 0 


— 

013 

0 - 

012 

0 


+ Xix 2 xaX4, 


the terms having an odd number of diagonal elements obviously 
vanishing. 

If X\ = x 2 = X 3 = x 4 = x then we have a power series in x with the 
squares of Pfaffians as coefficients. 
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Example: From any three quantities l, w, n, form nine others the 
elements of | <*10273 |, so that making 

x = a.\X + a 2 Y + oi$Z 


y = PiX + + p 3 z 

2 = yiX + 72 Y + y*Z 


we may have x 2 +y 2 +z 2 = X 2 +Y 2 +Z 2 . 
Whatever £, rj, f may be, if we put 

x = £ + h + 

(1) y = — if + 7 ] + 


and 

( 2 ) 


2 = — — nrj + f 

X = £ — Irj — m£ 

Y = /£ + 77 — wf 
Z = m£ + wij + f 


we insure that x 2 +;y 2 +z 2 = X 2 + F 2 +Z 2 ; and it then only remains to 
determine x, y , z in terms of X, F, Z. This of course may be done by 
solving for f, 17, f in (2) and substituting in (1); but the following 
method is neater. Denoting the skew determinant 


by A we have from ( 2 ) 


( 3 ) 


£A 

7 jA 


1 l m | 

- I In 

- m — n 1 

XAn — FA21 "T ZA31 

- XA 12 T" FA22 — ZA32 


l fA — ZA13 — FA23 + ZA33 
hut from (1) and (2) by addition there results 


* + X = 2 £, y+Y = 2 V , z+Z = 2 f 
so that substituting these values of 2£, 2 rj f 2f in ( 3 ) we have 
x = ( 2 An — A)^T — 2A21F T~ 2A31Z 

y ~ 2 AuX “f" (2A22 — A)F — 2 A 32 Z 
z = 2 Ai 3 Z - 2 A 23 F + ( 2 A 33 - A)Z 

Hence the required values of ai r a 2 , a 3 , ■ ■ ; are 2 An — A, — 2A21, 

2Aai, ■ ■ ■ . 



412 


THEORY OF DETERMINANTS 


Exercise: Show that 

E 


i. 


2 . 


3. 


E 

E 


1 2 3 

1 

1 2 3 45 



= - 8 


when 

456 


2 3 45 6 


1 2~3 

1 

1 2 3 4 5 



= - 4 


it 

4 5 6 


2 3 45 6 


1 23 

1 

1 2 3 4 5 



= - 2 


u 

456 


2 3 4 5 6 



1 2 3 4 5 6 

1 2 3 4 5 6 

2345 6 
2345 6 

2 3 5 6 
2 3 5 6 


is skew 


\ 


4. Show that any 2w-line Pfafftan with k- termed elements is equal 
to the sum of k n Pfaffians with monomial elements. 

440. If A = \ai n | be a skew determinant having its diagonal elements 
each equal to z, then the sum of the products of corresponding elements in 
any two rows or the corresponding two columns of the adjugate deter- 
minant are the same and contains A as a factor and the determinant of 
the n 2 cofactors equals A n ~ 2 . , 

For 

r i , . = A, when r = s 

+ - - - + a TT [sr\ + • + a Tn [sn\ 

= 0, r ^ s 

Subtracting 2z[sr] from both sides and changing signs we have 
ai r [jl] + ■ ■ + a rr [/r] + • + a nr \sn\ = — A + 2s [sr], when r = s 

= 2 z[sr] , when r ^ s. 

Also we have 

air[ls] + a 2r [2s] + ■ + a rr \rs] + • ■ • + a nr [ns] = A, whenr - J 

= 0 when 

Therefore whatever the value of j we have by addition. 

(1) a lr { [si] + [Ij]} + ■ • + a nr { [sn] + [ns]\ = 2z[sr\ 

Writing for { [at] + [rs ] } ~ 2z, o> flr and giving r the values 1,2,* 11 
we have 


+ a 2 ~h 

^12W s i + a22&s2 ~h 


+ o n io) sn = [jl] 
n n 2C»3 sn [s2] 


ainO) 8 l + 02 nUs'l + * ' + O n nW«n = [i‘w] 
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Solving we have 

oi ST = [sl][rl] + [$2][r2] + ■ ■ + [s»][ra] -f- A 

or 

[^l] [rl J + • • ’ + [.rw][ra] = co.r-A — A - { [sr\ + [rj] } -*■ 2z 

which shows that the product of any two rows and by symmetry of the 
corresponding two columns of the adjugate of A are alike and is divisible 
by A. 

Using (1) to find the square of the adjugate of A we get 
A 2n ~ 2 = A»|« ln | 

Hence |«i n | = A n ~ 2 as was to be proved. 

441. The [rs] of §440 may be expressed as a power series in z. 
Thus 

[rs] = a 0 + otiZ + a 2 z 2 + - ■ 
but if n is even then 

[sr] = — cifo + aiz — a 2 z 2 + ■ • 

so that 

[rs] + [sr] = 2z{ot] + a 3 s + ■ } 

which shows that the sum of any primary minor and its conjugate is 
divisible by 2 z. 

The primary minors [sr] are readily seen to be bordered skew de- 
terminants with univarial diagonals. These last may be expanded 
by Cayley’s theorem in terms of the diagonal elements and zero-axial 
skew determinants. It is possible therefore to express any primary 
minor as a power series in z with coefficients expressed in terms of 
products of Pfaffians. Muir has shown* this to be 

Apq = % n ~ 2 [pq] — z n ~ 3 S [/>«][?«] 

+ 3 n-4 'ZlipqoLfi] [afi] - z 1l ~ 5 ^[paPy][qafiy] + ■ ■ ■ 
where now [p 12 3] stands for the Pfaffian 


1 a pl 

a P 2 

a p 3 



an 

#13 




#23 


442. If r p denote the />th 

row 

of A, j 

i skew determinant with 


univarial diagonal, and if R p denote the pth row of the adjugate of 
Aj then it is readily seen that 

* Proc. Roy. Soc. Edin., vol. 29, 1908-1909. 
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R p R t A 


r\t\ rtfi ■ ■ r\r n 
r 2 r, r 2 r 2 ■ • ■ r 2 r n 


r„ri r„r 2 ■ ■ ■ r„r„ 


(- l)*+»A(A (l A (J) ) 


where A( g denotes the array got from A by deleting the gth row. 
But from (2) §440 l 

R P R* = \{[pq]+ [?/>]}— \ 

and hence \ 

A ( pA( g = (- 1)^{ [pq] + [qp]}— * 

2 z 


That is, the product of any n — 1 rows of A by the same or any other 
n — 1 rows contains A as a factor. 

Exercise 1. If A = |ai n |, be a skew determinant with univarial 
diagonal, show that 


r\r\ — z 2 

r x r 2 ■ • ■ 


Wi 

r 2 r 2 — z 2 ■ ■ - 

n 


0 if n is odd 
F A if n is even 


where z is the common diagonal element and F is the Pfaffian of the 
elements on the right of the diagonal. 

2. Show that 


n 



A 21 



0 when n is odd 
A n ~'F 2 

when n is even 

(-z)" 


3. 


, A 1 

An (,A 1 2 A 2 i) 

Z 2 

1 A 

~{A21-\-Aif) A 22 ■ ■ 

2 z 


0 when n is odd 
A n ~ 2 F 4 

when n is even 

(- z) n 


For further treatment of this type of determinant consult Muir lx. 
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443. Let D\ represent the skew determinant of the sixth order with 
x h # 2 , # 3 > ’ ‘ ’ #s, 0 as the elements in the positions (11), (22), ■ * ■ (66), 
then if we multiply the 2nd, 3rd, 4th, 5th, columns of Di by 0w and 
then multiply the result by xi in the form 


“ 028 
#36 

— <X46 

— 056 


Xi 

~ 012 
’ — 013 

— an 
1 ~ 016 


and we have 


D\X ia 4 i6 — 


X \ #1016 — #1026 — #1036 “ # 1 046 


— ai 2 #1026 


— ai 3 #1036 ~ 


ai4 #1046 


015 #1056 ~ 


~~ 016 


#2016 

123 1 
236l 
124| 
246 
125 
256 


123 
236 

#3016 


134 
346 

135 
356 


l| 124 
246 
134 
346 

#4016 


145 

456 


where ’I III I is the Pfafhan 0 i 2 036 — 013026 +0W023 etc. or 


#1056 

125 

256 

1351 

356 

145 

456 


#6016 


A*ia s ie = 


#1016 #1026 

#1036 

#1046 

#1056 



1 

123 

1 

124 

1 

125 

— #1026 #2016 


236 


246 


256 

1 

123 



1 

134 

1 

135 

#1036 

236 

#3016 


346 


356 

1 

124 

1 

134 


i 

145 

— xia it — 

246 


346 

#4016 

456 

|i 

125 

1 

135 

1 

145 


~ * 1«66 — 

256 


356 


456 

#6016 
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If we let D% be the determinant D 1 with *5 = 0 then the right hand 
side of (1) is of the same form as the D\ with which we started and 
therefore 


{D^xia^u) - 0io*i(05o*i ) 3 ( 050 * 1 ) = £>2*i 4 0i6 4 0G6 2 


016056*1 


010 *] 


016*1 


— 010*1 


125 

256 

125 

356 

125 

456 


016*1 


0] 6050*1*2 


125 

1 

125 


125 


a 16*1 


016*1 


256 


356 


456 


- P 


- Q 


0 J 60&G*1 *3 


R 


0 16056*1*4 


where 


P — | 026*1 030*1 

| 125 
236 


Q — | 020*1 040*1 

124 
246 


R = | 036*1 040*1 

I 134 
345 


But it is readily seen that 


0 56*1 

I 125 
256 

I 135 
356 

050*1 

| 125 
256 

| 145 
456 

J056*l 

| 135 
356 

| 145 
456 


„ 1 

235 

1 

245 

1 

, R — *1016 

345 

P — *1016 

356 

, Q = tf,a 16 

456 

456 
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and substituting and simplifying gives 


(2) 6 • Di 




1 

125 

1 

135 

050^1 


256 


356 

I 1 

125 

I 


1 

235 


256 

06G#2 


356 

1 

135 

1 

235 

1 



356 


356 

056#3 

1 

145 

1 

245 

1 

345 


456 

l 

456 


456 


I 145 
456 
I 245 
456 
I 345 
456 

®56^'4 


Similar procedure leads to 





1 

145 


1 

245 


1 

345 





456 

Xi 

456 


456 

(3) ' 

145 

Ih = 

1 

245 


1 

145 

1 

12345 

456 

— X, 

456 

— *1 

456 


23456 





345 

1 

12345 


i 

145 




— Xi 

456 


23456 

*3 

456 


and 



1 

345 

i 

12345 


Xi 

456 


23456 


1 

12345 

i 

1 

345 



23456 

Xi 

456 



Exercises. Set XXI 

1. Put X\ = xz = = x 4 = 0 in (2) §443 and give the equality result- 

ing from taking the square root of both sides. 

2. Show that 

#i + d2 0i + 03 ■ d\ + a>2n 

02+03 ’ 02 + 02n 


02n-l + 02n 

_ 2 n “ 1 (aiaa ■ ■ 02n-l + 0204 ’ ’ ■ 02n) • 
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3. Show that 


1 

1 

1 

■ 1 


- 1 


1 * 

■ 1 


- 1 

- 1 


■ 1 

= 1 

- 1 

- 1 

- 1 ■ ■ 

. 



4. Show that the Pfaffian 

| x — 1 * - • * x 1 

x — 1 .... 1 x 1 ■ ■ ■ • 

£ — 1 ■ ‘ *1 si--. 


= X n — C n _i,iX n - 2 + C n _ 2,2X n ~ 4 — 

5. Show that 



d 2 #3 

a 4 

|| | 

| | 

| Ol *4 I 


b\ £>2 bz 

*4 


| C2^a 1 

I.c 2 d 4 1 


C 2 C 3 

c 4 



| C 3 d 4 1 


^2 ^3 

d l 





Show that 









h\ h?. 

^3 


m 1 

«1 02 


1 Ofi 

«2 

kl 

— «i 

1 01 

+ - 

Oil 1 

01 

k* 

1 — Of 2 

- 01 1 

— 

«2 — / 3 i 

1 

k a 

= 

= m + (Ai^x 

+ hzkz + hzka) + m 

A 

l hi 


k 1 k% 

Representing the left hand side by w£> 3 +£ 3 show that 

mD b + B h = m+ k x + £(<*, |w Ai ) 

1 

+ I «lQf2 «3 I 2 ) 

7i 
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7. Express the square of any even ordered determinant as a 
zero-axial skew of the same order. 

Persymmetric Determinants 

444. A determinant such that each line perpendicular to the 
principal diagonal has all its elements alike is called a persymmetric 
determinant. In the persymmetric determinant of the nth order 


0i 

a 2 

03 ' ' 

' 0n 

02 

03 

04 ' 1 

’ 0n— 1 

as 

04 

05 ■ 

■ 0 n -l 

a n 

0n- 1 

0n- 2 ■ 

■ • 0'2n— ' 


there are evidently at most 2 n— 1 distinct elements, viz. those of 
the principal diagonal and one adjacent minor diagonal. It may 
thus be shortly denoted by 

P(aia2 ■ ■ ■ d 2n -i) . 

It is apparent from the nature of a persymmetric determinant that, 
using double suffix notation, any minor is not altered if we add (or 
subtract) the same integer to each row-number provided we subtract 
(or add) it from the column numbers. 

445 . The persymmetric determinant of <Zi, a 2 , ■ - ■ , 02n-i, is equal 
to the persymmetric determinant of a x , ra0i+02, mrai + 2m02+03, 
w 3 ai+3w 2 a 2 +3ma 3 +^4, etc. 

This follows from multiplying the determinant row- wise by 

1 0 0 0 0 ■ • • 

m 1 0 0 0 • ■ • 

m 2 2m 1 0 0 ■ ■ ■ 

m 3 3m 2 3m 1 0 ■ ■ ■ 


and repeating the operation upon the product. 

Indicating row multiplication as practised in the multiplication of 
determinants by — for example, writing (a, b , c$a, 0 , 7 ) for 

aoi+bp+cy , — the elements of the new persymmetric determinant 
here found are very conveniently denoted by 01 , (ai, 0 2 $w,l), 
^ a *> l) 2 , (ai, a 2 , a 4 Jw, l ), 3 etc. 
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When m = — 1, these elements are the first terms of the successive 
difference-series of ai, 0 2 , - - • , 02 n_i, so that as a special case we have 
the theorem — The per symmetric determinant of Oi ■ ■ ■ is not 

altered by substituting for its elements the OtJi, 1$/, 2nd, ■ ■ , (2« — 2)tk 

differences of the first of them. 

446. If we start with the equation 

( 1 ) aoX n + ayx n ~ l + ■ ■ + a n = 0 

whose roots are xi, X 2 ■ • • x n , and substitute for x the roots one after 
another and add the results we get \ 

(2) a 0 Sn + ^1^71-1 + • ■ 4" &nS 0 = 0. v 

Next multiply (1) by x, x 2 , - , x n ~ l and substitute in each case 

the roots as before and add and we get 



^0-Jn+l + 01 Sn + 

1 + 0/i^l = 0 


#0n£n+2 + CUSn+l + 

' + 0n 

© 

II 

£ 

to 


0QJ2n-l + aiS2 n -2 + ' 

' + 0«> 

s„_i = 0. 

Eliminating from these and (1) the a’s we have 



So s 1 ■ 

5" 71 




Si S 2 ■ ■ 

Sn-f-1 


( 3 ) 

A = 

Sn — 1 S ri 

’ ■S' 2n— 1 

= 0 



1 x • - 

■ X” 


or as it may be expressed 




Si — XJ 0 

S 2 — XS 1 ■ 

Sn XSn — 1 


$2 — XS 1 

S 3 — XS 2 ■ 

^n+ 1 XS n 


S n XS n — 1 

Sn+1 — XS n ■ 

' S2n- 

XS 2 n—2 


If we denote this last form by V n and the coaxial minor formed by 
erasing the last r rows and the last r columns by V n - ry then Vn, 
Vn- 1, Vn—2 ■ ■ ■ V\ possess the characteristic property of Sturm’s 
remainders. That is if V h vanish then V k—i and V *+i have opposite 
signs by §383. 
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If in (3) we multiply the columns by a n , a n _ 1; • , a 0 and add the 


results to 

the 

last we get 


1 

A = 

= (a^x n + ayx n ~~ l + ■ 

+ 

447- If 

we 

square 


1 


1 

Xi Xi Xi - ■ 

X] n ~ l 



1 

X>> X 2 • - • 

y n 1 

2 

= 

, 

1 

X n %n 

r 71— 1 
■A' 4 


multiplying column-by-column 

we have 




So 

Si 



f(xiar 2 ■■■%„) = 

Si 

S 2 


So S] - ■ 5 n _ 1 
S\ S 2 ■ ■ S tL 

1 S n ■ S2?i— 2 


= f ,/2 (a- ( .vs • ■ ■ x n ) 


J n— 1 ° a 


' S 2n-2 


If the number of distinct roots are less than n it is obvious that this 
determinant vanishes. 

448. The determinant 


S 0+7 

Sl+r 

' S rt +r 

S 1+r 

S-2+r 

S7i+ 1+r 

r 

S n+ 1 ■|~7 

' S 2n+r 


is the product of the alternants 


I 0 1 n— Ji | r r+1 r+n— 1 i 

I XiX 2 x n I and | x\x 2 • | 

But x x r x 2 r - ■ ■ x n T £(xiX 2 • ■ x„) is also the product of these two 
alternants and therefore 

A = Xi r X 2 r ■ - ' Xn r f(*l*2 ’ ' *»)- 

It is again obvious that A vanishes when the roots are not all 
distinct 
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When the number of rows of A exceeds the number of distinct 
roots of x n +aiX n ~ y +a 2 x n ~ 2 -\- ■ - +a n = 0 then it is obvious that 


For 


So+r S 1+r S 2 +r ' ’ ’ 


A = 


l-fr ^2+r ^3+r 

^2+r S 3+r $4+r ' 


= 0 


1 

1 

1 ■ ■ ■ 


Xi 

X‘2 

X 3 ' ‘ ■ 

Xi 

x 2 

x 3 


r+1 

Xl 

r+1 

X 2 

r+1 

x 3 ■ ■ ■ 

*1 2 

X‘f 

x* • • ■ 


r+2 

Xi 

r+2 

x 2 

r+2 

Xs • ■ ■ 


where x i} x 2y x s ■ ■ are the roots. Thus if the number of rows in A 
is greater than the number of roots we must attach columns of zeros 
to these two arrays to make the columns the same in number as the 
rows. 

When the number of rows of A is just equal t6 the number of 
distinct roots, then A is equal to a multiple of the square of the 
difference product of the said roots. 

449. Starting with the array 


Xi 7 ”" 1 

xr~ 2 ■ 

■ Xi 

1 

X?- 1 

Xz m ~ 2 ■ 

■ x 2 

1 

Xn m ~ l 

ry m— 2 . . 

x n 

1 


and squaring, multiplying column-by-column, we have a determinant 
A of order m whose elements 


Cik = Xi' 1 X 1 k 1 + X 2 l ~ l X 2 k ~ 1 - - + xj~ l x£- 1 = Si+h - 2 

This determinant A is equal to the sum of the squares of all the ( n) m 
determinants of order m formed by taking the rows m at a time. 

We have therefore 




$0 

Si ■ 

Sm— 1 


■)} = 

Si 

$2 ' 

S m 



Sm — 1 

Sm 

‘ S 2m-2 


where x p , x q , ■ ■ are any m of the n quantities x if x 2) • ■ - , x n - 
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450. Every minor of order n formed from the array 

Ti r 2 ■ T n +i 

T2 Ts ■ • * r n+2 


T n T 


n + 1 ■ ’ ’ 


is zero if 


r—i 6+1 t— 1 s+i 

1 i = bi + ■ ■ + a n -iD n - 1 . 

This is seen on observing that every minor is the product of two 
zeros. Thus 


/ r—i r ~ 
T i = (ai a 2 


a r n Ii0pl + V 2 +i ■ ■ ■ bt\0). 


451. If we multiply the two alternating functions 
and |a o 0 r 7 2 5 3 y 4 | written in the forms 


| a°PW W | 


1 


1 

11111 


11111 . 

■ a p y 6 x 


y a f) y 8 

- a 2 j3 2 7 2 6 2 x z 

j 

y 2 a 2 f} 1 7 2 5 2 

■ a: 3 /3 3 7 3 6 3 x 3 


3- a a 3 /J 3 7 3 5 3 • 

■ a 4 /3 4 7 4 5 4 a; 4 


7 4 ct 4 /3 4 7 4 5 4 


respectively, we get 



1 

? 

f 

y 3 

y* 

1 

$0 

Jl 

J2 

J3 

Si 


Si 

J2 

J 3 

j 4 

Sb 


J 2 

J3 

J 4 

J 6 

Sb 

a: 3 

Sz 

Si 

J5 

Sb 

Si 

tf 4 

Si 

Sb 

Sb 

Si 

Sb 


But the two alternants may be written 

a 0 /3V« s | { 8 + ~ + «/M} , 

| {y* - £ay 8 + ~ 
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and if we denote the adjugate of the cofactor of the zero element in 

this product determinant by | 5oo5n S22S33S44 1, and 

]£a/3y, a/3y 5 by c 0 , c,, c 2 , c 3 , c 4 respectively the relation takes the form 


1 

y 

y 2 

y 3 

y 4 


5oo 

5oi 

5 02 

S 03 

S u 4 

1 

5 10 

Sn 

•S’ 12 

5] 3 

5 14 

X 

5 2 o 

S21 

£22 

5 2 3 

5*24 

X 2 

5so 

S 31 

^32 

^33 

5 34 

x :i 

S 40 

S 41 

5 4 2 

5 4 3 

5 44 

X 4 


a°P'yW 2 



y 4 

V s 

y 2 

y 

1 


Co 2 

C0C1 

C0C2 

— CqCz 

C0C4 

x i 

— C1C0 

C\ 

— C'lC'2 

C1C3 

CIC4 

.t 3 

C2C0 

— C 2 CI 

C2 2 

C2C3 

C2C4 

.r s 

— C3C0 

CsCi 

~ C3C2 

C3 2 

— C3C4 

A' 

C4C0 

C4C1 

C4C2 0 

— C4C3 

C4 2 

1 


and by equating coefficients of x r y s 

S„ = I Of 0 |3 l 7 2 5 3 | 2 (— \y+’c n . r c n - s . 

In other words we have the value of any primary minor of 

50 Sj • s n 

51 S 2 ■ A*n- 1 

Sn ^n— 1 " ‘ ‘ <^271 

which vanishes having more than n rows. 

452. If 

a 0 x n + dix n ~ l + ■ • + a n or a Q (x — xi)(x — x%) ■ ( x — x n ) = /M 

box™ + b\X rn ~ l + ■ • + b m = <t>(x) , {m < n) , 


^10(^'l) #2 0(^2) 

7 ^r + ~ 7 77 " 


x n <b ( # n ) 

7 7 kT 


— I 2 + -0:2^ 2 2 ~h ' ■ + X n An , 


then let 
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where 


A k 


f *(«») ) 1/2 

t /'(**)/ 


Squaring in two ways the determinant 



A, 

■ A n 

A 1*1 

Ai% 2 

A nX n 

A 

A 2%2 n ~ 1 ’ 

' ' A nX£~ ] 


e have on equating the results 


So 

5! ■ 

' <Sn-l 



$0 

Si • 

Sn— 1 

Si 

S 2 • 

S n 

II 

A* 

Si 

*2 ' 

■ $n 

Sn — 1 

Sn’ 

■ 



Sn— 1 

$« 

• $271-2 


hich, on putting (— l) u l),2 f(xi)f'(x 2 ) ■ f(x n ) for the determi- 

ant on the right and substituting for the A’s becomes 



Si ■ 

■ Sn- 1 

Sx 

S 2 ' 

■Sn 

Sn- X 

Sn- 

S2n-2 


(- l)" ( ”- l)/2 0(^i)</>(^) ■ ■ ■♦(*»). 


The determinant P($o, $1, ■ ■ , $27,-2) is very important in dealing 

with questions concerning the character, number of different roots, 
their multiplicities, etc. of an equation of the nth degree. (See Baur 
Math. Annalen lii p. 103+) . 

453. Sylvester has shown* that the problem to transform the 
tinary (2»+l)ic into the sum of (»+ 1) powers depends upon the 
solution of 



X n+i 

X" 

■ X° 


0n+ 1 

a„ 

■ 00 

D n + 1 = 

0n+2 

0n+l ' 

■ 01 


02 n+1 

02 n 

* ■ 07, 


* Philos. Magazine II, pp. 391-410. 
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or its equivalent 


0n+ 1 — 

d TL \ 

d n — d n — lX 

0 

1 

5 


0n4 2 — 

0n+ lX 

0«4 1 d n \ 

■ ■ d 2 — 0i\ 

= 0 

02n+l — 

d 2n \ 

02n — 02/t-lX ' 

0n+ 1 0nX 

i 


which is a persymmetric determinant of order ra + 1. | 

In the case of a binary 2 n — ic the problem depends upon ihe vanish- 
ing of a determinant of order n -\- 1 persymmetric except for its 
center element. \ 

Examples: Derive the recurrence formula 
HnD n . |_i + (II n H 1 [+ 1 — H n+1 IIn — H n H n+ ix)D n + H^ + iD n ^i = 0 
where 



0n 

071- 1 1 

■ ■ a 0 


0»+l 

0/1-1 ’ 

‘ 0o 

H n+1 ^ 

0n+ 1 

. . 

0« 

■ • dl 

and //„'+! = 

071+2 

0/1 

' 01 


02/i 

0271—1 ‘ 

- d n 


02n-Mi 

02n-l ' 

■ 02n 


2. If we write the binary quartic U =(a Q a i • ■ ■ a 4 Jx, y) 4 in the form 


% 2 

2xy y 2 

00 

0i 

0 2 

01 

02 

03 

02 

03 

0 4 


and the binary quintic (a 0 ai ■ ■ ■ a b \x y) B or 

(a Q x + a x y d\x + a 2 y ■ ■ ■ d 4 x + a$y\xy)* 

in the form 

x 2 2 xy y 2 

a 0 x + aiy a-xX + a 2 y d 2 x 03 y x 2 

dix + d 2 y d 2 x + d 3 y d 3 x + 0 4 y 2 xy 

a 2 x + 03 y d 3 x + a 4 y d 4 x + o B y I y 2 

show that the condition that 


d 2 u 

— = 0 , 
dx 2 


= 0 and 


is that 



dxdy 

ay 

00 

01 

02 


01 

0 2 " 

03 

— 0, etc. 

02 

03 

0 4 
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454. To find a function u of the form N(x)/M (x), which shall 
have the values u\ } u 2y ■ ■ ■ , « n+m+ i when x has the values 
x h x 2y ■ ■ ■ , %n+ m + 1 , it being understood that N(x) and M(x) are 
functions of x of the degrees n and m respectively. 

The method can be illustrated for the case 


0o + 01 # 


!f Starting with 

I 

\ 


u = 

qcq + a\X + a 2 x 2 

1 

Xi 

X 1 2 

Xi p (/3o + PixJ 

A 

1 

x 2 

X 2 2 

*2 P (/3o + PlXz) 

S 

1 

Xz 

Xz 2 

X 3 p (Po + PlX)) 

! 1 

1 

x 4 

X 2 

Xi p (00 + P 1 X 4 ) 


which is equal to zero when p — 0 or 1, and therefore 

1 X\ x? WiXi p (a 0 + + « 2 %\) 

1 X2 X 2 UiX 2 V (ol<\ + OL 1 X 2 + OL 2 X 2 ) 

1 X 3 X 3 2 u 3 x 3 p (a 0 + a iXz + a 2 x 3 2 ) 

1 X 4 X 4 «4^4 P («0 + ol\X 4 + at 2 x 4 2 ) 

when /> = 0 or 1. 

This may be written 


= 0 


0) 


1 

Xi 

Xi 2 

*l p 

Ui 


1 

Xi 

Xi 2 

U 1 X 1 P+1 

1 

x 2 

x 2 

X 2 P U 2 

«o + 

1 

x 2 

x 2 

W 2 #2 P+l 









UzX 3 P+1 

1 

x 3 

Xz 2 

X^Uz 

1 

Xz 

x} 

1 

x 4 

xf 

X 4 V U 4 


1 

x 4 

x 4 2 

U 4 X 4 + 1 




1 

Xi 

Xi 2 

U\X 1 

P+2 





+ 

1 

x 2 

x 2 2 

U 2 x 2 

V+2 

Oi 2 

= 0 



1 

Xz 

Xz 2 

UzX ?+ 2 






1 

x 4 

X4 2 

U 4 X 4 

P+2 




ay 


From the two equations involved here (p = 0 and 1), and the 
Ration ao+«i^+« 2 ^ 2 = M(x) we get 

1 x x* 

V 0 Vx v 2 
Vx v 2 v 9 


M(x) = 
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where 


M (x) = 


Xl 

Xl 2 

Xi p Ui 

X 2 

X? 

X 2 P U 2 

x 3 

X? 

X 3 P U 3 

x 4 

X 4 2 

Xa P Ua 


W 0 

Wi 


Wi 

W 2 


where W p = V p+ i — xV p . 
Again 


1 Xi X 2 


N( Xl ) 


1 Xa X a 

1 Xi Xi 2 

1 X\ X? 


N(xa) 

x — Xa 

m 

Wl(«0 + OLxXy + «2^1 2 ) 
X — Xi 


u 4 (ato + ol x Xa + a. 2 x 2 ) 


where f(x) = (x — x 1 )(x — x 2 ) (x — x^){x — xa} . 
This again may be written 


1 Xl X! 2 


X — XI 


1 Xa Xa 2 


1 

Xl 

Xi 1 

U 1 X 1 

X — Xl 

1 

x 4 

Xa 2 

UaXa 

x — Xa 


1 

Xl 


U\X£ 

X “ Xl 

1 

Xa 

* 4 * 

UaXa 2 

x — xa 
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This equation together with equations (1) gives 

. . PO Pl P 2 PO 

N( x) - , 

1 xi°x 2 1 x 3 2 xPu A | = F 0 Fj F 2 = pi 

fix) 

J Vi v 2 f 3 P2 

here xp p — V p = p p +i. Therefore 




P 0 

Pi 

P2 


PO 

Pl 

P2 

F„ 

1 F, 

f 2 

= 

Pl 

P2 

P3 

Ft 

F, 

f 3 


P2 

P3 

P4 


PO 

Pl 

P 2 



In . TFo IF! 

Pl 

P2 

P 3 - 5 - Jri 0 -r2 1 arj 2 a-4 8 • 



TF, TF 2 

P2 

P 3 

Pi 


455. If for positive integral values of s and r we have 


-4-r-J-a 1-^4 r+s— 

1 + d^A r +*-2 + ' - 

■ + a s ^4 r 

then in the determinant 

A r 

A r + 1 ' 

v4 r-i-a— 1 


A r -j- 1 

A r_|- 2 ■ 

A r-(-s 


A r-J-s — 1 

-4r-|-s 

■ ^4 r ^ 2 is— 2 



which we may represent by A r a , the last column may be changed into 
tfid r-lj Mr, > d a A r -\. 3 — 2- 
Therefore 

A r , fi = ( l ) 8 1 a 6 A,_i iA , 

and hence 

A r , s = (- 1 yt'-Vci'Av,, 

which shows that 



is independent of r. 
456. If 


1 

1 

1 

a 

d -T d 

a + (w — l)<f 

1 

1 

1 

fl-j - ^ 

a-\~ 2 d 

a-\-nd 

1 

1 

1 

a + (n — l)d 

a + nd 

a + 2(« — \)d 



430 


THEORY OF DETERMINANTS 


and if II (a+kd, d) stand for the product of all the denominators in 
the (£+l)st row or column, then it is easily seen that 


Pn = 


n{ff + (n — 1 )d,d) 


a + (n — 1 )d 

a + (n — 1 )d 

a 

a + d 

a -f- fid 

a + fid i 

a + d 

a -|- 2d 1 

a + 2(n - 1 )d 

a -|- 2 (fi — 1)1^ 

a -f- ( fi — V)d 

a + nd \ 


Next perform the operations c* — c„ for k = \, 2, ■ , n — 1 and we 

have after taking out the common factors 



1 

i 

i 

1 


a 

a+d 

a+ {ft — 2 


i 

1 

, i 

i 

a+d 

a+ 2d 

a+{n— V)d 




1 

1 

1 

1 


a+ (n — 

l)d! a+fid 

a+{2n — 3)d 


(n-l)\d n ~ l {a+2{n-\)d} 

in {«+(*- 

a + (n—l)d a+nd a+(2n — 3)d 

a a+d a+(n — 2)d 

a+(n— l)d a+nd a+(2n — 3)d 

X • 

a+d a + d a+(n—l)d 


I 1 1 111 

which on performing upon the determinant the following operations 
rjfc— r n for k=l, 2, ■ ■ , (n— 1) we have 

_ {(»- l)!d- 1 }»{a+2(w- !)£} 
n ' ’ -1 ‘ 
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Using this as a reduction formula we get 

I (n - l)W"-') ! j(» - 2) !d n ~ 2 } 2 • ■ • d 2 

IK a >^)II( fl + d,d) ■ ■ Il{a + (» — 1 )d,d) 

Example: Show that the eliminant of the set of equations 
So = pi + p 2 

S\ = p{Ki + p 2X3 vSo Si S 2 

S 2 = Mi 2 + p2^2 2 is «Si £2 * 5 * 3 =0 

5 3 = + /> 2 X 2 3 S 2 *5 3 S 4 

5 4 = ^iXi 4 + ^ 2 x 2 4 

and show that every 3 consecutive S ’ s are connected by a linear 
relation. (Schoute.) 

457. If 

0 12 13 14 15 

- 12 0 23 24 25 

A s - 13 - 23 0 34 35 

- 14 - 24 - 34 0 45 

- 15 - 25 - 35 - 45 0 

arid 

12 13 14 15 

13 14 + 23 15 + 24 25 

D = 

14 15 + 24 25 + 34 35 

15 25 35 45 

then it is readily seen that the adjugate of D will be persymmetric 
| if A u = A 22 = A 33 = A 44 = A 55 = 0, where A i% is a principal coaxial minor* 

| of A. 

If A is of even order then the corresponding D will have its adjugate 
| persymmetric if A and all its coaxial second minors (that is minors 
I of order 2 less than A) equal to zero. 

If rs stands for |a r & 8 | then these conditions are fulfilled and the 
| adjugate is persymmetric. 

Other similar results may be obtained from these by using the 
| Law of Complementary Minors and the Law of Extensible Minors. 

* ft may be shown that if certain of the coaxial minors vanish the rest will vanish 
l as a consequence. Thus if A rr vanish for 3 of the values of r it will vanish for all 5 

values. 
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A = 


The adjugate of the persymmetric determinant 

abed 
b c d e 
c d c f 
d e f g 

will be persymmetric if the principal minors of 

abode 
b c d e / 
c d e f g 


vanish or in general: The persymmetric determinant of the nth order 
will have its adjugate also persymmetric if the principal minors of the 
corresponding persymmetric array of n — 1 rows and n-\~ 1 columns all 
vanish. 

458. If rs denote the determinant got from the persymmetric 
m — by — (wH - 2) array 

fll ' ‘ ' 

a 2 a 3 ■ aj 
a 3 a,\ - ■ as 
a 4 a § ' ■ • f/g 


by deleting the rth and 5th columns then the adjugate of the (w+1)- 
line persymmetric determinant P(ai, a 2 , ■ ■ * , af) is 


12 

13 

14 

15 

16 

13 

14+23 

15 + 24 

16+25 

26 

14 

15 + 24 

16 + 25 + 34 

26 + 35 

36 

15 

16 + 25 

26 + 15 

36 + 45 

46 

16 

16 

36 

46 

56 


The proof consists in observing that 


a i 

a 2 

a 4 

a b 

a 2 

a 3 

a b 

(is 

a \ 

a& 

ai 

as 

fl 5 

Oq 

as 

a$ 


= 16 + 25 + 34. 



SYMMETRIC DETERMINANTS 


433 


j Exercise 1. If /3, y f 8 are column numbers in order of magnitude 
j 0 f the above array then show that 

[ apyd — ay-(35 + ab-fiy = 0. 

I 

t 

j 2 Show that the adjugate of the adjugate of a persymmetric 
■ determinant is persymmetric. 

\ 459. If Ph stands for 

t, 

j aix — a-2 a 2 x — a 3 a^x — a 4 a 4 x — a b a b x — a 6 

j a 2 x — a 3 a 3 x — a\ a^x — a 5 a b x — a c a 6 x — a? 

a b x — a 6 a b x — d 7 otX — a s a&x — a 9 a 9 x — aio 

; ( r u \ l mi 1 .) denotes the determinant formed from the rth y sth } tth, ■ ■ , 
r 0 ws and the uth ; ■ ■ ■ columns of the array 



f -f i 234 y iB 46 ') + ( I 234 y i 2345 v 4 J >. 

g V1234A12345/ \1234/\12345/ j 

I 

0 formula due to Jacobi. 

For, starting with the identity \e b f 6 [ =e^f G — e { f b and extending it 
by QibiCzdt, we have 

(1) | aib 2 czdte b f G | | ai& 2 c 3 d 4 | 

= | aJf'iC'&d^eb j | aib^Csd^f s | | aib^o^d^^ | | a\b 2 c^d^f b j 

similarly taking the identity 

d\ | d b e Q | — db | d^Cb | + rfa | d ^e b | = 0 
a nd extending it by aJ) 2 Cz we have 

(2) j Q\b 2 c^d^ | J Oib^CbdiiCb \ 

— | aibtczdb | | aibtCadtft I + I aJ>%c*db | | a^c^d^b | 
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Multiplying (1) by 1 016263^4! and (2) by 1 016263^465 1 and adding the 
results we have 

| 016263 ^ 465 / 0 1 | | 2 + ] (L\b'2.c%d§ | | 016263^465 | 2 

(3) = { | 016263^5 1 | 016263^5 1 — | 016263^4/5 1 | 036263^4 1 } | 016263^4^ 

+ | 016263^4 1 | 016263^465 1 { | 016263^4/5 1 — | ^16263^560 
If in (3) we make 

01 02 03 04 05 1 

02 03 04 05 06 X 

03 04 05 06 07 

016263 ^ 465/0 | = =-6 5 

0 4 0 5 0 G 07 08 # 3 

05 06 07 0 8 09 # 

0 G 07 08 09 010 X 

and represent the persymmetric determinant of yrder 6 

P(01020304050 60708090 100 ll) 

by P, then (3) becomes 

(4) FsP 2 f,G 'bb FzP 2 w = (Pag ,40-^66 2^56 ,56-^56 “b ^66 , 5 6-^ 6 6^)^ 4 ■ 

Since F k is equivalent to P/t this is seen to be Jacobi's formula. 
Exercise. If 

a.\X — 02 02# ~ 03 0nX — 0 n +l 

02 X — 03 03 X — 04 0n+l X 0n+2 



& n X 07i- j-1 07i+ 1 X 07i-[ 2 ’ 02 n — 1 X 02 n 


show that 


(A/3-Fa A ) A 2 

Pn ~ < ; + — * > P 7i—l + —Pn- 2 = 0 

to: 2 a ) or 


where A , — B f and a, —0 are the coefficients of the two highest 
powers of x in P n and P n -\ respectively. 

460. The persymmetric determinant 
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| may be written as follows: 


0 

d\ &2 

d2 — 

dz 

a 3 — 

di 

di — d§ . a 6 

&2 — d\ 

0 

dl — 

d 2 

d 2 — 

d 3 

<73 — d\ di 

#3 — CL 2 

0>2 — 

0 


di — 

d 2 

d 2 U3 <x 3 

P = | a 4 — a 3 

d 3 — d 2 

d 2 — 

dl 

0 


di — d 2 d 2 

CL 5 CL 4 

d 4 — d 3 

dz — 

d 2 

d 2 

di 

0 di 

d& — CLfr 

dfi — d4 

d 4 — 

d 3 

d 3 ~ 

a 2 

d 2 — a 1 di 

which, if we border so as to make a skew-symmetric determinant A 
of order 7, the P will be the minor A 76 , and A 76 = A 6 * 6 A 7 * 7 . Writing 
this out would give 

P = | do — dl 

d% d 2 

d 4 ~ 

- dz 

d 5 

- d\ 

d$ — d$ 


d 2 — dl 

dz ~ 

- d 2 

d 4 

“ dz 

ds — di 



d 2 - 

“ di 

d 3 — 

- d 2 

di — <73 





a 2 - 

- di 

<73 — d 2 







a 2 — di 

• 1 d 2 — d\ 

<7 3 — 

dl — 

~ d 3 

a 5 - 

- di 

05 


d 2 — d\ 

d 3 - 

“ d 2 

di — 

- d 3 

di 



d 2 ~ 

- di 

d 3 — 

■ d 2 

d 3 





d 2 — 

- di 

d 2 


a i 

Equating coefficients of a G on both sides gives the result for the 

( next lower order. P(<z 5 , a 4 , (h, di } a 2 , a 3 , a 4 , d b ) is seen to be centro- 

symmetric and therefore breaks up into two factors. 

461. That the persymmetric determinant P(lo, 3i, 5 2j 7 a , • ■ ■ ) 
I where r a stands for H/sI(r — s)\ has a value unity may be seen by 
I multiplying by unity in the form 

1 

- 3 1 

5-5 1 ■ 

-7 14-7 1 ■ ■ ■ ■ 

9 - 30 27 - 9 1 • 
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the £th row of the multiplier being 
(- \y~\2k - 1) jl, - j(*) 2 , y(£ + 1)4, 

(_ l)*-i 


(2k t- 2) 2 *_ 


2k - 1 

The property of combinatory numbers which underlies\the multi 
plication is 

1 1 

(2 h — 1);*-] — ( 2// + 1 ) /i ■ k 2 H — ~(2/z 3 )a+i(^ 1)4 

_1(2^ + 5) /i+2 (^ + 2) 6 + • ■ = (- \)"-'---(2h - 1)*_ 

7 2k — \ 

The persymmetric determinant 

flo 5 2 7 3 


rli, ll . . . I . 

l 1 ' 3 ' 5 ' 7 j 


is seen to have the value unity by multiplying it by unity in the forn 

1 

- 1 1 

1-3 1 

- 1 6-5 1 

1-10 15 - 7 1 


of which the kth row is 


(- - (*).,(*+ 1)4, (* + 2).; l) t_1 (2A - 2)«_ 2 ; 

and the property of combinatory numbers underlying the multiplier 
tion being 


1 1 

(2 h - 1 ) h — x - 


2 h- 1 

+ 


2 h + 1 


(2 h + 1 )hki 


1 2k 

(2 /s + 3) A+2 (£ + 1) 4 + l)*- 1 


2 A + 3 


2h - 1 


(2 h - I)*- 
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462. Taking any n columns (say all but the (/fc + l)st) of the array 


1 

1 1 

1 

1 

1 — 

— — 



2 

3 4 

n 

» + 1 

1 1 

1 1 

1 

1 

2 3 

4 5 

n+1 

n+2 

1 1 

1 1 

1 

1 

» n + 1 n + 2 n + 3 

2n + 1 

In 

uid observing that the determinant D of them is 

a case of the double 

illernant 




1 

1 

1 


— Pi 

OL 1 — '02 

— 0n 


1 

1 

1 


OC2 — 01 

<*2 — 02 

Ota — 0n 





s A 

1 

1 

1 


~ 01 

«n ~ 02 

«n — 0n 


where the a s have the values n+2, n + 3, ■ • ■ 3 

, 2n + l and the 0’s 

the values n+1, 

n — &+2, »— 

» — £ — • ■ , 1 and where 


therefore 

A = (_ i)„(—i)/i f i/*( ai . . ajpnfa . . . p n ) 


+ II(“r — Pl)(air — fit) ■■ ■ (a, — Pn) ■ 

r= 1 

Hence the value of D is 

[l !2!3! ■■■(«— 1) l] 3 nl(n + k ) ! 

~ (£!) 2 (» - *)!(»+ 1 )!(*+ 2 )! • ( 2 «)! 

If in this k — ti then the value is 

[ l ! 2 ! ■■■(«- l )!] 3 
»!(» + !)!(#» + 2 )!.- ■ • ( 2 » - 1 )! 
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463. The determinant 
1 
1 
1 


OLl 

CL\OL 2 

aia 2 «3 

0:10:2 ■ 

■ 0£„_i 

<*2 

ol 2 ol$ 

0^0:30:4 

0! 2 Q:3 ■ 

■ * Ofn 


0:3a 4 

03«4 «b • ■ 

0:30:4 ■ 

OLn - 1 

OL n 

O n O n -l 

OLnOL n — 2 

<XnOL n + 1 ‘ 

■ ‘ o: 2n -2 


= P r say 


may be made persymmetric by multiplying the rows by y., ai } olkx 2) 
olioliolz, * - , ct\QL 2 - * a . n - Consequently 

« n _i -P' = P(1,«1 ,0:10:2, ■ , 0^2 ■ V <* 2 n~ 2 ). 


Exercise. If 


OLk — 


x + kv 


(k = 1,2, ■ - - ) 


show that 

P ' = 1!2! ■ - ■ (n - 1)! 


{x,v) 1 (x,p) 2 • • ■ (x y v ) n - 1 


(x + v,v) n -i(x + 2v y v) n _\ ■ • • (x + nv,v) TL „ 


where (x, v) r — x(a+v)(x+2v) ■ • ■ (x+r— lv). 

4o4. It is easily seen that 

P(a 0 ,a 1} - • , &2n — 2) = • - , A< 2 "" 2 >) 


where A r is the rth difference-series of the a’s. 

Let a>fc= (x+& — ai)(x + £ — ar 2 ) ■ - * (x+£ — o: M ) then the con- 
stituents of the /xth difference-series are each equal to /*!, and the 
value of the determinant is ( — l) n( n_1) /2 { (w— 1) ! } 71 or 0 according as 
H = or <n—l. In either case it is independent of the a’s. 

If the a’s form an arithmetic series of order lower than n — 1 then 
the determinant is zero. (See §62.) 

If the a’s form a geometrical series then the determinant vanishes. 

Exercises. What is the result if 


(1) a k = s k = oti k + a 2 * + ■ ■ + ot k ? 

(2) a* = A** = Go + a ik "h g 2 £ 2 + ■ - ■ + d n k n ? 


2. Show that 


P(wi,« 2 ■ ■ ■ u 2r + 1 ) = (— l) nCn+1)/2 (a n w!) n+1 when r = n 
= 0 when r > n. 
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465. If c 0) C\, C 2 , - ■ , be defined by the identity 


b Q x n ~ l + bix n ~ 2 + ■ ■ ■ + b n _ i 


a 0 x n + aix n ~ l + ■ ■ ■ + a n 
n the persymmetric determinant 


~ = CqX 1 + C iX ~ 2 + 


P^CQyCi, ‘ , C 2rn) 


a 0 Q\ 

#2 ' 

' &2 m 

a 0 

ai ■ 

‘ a 2m-l 


do - 

* ^2m-2 




bo b 1 

b 2 • 

‘ ^2m 

bo 

b , • 

■ 1 

’s thus 




bo — aoCo j bi — cjqC 2 &iCo, b 2 = ~h tfiCi ®2^o, 1 ■ • 
and then simplify. 

Exercises. Set XXII. 

1. Show that the eliminant of 

1 X X 2 X* 

l x x 2 a b c 

abed 

= 0, a b c — 0 is a power of bed. 

b c d e 

bed c d e 

e d e f 

2. If we denote (a rj a r + 1 , ■ ■ - , y) H by (r, s) and using the 
relation ( r , s) — x(r , s— \) =y(r+\ 1 s — 1) show that 


j (0,* — e) 

(0,* - « + 1) • 

• • (0,0 

1 

+ 

1 

cT 

(0,f - « + 2) • 

■ • (0 ,* + 1) 

( 0,0 

(o,* + i) • 

• ■ (0, i + e) 

(0, i - e) 

(!,*-«) ■ ' ' 

( e,i - e) 

_ (M ~ e) 

bJ 

<s>. 

• 1 

Ci 

V — X 

(e+i,i—e) 

■ y 


(e,i — e) (c + i,i — e) - ■ • (2 e,i — e) 
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3. Show that 


C \ O o 

b C 2 
b b c 3 


- a 
■ a 
• • a 

Cn 


a<j>{b) — b<j>(a) 


where 


b b b 

<t>(x) = (Cl - x)(c 2 — x) ■ ■ ( c n — x) 

Note the special case when the c 7 s are all equal. 

4. Show that if the simple symmetric functions of a , 
denoted byEi>Ez> ■ ■ • , then any determinant 

E»- E» E* 

E*-' 52s' 52*' * 

Er" E*" £* 


be 


in which the suffixes diminish from right to left and from top to 
bottom is necessarily positive, so long as a } b, c, ■ ■ ■ are positive. 
(Brunn.) 

5 Show that 


1 

1 

1 

1 

2 

3 

w + 1 

1 

1 

1 

1 

2 

3 

4 

n+2 

1 

1 

1 

1 

n 

1 

n + 2 

2n 

1 

* 

x 2 ■ ■ 

X 7 ‘ 


is equivalent to 

d n x n (x — l) n 
dx 11 

6. If P m (x) stands for P(<*> 0 , <j> u - ■ ■ , <*> 4m _ 2 ), where <*>*(*) = 1*+ 2 * 
+ ■ ■ ■ +x k , so that <t>k{x) — 4>k(x — 1) = x k and M*) = x then show 
that 


P m (x) - ^ ■ * m (* 2 - l 2 )”- 1 ^ 2 - 2 2 )” 1 - 2 • • • (x 2 - m - l 2 ) 
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, { l!2! ■■•(«- 1)!}< 

1 !2! ■ ■ ■ (2m — 1) ! 

which when m = x + 1 vanishes. 

If instead of the <£’s we use Bernoulli numbers B\ y B 2 , ■ ■ , then 


P(B B .. B. ) 1 { 2 !4 !6 ! ■ • ■ (2wt)!} 6 

*’ ’ 2 2m (m\y(2ni ) ! 2!4!6! • (4m)! 

7. If 0o&« + tfi&n-i-t- ■ ■ + a n b 0 = 0 except when w = 0 then 

&& P(& 0 >& 1 } ’ ) fl 2 n) = (— 1 ) P{bln y & 2 «— 1 » * * * , &*) • 

8. If 


c 

c + b 

c 4~ b 

c + b 

Q' C 

c 

c + b 

c + b 

a + c 

Q~\~C 

c 

c + b 

(l -f- c 

a + c 

a -|- c 

c 


show that 

A n + (a + i)A n _i + abA n -2 = 0 

and hence 

An = (- l)»{(a + c)6» - (b + c)a"} -=- (a - i) 
Also show that 

An = (A n ) f=c o cDn+i j 

where 


0 1 1 1 ■ • 

; 1 0 b b ■ ■ 

j 

I D n + 1 = 1 a 0 b ■ - ■ , 

- 1 a a 0 • ■ ■ 

n+l 

w hich is the negative of the sum of the signed primary minors of 

(An) e , 0 . 
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Hence 

c a — b 

When a and b are positive and n is odd the sum is positive. 

ClRCULANTS j 

466. A determinant such that any row is got from thi preceding 
row by passing the last element over the others to the fiijst place is 
called a circulant. The circulant 

0\ 0 2 On 

a n a >i ■ - • a n -\ 


O' 2 Q>z ' ’ 0 >\ 

whose first row is a h o 2j • ■ , a n may be denoted by C(a lf a 2) ■ ■ , a n ) 

It is frequently more convenient to define circulant q.s a de- 
terminant such that any row is got from the preceding row by passing 
the first element over the others to the last place. The circulant 

o i O2 Oyi 

o 2 o 3 ■ • 0\ 

On 0 1 0 7 j,_ 1 

may be denoted by C'(oi, o 2 , ■ - , a n ). 

By transposition of rows it appears that 

C'{a U a U ■ ■ , On) = (- l)(n-D(n-2)/ 2C(ai)fl2j . . j . 

467. The determinant got by changing the signs of all the elements 
on one side of the principal diagonal of"a circulant C is called a skew 
circulant . For it the functional symbol SC may be used. 

A circulant is evidently a persymmetric determinant with but ft 
distinct elements. Thus 

C (Oi } 0 2} 1 On) = P{,0\)0 2) ‘ ' j 0 7l7 0ij0 2l j l) 

It is also readily seen that 

C(ai,a 2 , ■ ■ • , On) = (- 1 ) n ~ 1 C(a 2y a 3) ■ ■ ■ , a n ,ai), 
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and 

C(fli,02, ' ) On) = U(oi j & n ) O'n— 1 > ' j # 2 )) CtC. 

Circulants being persymmetric determinants the laws given for 
ibis type apply of course to circulants. 

468. A circulant contains as a factor the sum of the elements of one 
of its rows, the cofactor being expressible as a persymmetric determinant 
of the next lower order, viz. 

C r (a\, ■ • , a n ) = (01 + 02 + ■ • ■ + dn) 

■ P(o 1 — az, d 2 — a%, ■ • , fl n — — 02, * j a n- 3 ~ 0n-2) 

Adding to each element of the last column of the circulant C' 
§466 the corresponding element of all the other columns, and then 
removing the factor 01 + 02 + ■ +o n wehave 

01 02 03 ‘ ‘ 0 / 1—1 1 

02 03 04 ‘ On 1 

03 04 Oq ■ • 01 1 

0 n 0i 02 ' * ’ 0/1—2 1 

which passes into the required persymmetric determinant if each 
element of the first n— 1 rows be diminished by the element im- 
mediately below it. 

469. Using the operations c n — rc n - 1 , c n -i — rc n - 2 , - , it is readily 
seen that 

C(l,r,r 2 , • ■ • , r r 1l ~ l ) = (1 - r")’" 1 


and hence C(a, ar, ar 2 , • ■ ■ , ar n ~ l ) = o n (l — r n ) n ~ l . 

Exercises: 1. Show that C(oi, 02^, a^d 2 , • - , a n d n ~ l ) is a rational 

function of d n . 

2. If 

/v.2 n— r 


(r = 0,1,2, ■ ■ ■ , n - 1) 


x r x n ~ r 

^ r\ (n — r)\ (2 n — r ) ! 

and therefore the 0’s are solutions of d n u/dx n = u . Show that 


00 + 01 + ■ ■ + 0n — 1 = 

00 + «101 + • • + ai^Vn-l = €“l x 


00 + 01 / 1-101 + ■ ■ ’ a n -10n-l 


== 
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and C(<t> o, , <£„_i) = 1 where on, a 2 , • ■ , cxa-i are the imaginary 

»th roots of unity. 

3. Similarly if 

x n+r 

tr = X T - — - +-(r = 0, 1 1) 

{n + r)\ 

l 

show that ( 

, *n-l) = 1- \ 

470. If in the circulant C(a, a+d, a-\-2d y ■ ■ - , a+n— ldj\ we add 

all the rows to the first it will appear that {na+\n(n—\\d} is a 
factor. Removing this and performing the operations c t — c n 
(r= 1, 2, * ■ , »— 1) it will be seen that d is a factor of each column. 

Taking this out and reducing the order by one we get a determinant 
whose value is easily seen to be ( — l) n-1 (w) n_2 . 

Therefore C= (— \) n ~ l (nd) n ~ l { l)d} . 

If a=l=d this gives 

C(l,2, ■•■,*) = (- 1 ) n - l $n*-'(n+ 1). 

Using the same method it may be seen that 

C(a,b,b,b ) • • • , b) n =• (a + n — 1 b)(a — 6) n " 1 . 

Hence 

C(- 1,1,1, ■ ■ ■ , 1)„ = (n - 2)(— 2) n_1 , 

and 

CK~ 1,— 1, , — l) n = (« + l)*" 1 . 

471. If we multiply the circulant C'(0i, 02 , ■ • ■ , 0 n ) column- wise 
by the alternant 


1 

i ■ 

i 

ai 

a 2 ■ 

Q!n 

a? 

a 2 2 ■ ■ 

R 

in 

> 

ai*” 1 

a 2 n ~ l 

cC" 1 


where a T is an imaginary nth root of unity, we get, using 6 r to represent 
01 + 02«r + d Z OL? + ■ ■ + a n ot?~ l J C'(0i,0 2 , ■ ■ ■ , 0n)-A = A' 
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where 


Ox 

0% - ■ 


otr x o i 

Q'2 n “ 1 02 * 

■ rv n ~ ] 

(X T L 

Otlffl 

Of202 

■ - a 7 


■0 n (- l)(n-l)(»-2)/2 A> 


Therefore C\a u a 2 , • ■ , a n ) = (■ - 1) ("-*) - ■ ■ 0 n . 

It follows from this and §468 that 

- 02, ■ * ■ , <*n-3 - fln-2) = (“ l)Cn- 1 )(n-2>;2^ 2 . . . 

if 0 n =^2 a==s say- 

If in the circulant C(a i} < 12 , ■ ■ ■ , a n ), where n is even =2 m } we 
perform the operations Cy — c 2 +c 3 — c 4 - ■ — c n it will appear that 

5' = ai — a 2 +a 3 — a 4 + - • ■ — a n is also a factor. 

These factors may be taken in pairs whose product is a real 
quadratic expression. Thus the product 

(ai + a 2 a + a 3 a 2 + ■ - ■ + a n ot. n ~')(a\ + a 2 <x n ~ l + • ■ • + a n&) 

is real since a k -\-oL n ~ k (k = 1, 2, ■ ■ ■ , n— 1) is real. That is every 
circulant can he factored into real linear and quadratic factors. 

Another proof of this identity is obtained by considering the two 
members as different forms of the resultant of 


a 1 + a 2 x + a 3 x 2 + • • ■ + = 0 and 1 — x n = 0. 

Similarly a skew circulant of order n can be expressed as the product 
of n factors 0 r = ai+a 2 « r +a 3 a r 2 + ■ ■ +a n a?~ 1 J where now a T is an 
/ith root of — 1. 

Example: Show that C(0 j, 0 2 , ■ • ■ , Q n ) = n n ay 02 ■ ■ a nt Add the 
n equations ai~\-a 2 a k +a s a 2k + • ■ • +a n a^ n ~ 1)k = 0 k (k = 1, 2, ■ ■ ■ n) 
aud we get 01+02+ • • - + 0 n = ?iay. Then add after multiplying by 
“““S a n “" 2 , , 1 and get 0 n +a0 n -i + ■ * ■ + 0ia n “ 1 = »a 2 etc. 

472. The product of two circulants of the same order is expressible as 
a circulant. 

This is a direct result of the multiplication theorem. 

47 T A circulant of the 2 nth order is expressible as the product of two 
determinants of the nth order , a circulant and a skew circula?vt , viz. 

• ■ ■ a 2n ) = Ci(oi + a n +i,a 2 + a n + 2 , * ■ * , a n + a 2n ) 

X £C 2 (#1 — #n+ 1>#2 ” fln+2, * ’ ' j &n — ^2 n) ■ 



446 


THEORY OF DETERMINANTS 


Reversing the order of the last n rows and then reversing the order 
of the last n columns the given circulant becomes centrosymmetric 
and thus (§362) the theorem follows. 

Since in C x and SC 2 corresponding e]ements are ak-\-a n +k and 
a k — a n +k we see that C\ is the sum of two sets of terms and SC 2 is 
the difference of the same two sets of terms, that is if Ci = X+Y } 
SC 2 = X—Y and therefore C = C X SC 2 = X 2 — F 2 . Similarly j 

SC = X 2 + F 2 . 

If in C we put a n+ 1 = a n+ 2 = ■ ■ = a 2n — 0 then 

C( 0 \ y 0 2 , ' ' , 0 n j 0 , 0 , ■ ' , 0)271 

= > ^n)^Cl(ffl) ^2) “ ‘ j ®n) ■ 

474. A circulant of the 2 nth order is expressible as a circulant of the 
nth order , viz 

, a 2n) = (s (#1 j #2 j ’ ’ ’ ) %n) j 

where 

Xr = (a, 1, — ■ ' , — ^2r-l , ^2r— 2 } ‘ * j ^2r+l , ^2r) ■ 

From C(a lp ■ ■ , a 2n ) a determinant equal to 

(- 1 )»c«+i>/*c( fllj - - - ? <* 2n ) 

is got by placing first the odd-numbered rows in order and then the 
even-numbered rows in order and altering the signs of the even- 
numbered columns; another equal to (— 1) (n_1) , 2 C(ai, ■ ■ ■ , a 2n ) is 
got from this by deleting the negative signs, reversing the order of 
the rows and then reversing the order of the elements in each row. 
Multiplying these determinants together and expressing the result 
as the product of two of its minors, we have 

(— l)"C 2 (ai, ■ , a 2n ) = (— V) n C 1 (%\ , ■ ■ , x n ) 

and hence the theorem required. 

475 . A skew circulant of odd order is expressible as a circulant, 
viz. 

SC (a 1, ■ , a 2 n -\- 1) = C(a Xy — 02,03,” 04, • ■ • , 02 n+i)- 

This is at once obtained by changing the signs of all the elements in 
the even-numbered rows and then in the even-numbered columns. 

476 . The circulant of order n , C(a } a y ■ ■ , b, b f ■ ■ ■ , )„, where the 

number of a’s is p and the number of b’s is q (p-Yq^ri) has for its value 
(pa-\-qb)(a—b) n ~ l when p is prime to q , 0 when p is not prime to q . 
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That pa+qb is a factor is readily seen on adding all the other 
columns to the first. The imaginary factors are 

(a - b)( 1 + a fc + a: 2 * + ■ ■ + a pk )(k = 1,2, * • , n - 1) 

and their product is 

n— 1 

( a — b) n ~ l 11(1 4" a k + & 2k + ■ * + a pk ) . 

k= 1 

But 

n i 

JJ(1 + a k + or k + • + <* pk ) 

is equal to 1 when p is prime to q, and 0 when p is not prime to q\ 
hence the theorem. 

477. The product of a 1 -\-aa 2 ~\-a 2 a d + ■ • ■ +o: n_1 a„ and bi+ab 2 
+ cr6 3 + ■ ■ +a n ” 3 6 n is readily seen to be 


1 

a 

d l ■ 

■ a n 1 


bi 

b 2 

b , ■ 

• b n 


bn 

bi 

bi ■ ■ 

■ &«— l 

02 

bn — 1 

bn 

bi ■ 

■ &n-2 

o 3 

b 2 

&3 

h 

■ ■ b L 

On 


similarly for three or more factors. Thus when n = 4 w^e have for the 
product of 

(a i + a 2 a + (lsa 2 + a id^) (b i + b 2 a b 3 oc 2 + b (c i + c 2 a + C- A a 2 -\- c 4 a 3 ) 


0 1 

o 2 

<*3 

U 4 





bi 

b 4 

b 3 

6 * 

Cl 

C2 

Cz 

C-t 

h 

bi 

*4 

*3 

c 4 

Cl 

Cl 

^3 

*3 

b 2 

i. 

b t 

Cz 

6-4 

Cl 

C 2 

b< 

&3 


bi 

c 2 

^3 

Ca 

Cl 





1 

O! 

d 2 

a* 


K.xercise: Show that 

a i + a 2 a + o 3 a 2 b\ + b 2 a + b 3 a 2 C\ + c 2 a + c^a 2 

di + d 2 oi + d A a 2 ei + e 2 a + e 3 a 2 /i + f 2 a + fza 2 

gi + g2<* + gza 2 hi + h 2 a + ha 2 ki + k 2 ot + foot 2 
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a x 


«3 


b L 

*2 

b 3 



Cl 

c 3 


e x 


C 2 

k l 

+ A 

/a 

h 

A'i 

+ di 

d 3 


hi 

= e 2 


e 3 

k 3 

h 

/i 

U 


d 2 

di 

^3 

h z 

e* 

C'l 

e x 1 

i k 2 

h 

ft 

h 1 


d* 

d 2 

di | 

h 2 

a x 

d 2 

d 3 


hi 

&2 



Cl 

C2 

j 



h 

h 

hi 

~ di 



*1 

ei 

e 3 

e \ 

gi 

fi 

h 

h 

fo 3 

d ’2 

rfl 



e 2 

Cl 

*\ 

g* 

/3 

h 

/. 

k. 

d 3 

d 2 


*2 

CVi 

c 2 

Cl \ 

gi 

where the ^ 

is 

used to indicate that 

a is 

to be replaced 

by a 2 , a ; 


and the results added. 

478. If we multiply C'(ai, a 2 , * ■ , a n ) by 

1 a a 2 ■ ■ a:”- 1 

0 1 0 0 

* 

0 0 0 1 

where a is an nth root of unity, and take out the common factor 
ai4 there is left a determinant whose expansion is 

seen to be Ai~\ra n ~ b4 2 +a n ~M 3 + ■ -\-aA n , where A j c is the signed 

complementary minor of the elements in the first row' and fcth column 
of C'. It follows that 

C = {a x + cxa 2 + • • ■ + oc TL 1 a n )(A x + A 2 ae n ~ 1 + ■ + ot.A n ), 
which taking a=l gives C f =^,a^2,A x . From this and §471 we have 

X>1 = (- ■ • <?„_! 

which by §468 shows that^Z^li maybe expressed as a persymmctric 
determinant. 

When n is even a= — 1 is also a root showing that in this case 
s r = 0 ] — ^ 2+^3 — ■ ■ ■ — a n is also a factor of C r . 

479. If a x and a 2 are tw r o of the nth roots of unity and we multiply 
C by 


1 

OL\ 

Oil - 

• ad 

1 

oc 2 

a 2 2 ■ 

■ at 2 n 

0 

0 

1 ■ 

• 0 

0 

0 

0 • 

1 
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ye get on taking out the common factors and expanding 


d20Cl + 


+ dnOL?- 

- l K ®i 

1 

1 

fl 3 

a A • ■ 

Oil 

<*2 

a 4 

a 5 • ■ 

ai 2 

« 2 2 

a 5 

da ■ ■ 

<Xi n ~ l 

a 2 n 

_1 a 2 

d Z • ■ 


Hence 
C' = 


= 0,0 2 (CD - (a, + “a)[ 12 ] + (“ 2 i + + <A)[! 2 ] 

r—1 r— 1 

ai — a 2 rir“l 

+ •••-(- D r - L 

ai — a2 LlzJ 


r—1 r— 1 

ai — a 2 rir~ 


e—r s—r 

r — 1 r~l a l — 2 i"~ 1 

+ ■ ■ - (- iy + - + *cn a 3 I + ■ ■ ■ \ 

ol\ — a 2 L12J J 


where [\i] is the minor formed by deleting the fth and^th rows and 
the 1st and 2nd columns. 

This may be extended so as to take out any number of the linear 
factors but the remaining factor becomes more and more complicated 
if we expand. 

When n is even (= 2m) and ai and a 2 are taken equal to 1 and — 1 
respectively we have 


or 

C 


1 1 &3 #4 ' * d n 

1 — 1 &4 db ' * ' 01 

— 26 ' = 5 * s' 1 1 &5 dfi ■ ’ &2 

1 1 d 2 d 3 ’ • ’ &n— 1 

r = 1,2, ■ • , n — 1, 

r.(- w ^ ere s = ■ ’ ■ ’ n > 

r < s , and r + 5 is odd . 


It should be observed here that the cofactor of s s f on the right 
ma y be reduced to a determinant of order 2m — 2 by performing the 
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operations r 2m — r 2m - 2 , r 2ni -i — r 2m --z, r 2m ^. 2 — r 2m -^ ■ ■ ■ , r 3 — r lm Thus 
if m = 4 we have 


— 2C / (fli,fl2) ■ ' * 3 0a) 


0 B — 

03 

0 6 — 04 07 

05 

08 

06 

01 ■ 

— 0 7 0 2 — 0g 

Oq — 

04 

07 — 06 0 8 — 

0 0 

01 — 

07 

02 ‘ 

— 08 0j3 — 0i 

, , 07 — 

05 

08 — 06 01 

07 

02 — 

08 

03 ' 

— 01 0U — 0 2 

= s s ( — 2) 







\ 

d$ - 

0 C 

01 — 0 7 0 2 — 

08 

03 — 

01 

04 ' 

— 0 2 0Q — 03 

di — 

07 

02 — 08 03 

01 

04 — 

02 

05 - 

— 0 3 06 \ — 04 

a 2 — 

08 

03 — 01 04 

02 

05 “ 

03 

06 ' 

— 04 0 7 05 

or 








C\(a\ , 0 2 , ■ ■ - , 

Us) = ss'P(db — 

fl 3, 

06 — 

04 , 

0 7 - 

~ 06, 08 ~ 06, 

01 - 07 , a 2 

— fl 8 , a 3 01 , 04 ■ 

— 02, 05 " 

- 03 

, 06 

— 04, 0 7 — 05 ) 

In genera] (n even) 







C ( 01 , 02 , • • ■ , a„) 

= 

a s f P(a h — 0 3 , 

06 

04 , 


1 a 

a— 1 0?i-3 , 



a n — 0n — 2 , 01 ' 

- a 

71-1, 02 

d n , 

03 01 , 



04 02 , 06 

03, 

06 “ 

04, 


, 0?i—l 0n—3) 


480. Take C of odd order 2^+1 and for convenience let n = 4. The 
factors of the circulant other than 5 are 

0i + d 2 ot k + d^a. 2k -f- ■ ■ * -f- a$ofi k = O^k = 1,2, ■ - • , 8). 


The product of 0i and 0 8 which we shall denote by 0 i s is 
0 o 0 

+ a 8 ) + ^aia 3 (a 2 + a 7 ) 

o o 

+ ^aia 4 (a :i + a 6 ) + -^axa 6 (a 4 + a 5 ) 

or (I) 

£1 + £2(01 + a 8 ) + S 3 (a 2 + a 7 ) + £4(a 3 + a°) + 5s(a 4 + a 6 ) = 0i,8 

where the cyclic sums are denoted as follows: 

0 

X>1 = 0 2 i + a 2 2 + • * ■ + 0 2 9 = S \ 

0 

5 ^ 0 i 0 2 = o > ia 2 -)- <2-2^3 ■ * ■ -|- 0901 = ^2 


etc. 
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Similarly 

(II) Si + 5 2 (a 2 + a 1 ) + 5 3 (a 4 + a 5 ) + 5 4 (a 3 + a 6 ) + S 5 (of + a 8 ) = 02,7 

(III) Si + 5 2 (a 3 + a 6 ) + S 3 (a 3 + a 6 ) + 5 4 (2) + 5 fi (a 3 + a 6 ) = 0 3 

(IV) Si + 5 2 (a 4 + a B ) +5s(a + a 8 ) + S 4 (a* + a 6 ) + 5 5 (a 2 + a 7 ) = 04 ,6 

and 0i f8 , 62,1 > 03 , 6 , 04 f s are all real. 

These four relations may be written 

(^i-5 2 ) + (5 2 -5 3 )(l + a+a 8 ) + (5 2 -5 4 )(l+a+a 8 +a 2 +a 7 ) 

+ (^4-55)(l + ^ + « 8 + a 2 +a 7 +a 3 +« G )= 0 i .8 
(5 2 — 5 3 )(l + a+a 8 +a 2 +a 7 ) + (*S'i— ^ 4 ) — C‘S , 2"-5’ b )(l + o' + a 8 ) 

+ (S«-S 6 )( l+a+a 8 +a 2 +a 7 +a 4 +a 5 )=0 2 ,7 
~(5 3 — 5 4 )(l+« 3 +a 6 + a 6 + a 9 + a n ) — (5 2 — 5\)(l + a 3 +a 6 ) + (5i— -5 b) 

+ (5 2 -5 4 )(l + a 3 +a 6 +a 3 +a fl )=0a,e 
-(5 4 — 5 B )(l+a+a 8 + a 2 + a 7 ) + (53— 5 b )(1 +a + a 8 ) 

— (52 — 5 4 )(l + a + « 8 + a 2 + « 7 + « 3 +^ 6 ) + (5'i — ^ 3 ) — ^4,6 

Exercise: Show that 

5i - 5 2 5 2 — 5 3 5 3 - 5 4 5 4 - 5 5 

^ 5 2 — 5 3 5x — 5 4 5 2 — 5 b 5 3 5b 

5 3 — 5 4 5 2 — 5b 5i — 55 5 2 — 5 4 
5% — 55 5 3 — 5& 5 2 — 5 4 5T — 5 3 

and therefore the cofactor of j in C r of order 2n-\-\ may be expressed 
as an axisymmetric determinant of order n. 

Show that this is also true for the cofactor of s-s' in C of order 

2n+2 

481. From §478 we have 

C = ai (fl X + «ia 2 + h ai n - 1 a n )(4iai n “ 1 + A 2 a 1 n ' 2 + - ■ ■ + A n ) 

— a 2 (fli -|“ oL 2 d 2 “T ‘ 1 "T oi2~ x d n ){Aia^ 1 4" A 2 cl 2 2 T - ' H" 

= a n (ai + a n a 2 + ■ ’ ’ + ot£~ l a n )(Aia£~~ l + i4 2 a^“ 2 + - • ■ + A n ) 

Writing 

A\cl ^~ 1 + A 2 ol ^~ 2 + ■ • ■ + A n = <t>k(k =1,2, , w) 
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and multiplying these equations in order by cti h , a 2 h , ■ , ot n h and 

adding we get 

4>lOt h i -{~ k <t>20t h 2 “1“ ' ' = 7lA n {h = 1 , 2 , ' ■ , ft) , 

From this we see that 

C'Ol,</>2, ■ ■ ■ J 0n) = W n Ai^42 A n . I 

482. // elements of the first row of a circulant of the nth order be 

multiplied by a n , a n_1 , ■ ■ respectively , elements of the second row 

by oL n ~ l } a n_z , ■ ■ - , a, a n , respectively , the elements of the third row by 
a n ~ 2 , a n ~ 3 , ■ ■ ■ , c* n , <x n_1 respectively, and so on, the ciraulant is 
unaltered in value. \ 

This is seen by multiplying all the elements of the second row by a , 
all the elements of the third row by a 2 , and so on. The elements of 
the 1st, 2nd, • • - , wth column will have a n , « n_1 , ■ • ■ , respectively 
as factors. As these are just the factors introduced the truth of the 
theorem is seen. 

483. In every term of C'(ai, a 2 , ■ • ■ , a n ) the sum of the suffixes is 
divisible by n. 

The suffix of any element (i,j) is i-\rj— 1 or i+j—l — n according 
as i+j-l>n or i+j—l>n. From this it follows that in the case of 
any term (1, r)(2, x)(3, t) ■ ■ the sum of the suffixes differs by a 
multiple of n from l + r+2 + s + 3 + 2+ ■ ■ ■ -\-n = n(n+l) — n = n 2 . 
Therefore the sum of the suffixes in any term is equal to n 2 — kn 
where k is the number of elements from below the secondary diagonal. 

484. It is apparent that in a circulant the complementary minor of 
any element found in one position can differ at most in sign from 
the complementary minor of the same element in any other position. 

From the formation of a circulant C' it is readily seen that any 
minor |'vw ' | is equal to |{,l“v^awia ‘ | with the proviso that 
when any row number becomes greater than n, the order of the circu- 
lant, it must be reduced by n, and when any column number becomes 
zero or negative it must be increased by n. 

From this it follows that when n = 2m we have 

Akk = A i ( 2 /c — i = A m +k,m+k (k — 1 ,2, ■ ■ ■ , m ) . 

That is primary minors complementary to elements in the odd places 
of the first row have primary minors complementary to elements along 
the principal diagonal equal to them , but those complementary to elements 
in the even places have not. It follows that 

5^4 n = 2 ^i4i,2/c_i. 
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In the case of circulants of odd order every element in the first row has 
a signed complementary minor equal to the complementary minor of 
some element along the principal diagonal. 

If [p> <l]r denotes the complementary minor of the element in the 
pth row and qth column of the odd-ordered circulant C after the rth 
column of the circulant has been replaced by units, then these rela- 
tions are seen to be as follows. 

1 . When 1+r is even 

[l,r] a = [1(1 + r),i(l + r)] s __ (r — D /2 ii s > \(r — 1), 

= [Kl + 0 j 2(1 + 0 ]n+ fl ~(r-l )/2 if ^ ^ — 1 ). 

2. When 1 + r is odd 

[l,r] a = — \\(n + r + 1 ) ,\(n + r + l)].,_ (n 4 . r _i ) /2 

ii s > \{n + r — 1) , 

= — [\( n + T + + T + l)]«-(n-r+l)/2 

if s ? \ {n + r — 1) . 

We also have 

1 , When r+s is even 

= — [i( r + “1" 5 )]»+( 3 r-s )/2 if 3r < s, 

= — + s),h( r + ] ( 3 r— j )/2 if 3r > s ; 

2 . When r +5 is odd 

k) = — \h( n “I" r + S ) > 2 ( n H~ r 5 ) ]n+(3r-n— s)/2 if 3r ^ 5 W 

= — [\{n + r + s),\(n + r + )] ( 3 r-n~s )/2 if 3r > s + n. 

485. If we multiply the n factors of a circulant C'(^o, Ui, ■ ■ ■ , a n _ i) 
together the terms are of the form Aa^af 1 ■ ■ • a l £f where the V s 
are positive integers whose sum is n. Any a entering into this, say a*, 
must be accompanied by one of the a’s raised to the power k and 
therefore the form of A is known. A is a symmetric function of the 
roots of the equation # n — 1 = 0 , and can be calculated. 

For example the coefficient of a 0 2 aia 3 in C'(a 0 , <h, ^ 2 , ^ 3 ) is 

a 4 3 , i.e. , aiotj + a 3 3 a* + a 2 1 a 4 8 + ol^cl? + 

+ a^aa 1 + + o+aia 3 + ol ^ oi ^ + ai 3 ^ 1 + ai 3 ^ 1 + ol ^ 

^■ e ‘ 5 (<*1 + «2 + ct3 + au)(a 1 3 + «2 3 + « 3 3 + «4 3 ) 

- (a L 4 + a 2 4 + af + a 4 4 ), i.e. , 0-0 - 4. 



454 


THEORY OF DETERMINANTS 


From §483 we see that we have only to calculate those A r s where 
the sum of the suffixes of the a ’ s is zero or divisible by n. 

In such expansions other labor saving devices may be used as 
follows: 

(1) Other terms may be obtained by cyclical permutations of the 

suffixes. (§468.) / 

(2) If Aa 0 lo ai l1 • ■ a l *~f is a term of the expansion thene is also the 

term Aa {) l(i a m ll a n l1 a l t n ~ l , where m, n, ■ , t are numbers less than 

n , and such that m, 2m , 3m, ■ ■ ■ , (n—l)m = m,n, ■ • ■ , t fmod n). 

This is also based on §468. \ 

486. If the signed primary minors of a circulant be equal\and non- 
zero, the sum of the elements must vanish. 

This follows as in §391. 

If the sum of the elements in every row of a circulant vanish then the 
signed primary minors are all equal. 

This follows as in §389. 

From this and §471 it appears that the unique minor is 

A 1 = — (- l)-(n-l)/^ A ■ ■ ■ Qnh 
11 


487. Since the sum of the elements of every row of a circulant 

a 2 , ■ ■ , a n ) is the same we see by §122 that 

Ar~A.= (- 1)-+-1 

where Q is got from C' by deleting the first row and the rth and sth 
columns and inserting a column of units in the first place. 

488. If we subtract x from the principal diagonal elements of a 

circulant a 2 , - ■ , a n ) the resulting determinant may be written 


C - x 


or 

or 

( 1 ) 


= — (x — s) II [x 2 — ( ai + a 2 a k + a s a 2k + 

k— 1 

+ a n a (n ~ 1)k ) X (fli + a 2 ot n ~ k + • - ■ + a rv a n "‘ (n " lU )l 
= — (x — S)(x 2 — 01 ,7,-1) (# 2 — 02 , 71 - 2 ) ■ ■ ■ {x 2 — 0 T «,m+i) 
= - x n + sx n ~ 1 + x n ~ 2 J^ 6 lin - ■ ■ + (— l)*- 1 *""** 

E^l.n-102.,-2 • ’ • 0*,n-/ C - (~ 1) k ~h 1 

5201,n-102 ,n- 2 ' 0 k ,7i— A: + ‘ ’ 

+ (- l) m .V0],„_i0 2i n-2 ■ ■ ■ 07 H ,n—m j 
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when n = 2m+ 1 , and 

m— 2 

C' - x I = (* — s)(* — s') n { X* - (di + aaa* 1 + ■ ■ ■ + a„a (n - 1)t! ) 

fc=l 

X (fli + a 2 a; n -* + ■ • • + a n a n - (n - Vk ) 


= (x — s)(x — s')(x i — d 1 ,n-‘2){x 2 -6 2 , n ^z) ■ • -(a ; 2 — 0 m _ 2 , m+2 ) 
or 

= X 2m — S 2m - 1 0 + s') + * 2m - 2 (si' - ,n-l) + ■ ■ • 

+ (- * • • -07.-1, »-M-l 

(2) — F.01 .Ti — ]02.n — 2 ■ ■ Qk.n—k) 

+ (— 1) *— **— -f- j') 2> lin _i0 2 . r ._ 2 ■ • -0 fc ,„_* + ■ ■ - 
"I - ( — l) m— 1 SJ , 0i i „_ I0 2 , n _ 2 • ■ • 0tn— l,n— m+li 


when n = 2m. 

Expanding |C' — x| in terms of powers of x and the sums of coaxial 
minors we have 

(1') | C' - x | = - *« + + *X)«-i + C , 

( n odd) 

(2') \C’ — x \ = x 2m — x 2m ~ l 23i+ x 2m ~ 2 ^2 — •■-*E— 1 +C' > 

(n even) 


| where represents the sum of the coaxial minors of order l\ 

Equating coefficients of like powers of x in corresponding expansions 
we have 

1. When n = 2m + 1 


W) 

so that 

WO 


’ * ‘ ®k t n—k — ( 

-S’ - ^^ 01 ,n — 1 ‘ ' Ok,n—k ~ ( 1) ^/2fc+l 

Swi 

2 '2k 


a constant ratio for all values of k from 1 to m. 
When k = m, 


a 


s = 


ii 


j therefore 5> u =2>i (§478). 



456 


THEORY OF DETERMINANTS 


II. When n=2m. 

(B) (S + s') ' * ' 0fc-l,n-fc+l = (“ l) fc_1 Szfc-l) 

ss' Vji n — 1 ■ ■ • 0 k-1 ,n-k-\-l — ’ ‘ ' ,n- k = ( “ 1) * _1 ^ 2Jfcj 

($ + s') Yfr . n — 1 ■ ■ • Ok,n-k = (“ l) fc Z2H1- 

That is I 


<- - <- 1)*-%? - <- 1) 
5 + 5 ' s + s 


h - 1 5^» 


(*') 


; (•? + O 5^2 fc — 

y^2fc-i 


55 = 


a ratio constant for all values of k from 1 to w-1. 
If 5 = 0, then ( B ') gives 

5^2fc+l 11 

J = 

/ /Ik 


Z H 

^Ll2j 


when k = m — 1 . 


But when 5 = 0 by §486 the signed primary minors are all equal 
and hence 


A! = 


-=G3 


2m 


is the value of this unique minor. But 

C’ = *■ £/ll = S*Al = (~ l)«t»- 1 >/2<? i e 2 ■ ■ - 0„_10„ 

and 

= (- l) 7,<n - 1)/2 0 1 0 2 ■ ■ • 0 n _ lf if 0 n = S. 

Hence 

= 1 )"' n-1,/2el<,2 ' • • •-*» if 0«-l = *'• 


Similarly if 5' = 0, then 

2 k -\- 1 ^2a a 


5 = 


z[ ,2 l 

L12J 


when k = m — 1. 
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If s+s' — 0, ^then 5 2 = J ,2 =J]2fc+i/E2ifc-i by ( B f ) and we see that the 
sums of coaxial minors of odd orders have the same signs. If in 
addition s = 0 then]^2A;+i = =0 for all values of k. Equation ( 2 ' ) then 
contains only even powers of x and since the values of x 2 are all real 
the signs of 5^2, S*, ' > must be alternately negative and positive, 

a property which is also true when n = 2w+l and 5 = 0. 

489. If A r is the signed complementary minor of a r in C(oi, o 2 , a 3f o 4 ) 
we have 


Therefore 



0 i 


A i A 2 A 3 
A 4 A % A 2 
A 3 A\ A i 


a i 

O 2 

03 

o 4 

CL 4 

(Li 

02 

03 

03 

a A 

«1 

02 

O2 

03 

O4 

Oi 

Ar 

A 2 

A 3 

i 4 . 

A , 

Ar 

^2 

. 4 ; 

a 3 

A 4 

^1 


a 2 


A 4 



Exercise: Show that this is the same as solving 


01 

O2 

03 


02 

03 

04 


03 

0 4 

01 

0* 

Oi 

02 

= 

01 

02 

0 3 

= y 3 , 

02 

03 

04 


04 

Oi 


04 

01 

02 


0] 

02 

03 




04 

01 

02 








03 

04 

01 

= 1 A ? . 







02 

03 

04 






490. If 02, ■ ■ ■ , d n ) be represented by C, and if dC/dt denote 

the derivative of C with respect to any variable t of which the o’s 
we functions, and if C r denote the determinant got from C by re- 
placing each element of the rth column by the derivative of that 
element, then dC/dt = Ci+C 2 + ■ ■ ■ +C n , but in a circulant C r = C h 
as may be seen by shifting rows and columns. 

Therefore 


dC 

= nC k 

dt 


(k = 1 , 2 , 


»)• 
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From^oT^ =C we see that 


Also 


and therefore 


Z> + = — = n-A h . 

odh oah 

r d ^ A - „ 

/ .A + — “ — — n m Ak, 


dak 


and 


r«( 

( 


d_YA 

ddfi ddjc 

d 

da h da k / 


)- 


n(A h — A^, 


= (- l)*+*-i n -Q 


(§487) 


It follows that Ah— A t contains V.a as a factor. 

If 23a = 0, then Ah = Ak (see §486) and T~!>4 /n — A h showing that 
TA is divisible by n and the elements are integers. 

491. If the nth roots of uniLy are 1, a, a 2 , ■ • ■ and we denote 

the product of all the factors of the circulant C(fli , a 2 , - • • , o„) 
except a (or s) and a x oL n -\~ a 2 ot ll ~ l + ■ ■ ■ +a n or d 2 by bi+b 2 a+b d a l 
+ - +b n a n ~ l , or <f > , then 


C 

— = 0 2 -c p = f(a) say, 


— a\b\ + a 2 b 2 + ■ ■ ■ + a n b n 

+ (a\b 2 ~b a 2 b^ + a n bi)a 


+ (fli b n + a 2 bi + ■ ■ ■ + a^kn-i)^ 1 

Therefore 

C 

(» - 1)— = /(«) + /(a 2 ) + • • + /(a- 1 ) 

= n(aib j + a 2 b 2 + ■ ■ ■ + a n #n) 

— (^i + ^2 + ■ ■ ■ + #n)(&i + b 2 + ’ ’ ■ bn) 
= n-S — s say. 

When <x= 1 the value of </> or^bi is CC a O n ~ 2 or s n ~ 2 . Therefore 
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C = 


nsS — s n 
n — 1 


|nd 

therefore 


1 dC nS — 1 j- dS 

n da k w — 1 n — 1 dak 
— Ak by §490 

Z^=nZA*. 

dak 


Ah — A k = 




/ dS dS \ 

1 \da h daj 

dZA d Za 


da h 


da k 


) 


(§490) 


492 . 


_ dC ^ d ^ ^ 

Z— = Z ~ -( Z a Z A ) 

da k dak 


2> E^- + E« T.- 


da k 


= n X ) A + ]L 


da k 


d_YA 

da k 


therefore ^d^M /da k = 0 (§491). 

Differentiating a second time with respect to a* we have 


therefore 


d’C ^ &Za , „a Za 

— - = / ,a h l 

da£ da£ da k 


Again since 


c>*c d* Za 

Z~ = Za z - , 

dai 2 da£ 


dA k 1 d 2 C 

da k n dai? 

jMk = £ ^ a 2 C 

da* w da* 2 
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493. Neglecting for convenience the sign factor and taking 
C — 0}d 2 ‘ ' 


we have 


dC C dd 1 C d0 2 

dai 6 1 dct\ 0 2 dai 

dC C d$i + C dd 2 

da 2 6 1 dd 2 0 2 


and 


/ * 

( a k 

V dai 


d d 

+ ojt+i- h • ■ + dk ~ 2 + a*,. 

d#2 1 


da„/ 


That is 


= C(1 + a + a 2 + • • + a"" 1 ) = 0. 

" dC 

Z^, a h + k- = 0 , 

h^i ddh 


if k^O and dh+k — d+e when h-\rk = n-\~e, e>(). When k = 0, then b) 
Euler’s theorem we have 


* dC 

Z* a h - — = nC. 

h = 1 ddh 


Also 


A k = {it — 1 )Ai 


and 


( ^“r) 

( ^ = (n — 1) ^2a k . 

\ h= 1 ddh/ 

494. If we represent as in §480 the imaginary factors of the 
circulant C by 0j, 0 2 , ■ ■ , 0 2m , their products 0 h 0 2m+i -h (h=l,2,.- •) 

by Oh, 2 m+i-h and 


( m)k 

2^^1,2rn ■ n 

1 


( m)k 

by £<?/*> 

j-i 


then it is readily seen that 


k ,2m— k+1 
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where 7*j represents (9 kl a n ''‘ 1(,_I) +fl 2 ^.i_ tl a ta«-u) an d where for 
each 0, (t) in Z the cofactor Z /aj contains no 9 which is found 

in 

Again 

^2 ( m)k (m)fc-i /m—k +1 \ Q ( m- ) 

(B) — - 2(« - A + 1) + ( Z Z*, (fc - 15 

oaf /- i ,=1 \ a=i / da % Ja= i 

and in general 

(m) ^r -2 (m)*-! 

(0 — E^ (t) - 2(r -!)(»-* + 1)— — Z Oi*-" 

da r t /mi ddi T jo] 

w— fc+l V 0 r— 1 /(m)fc-i 


/wi-fc+1 V flr— 1 /(m)fc-i \ 


Taking the sum with respect to i in each case we have 

n Q ( m)k 

[A') z — E*/* 5 = 0 

t= 1 2-1 

n ^2 (m)fc (m)fc-i 

(BO Z = 2 n (m - A + 1) Z 

t -1 /-I 2*1 

n (wi)A; n ^r— 2 ( wOfc— i 

(C') Z — Z^* 5 = 2(r - 1 )(« - A + 1) Z I> /*-*>- 

t=l 7=1 

Since 

m— *+1 


n / m — A:+l \ 

E ( E /A 

i=l \ A 1 / 


vanishes. 

495. From (C') we have when r = 2p 

n Q 2 p ( m)k n ^ 2 p -2 / C m) jt-i \ 

; WE — Ze/ fc) = 2(2 p - 1 )(« - k + i)E— E^ 1 ') 

, l-l P 7=1 1=1 P \ 7=1 / 

| = 2 v n(m — k + l)(w — k + 2) ■ ■ ■ 

(m)jt-j, 

(w - A + p){2p - 1)(2 p - 3) • ■ 3-1 Zo/* _,,) 

7=1 


and when r = 2p-\-\ 


( 2 ) 


n S 2p+1 

E — — 

£[ dap+' 


( m)k 

Z = o. 
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I. For circulants of odd order, n — 2 m+ 1, we have from (1) and j 

n Q2p n ^2p— 2 

(3) 2 - - 2(2P - IX* - k + 1) E — — £, 

»=i i da t ^ 

= (- )»2*n(2p - 1)(2 p - 3) ■ ■ ■ 3 - 1 
X (m — £ + 1) ■ • • (m — k + p) 
which for p= 1 and k = m becomes 


] i — — 2n y^ 2 m-? 

t=i <3^ 2 

— 2« 


by (i4 # ) §488. 


From (2) and §488 we have 


^ d 2p+1 ^ 


wnich for /> = 0 and k = m is 


(6) £ — ZXi = o. 

i=i dtf. 

Using the relation s =£ 21-1 we have 

(7) — e=. + .- r.* + *~ £■*. 

<») £ Ew,-if £» + »— T 

d«i 2 da, 2 

and in general 


» _ V _ d v- , ^ 

„ 2^/U+l — r ~ ’ 2j 2* + S 2 ' 2 

da/“ l da,' 

If r = 2p this becomes 

■i q _ zL/2/c-f i H - ^ 


2/c 
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n 02 p n ^2 p 

l0) 5 ^ Zz * +i = 5 ■ £ ^ (5) 

= (- l)r2rn(2p ~ l)(2p - 3) 31 

X (« — A + 1). . - (« _ k + p)s j2 2k _ ip by (3) 
This for p=l and k = m is 


In) 

jiercfore by §492 


-A d*C 

A- 77 = ~ 2ns J2n- 
,=i 5a, 2 


■A M. 

„ ~ 2s ^„_ 3 . 

i aa,- 


If r=2p+l we have 
7, d 2p + l 
z[ da, 2 ** 1 


» fl2P+l „ . 2j) 

S 5a, 2 ^i ^ 2 * +1 = (2/> + ^ ^7: £ 2 * b y ( 5 ) 

= (- l) p 2 p n(2p + 1) (2/> - 1) ... 31 

x (» - k + 1 ) . . . 0 * - * + p) £ 2A _ 2j , 

|hich for /> = 0 and k = m gives 
v 5C 

-j ^ . 2 m = W ) ! -f x . 

»=i aai 


|14) 


Fiom (7) we readily see that 

^hich when k = m gives 

so » Wi -^,). J (Aj> n -A 2> „) by(14) 

II lor circulants of even order, « - 2>/i+2 we have from §488. (B) 

P J) (- 1) A iw, 


= {1 + (~ l) 4 " 1 } 2>/» + (5 + 5') £5/*) , 

j-i 5«i , =1 
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(18) (- 1)*— £*«■! 

da * 2 


0 (m)fc 02 (m)jfc 

= 2{ 1 + (- I)*" 1 }— ' - I>, w + (* + O— Z*.® 

yfli j-i aa, z 


and in general 


(19) (- 1)*— Z2*+l 

da{ 


fir— 1 ( m)k 


\d r 


= r{ 1 + (- 1) £ -* }- 7 E*/** + 0 + JOV— Z>,« 

da/ -1 l= i t=sl 

When r = 2p we have from (19) 

n 02 jj ?! 02 p (m) fc 

(20) Z — Emi = (- DH* + O Z — Z«I W &y (2) 1 

,=,1 da, 2 ? ,=1 aa^p »^i 

= (- \) r 2 p n(2p - 1)(2 P - 3) • • ■ 31 

0 

X (w — k + 1) • ■ • (m — k + p) 


which when p = 1 and k = m, is 

n Q2 

(2D Z — HAn 

i= 1 dfli 


2w ^ / 2m- 1 ^ I n— 3 > 


When r = 2/> + l we have from (19) 

7i <9 2 Z , + 1 n 

(22) Z — 77 Z.H-1 = (~ D*(2 p + 1) Z{ 1 + (“ D- 1 } 

*-i da l 2p+1 

02p ( m)k 

Z>/«,by (2) 

= (- l)*+*2*»(2p + 1)(2 p — 1) - 3 1 

/ . , . 522fc-2p+ 1 | 

X itn — k + 1) • ■ ■ {m — k + p) — « 

Zj a ^ 

which when p = 0 and k = m is 

Z^n 

Is — IsA n = n- 

l= =i oa t / .flu 


( 23 ) 
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we have from §488 (B) 


l« <- . z=. 

OQri 

I = (5' + (- 1) ( _ JL y k g <* 

|s) (— ^ k l ^j 5^2* 

= 2{s' + (- iy- i s}~ ‘§>-» + 

d «> *-i 5a, 2 “ ' 

5 2 ( 20>* (m)*-l 

- — 5>/ w + 2(— l)*-» 


Id in general 

L c-o-£ 2, 


- ,{»'+<- D-, ifi 

da x T fml 


d r (tn) t „ , , 

T- Z*/*> + <r - 1)(- Dr-iTl ( |>>-n 

*-i 5a,- 2 ~ 


When r = 2p we have from (26) 

\ n Ji2p 

p) (-D^Z — z» 

I ,tr 5a, 2p ^ 2k 


_ A, , , d 2 *- 1 

= 2/> Z{*' + (- V »/*-» 

*=i 5a 2 *>- ~ 

. -A 5 2p WH n d 2j. (m)* 

+ 2>*'— Z*/*- 1 ’- Z — 2>/« 

i_i 5 a, 2 " ,_j «5a, 2 P ~ ’ 

* ^2j>- 2 (m)jb-i 

+ 2 ^(2/> — 1) Z(- l) i_I Zfl c*-i> 

i -1 5a, 2j> ~ 2 7^ ’ 

= (- l) k ~ p 2 p n(2p - 1)(2 p - 3) • • • 31 

V I'm. — t 4- 91 . . . (**, J. l j.\ / 2^2*— 2 jH-1 


X (m - k + 2) ■ • ■ (m - k + P)* 
— (m — k + p + 1) Z*fc-*j>|’ 
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(the first and fourth terms on the right vanishing) which, when p*\ 
and k = m-\- 1, is 


£— 2 =2n(' 

.=1 da 2 \ 


5^27n+l ^^011 ^ 2 




therefore 


= 2n~==^ / -> 2 m — 1 = 2 n ■ - / , nj -3 

2^t a U «? + S \ 

£-- = n£—A % \ 

i=i da t 2 l= i dai \ 

dA * oJlfL V 

da t s + s f Z " n_1 


When r = 2^ + l we have from (26) 

n fl2p+l 

(30) (- 1 )*- Z — — Z 2 * 

,_i 


«■ * ^2p (m)fc-i 

= (2p + 1) E{*' + (- i)- 1 *}— E^- 1 

i-=i dai 235 y=i 

/l2p+l (m)jk-i n ^2j)+l (m)l 

+ 2>v- Z D 

ao, 2 ^ 1 tfi Zt aa,^+ 1 , 

n d 2v ~ 1 ( ”*) * 

+ (2p + 1)2 p Z( - l)'—— & (k) 

<=i da **- 1 ,_i 

= (— l) *-j>-i2Pns'(2/» + 1)(2^> — 1) • • - 31 

/ j ZIc 2p~ 

X (w — k -f- 2) - - • (m — & p H - 1) — " 


(the second, third and fourth terms vanishing) which when P z 
and k= 1, is 

(31) £ X)z = ns'. 

i=i dai 

F rom i =Y,A 2 fc _i 9 . *■ we have 

71 d n d 

23 ^ 2 A :-1 “ — 5 ^ 42 * 

i i da t 

_ n 5>» 

2 


(32) 
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If we denote 


d d d d a 

T. f* !"••■+ On- 1- til f- • ■ • + 1 

da i 00,2 aa n _fc + i da n _ k +2 Sa n 

yJ^Okd/dai then 


33) 



(or A n+h - k +i if £ > /i) 


(h= 1,2, ■ * , wl 

= 2,3, • • ■ , raj 

The truth of this is seen on observing that CP. d k d/da^)A h is the 
jsum of n determinants which are obtained by increasing the sub- 
cripts of the elements in the first, second, and so on, columns of A h 
jby k — 1. Of these all vanish, having identical columns, except the 
[h — k + l)th (or n+h — k+ 1th if h<k) and it is —Ah-k+i (or 

§ — A 7i-|. Ji — A:+l) - 

When h — k then 


1(34) 

and 



Exercises. Set XXIII 
Prove the following relations 


'■> ( 


a 2 a 2 

a\ b <^2 ~ — r h 


dakdai 


! 2 ) 


/ a 2 

I dh 

\ da k da l 




dd k da 2 

a 2 


dd k dd2 


12 $2 
- + a 2 : h ' ’ 


ddxdd 2 


^C' = n(n — 1)4* 

+ ■ • 'jc' = — nAi 

^ J^Ai = (n - 2) (nA i - J2 A i) 


:i| 

1,1 ( - £.,( &£) 2 * + «• - « 
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(5) 


( 6 ) 


( 7 ) 


X>.( 


d i d 2 

a k h a-k+i- — 7 h 


ddkdai 


ddkdd2 


)E-4. 

= 2 — n(Ai + 


— HA. = (±i^-)A> 

ddjc \ i o d x/ 


d 2 


^,A i — 0 . 


i ddkddx 

496. Writing the circulant in the form 

C = diA\ + d 2 A 2 + ■ ■ + d n A n 

we have 

dC dA i dA 2 dA n 

= d\ h d 2 h ' + d n 

dd k ddk ddk dd k 


n dA i 

23 ia-i —— = (» — l)-4 . (k = 1,2, 

i ddk 


It should be observed here that the determinant of this set of equa- 
tions is the Jacobian,* whose value is (— l) n < n_1) / 2 (» — l)C n " ! . 
Solving for di gives 


d\ — {n — 1) 


or 


A i 

A 2 


Ai 

A 2 


dA 2 

dA 3 

ddi 


dA 2 

<M 3 

dd 2 

dd 2 


dA 2 

<9-4 3 

da i 



3 

dC2 

dd\ 


(_ l)n(n-l)/ 2 ( w _ l)Cn-2, 


t 


(- l)n(n-l)/ 2 ai ^n- 2 > 


* vide §694. 
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Show that 


i) 

( 2 ) 

m 


a 2 


- 2 )A. 


a 2 

i da/? 
d 


2^ 1 ~ n ~~ 2) 


ex: 


Z*— A t = (n- l)-£ Al 
i i da k 


To prove this we start with 
C ~ ^h a Y^{dl + CtiC 

then 


Ind 


= ( Z«I— 

V da,) 

|£*. . 


a„) then 



' ax ax 

ax\ 


f SM 

1 TO 

1 ^ 

1 TO 

i ® 

1 **> 

= «’• 

! + «1 2 «3 + • 

+ «i n 



ax 

da % 


1 


jd\ 


+ z 




d\ + ona^ + • • -(- 


dX . d\ d\ 

7 I" 7 t- ■ H 

da i d<H da„ 


ax 

ddi 


n 

Z^ 

ax , ax 

+ • - • + «,»-! — = 


aa„ a 1 + coia 2 + ■ - • + 


d\ 

7 + a 

dtf ! 


ax 

n-l~ I- 
Od'i 


'W co tor ; ; = ] . 
h follows that 

C^- 
I va^ 


ax 

aa 2 


ax 

+ ix u 1 

"~ l Ba n 


n 

d\ + oj n _ia 2 + ■ • ■ + u”z[a n 



n n 

C(di,d 2f - ■ * , a n ) 



470 


THEORY OF DETERMINANTS 


or 


/ax ax \ 

C(a 1 } a 2 , ■ - * , a n )C[ j • • • # ) = n n . 

\dai da n J 

(»+l)(2»+l) 


Exercises: Show that 
(1) C(l 2 ,2 2 , ■ • . jW 2 ) = 


(2) C(1 , w — 1 ,-£(« — 1)(« — 2) , ■ 


12 


'H 


" _1 {(«+2)|* — » n j 

2 n_1 when w is oAd. 

0 when n is evfen . 


498. If we take the circulant C(/ n_1 , l n ~ 2 tii, t n ~ 3 n 2 , ■ • ■ 
where fik = n Ck and the elements are the terms of the expansions of 
{ (/+l) n — 1 } -W, then C will contain only even powers of t and if in C 
we put r for t 2 the roots of the equation C = 0 are the squared dif- 
ferences of the roots of t n = 1. 

Let ol\) a 2 , ■ ■ - , OL n be the wth roots of unity, then 

( t — «i)(/ — a 2 ) ■ • * {t — a n ) = t n — 1 

and also 

[t — (ai — a r ) } {/ — (a 2 — ot r ) } ■ • • [t — ( a n — ot r ) } == (/ + ol t ) u — 1 , 

the rth factor on the left being t. Giving r the values 1, 2, ■ ■ ■ , n 
and taking the product we have 


7r{/ 2 — (a r — a B ) 2 } = 


{t + ai) n — 1 (/ + Q' 2 ) m — 1 (/ + «„) n - 1 


t 


t 


since the factors on the left combine in pairs. 
But 


(/ + «r) n “ 1 


= t n 1 + nit 11 2 a r + n<>t n 3 a r 2 + ■ - * + n n —\a. r 1 


which shows that (t+a r ) 2 ^l/t is a factor of C and therefore 
C = ir{t 2 — (a r — a a ) 2 } 
and hence the theorem. 

The circulant C is the eliminant of the equation x n — 1 =0 and the 
n— 1 equations obtained on multiplying 

/ n_1 + nit n ~ 2 x + n 2 t n ~ 3 x 2 + ■ ■ ■ + n n -\x n ~ l = 0 
by x 9 x 2 , ■ ■ • , x 71-1 successively. 
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499. The circulant C{a X} a 2 , - ■ - , o n ) is equal to the sum of 
coefficients of the equation whose roots are the nth powers of 
roots of the equation a x x n ~ Y + a 2 x n ~ 2 + ■ ■ ■ +a n = : 0. 

Thus when n = 4 we have 

C(ai,a 2 , ( 13 , 0 , 4 ) = tt(oi + o 2 oc x + o 3 a^ + <z 4 ai 3 ) 

= a^l — <xiPi)(l — 0£lft)(l — OL ift) 

X ^i(l — — a' 2 ft)(l — <* 2 ft) 

X fli(l — «30i)(l — a 3 ft) ( 1 — 013 / 33 ) 

X 0i(l — <*4 3i)(l — a 4 ft)(l — a 4 ft) 

where ft, ft, b 3 are the roots of 

(1) OxX* + a^x 1 + a 3 x + 04 = 0. 

Regrouping this product we have 

C = a£{ 1 - /9i 4 )(l ~ ft 4 )(l “ ft 4 ) 

from which the theorem is apparent. 

If in equation (1) we put y llA for x and multiply the result 
y i /4 , y 2/4 , y 3/4 successively we get 

a x y 3/4 + a 2 y 2/4 -f- a 3 y 1/4 + a\ = 0 

fliy + a 2 y 3/4 + o 3 y 214 + a 4 y 1/4 = 0 

«iyy 1/4 + + 03y 3/4 + a 4 y 2/4 = 0 

a x yy 2,A + a 2 yy 1/4 + a 3 y + a 4 y 3/4 = 0 


from which 

on eliminating y 1/4 , 

y2/4 

, y 3/4 we get 


Oi 

o 2 

Oz 

04 

(2) 

o 2 

0 3 

04 

a i y 

03 

04 

oiy 

= 0 

a 2 y 


0 4 

o x y 

o 2 y 

o 3 y 


which is the equation having for its roots the 4th powers of tl 
roots of equation (1). If in (2) we put y = l then the left-hand sic 
is the sum of the coefficients in the equation and gives the previoi 
proposition. 

If in (1) we put y 1/3 for x and multiply by y 1/3 , y 2/Jl successivel 
we get 
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0i y + d 2 y in + a^y 11 * + a 4 — 0 
aiyy 1/3 + a 2 y + 0 3 y 2/3 + o 4 y 1/3 = 0 
a>\yy 2/3 + a 2 yy 1/3 + a 3 y + 0 4 y 2/3 = 0 


which on eliminating y 1/a , y 2/a gives 


d'i 


d 3 djy + d 4 


d 3 


diy + a 4 


02 y 


= 0 


0iy + a 4 d 2 y 


d 3 y 


\ 


which is the equation whose roots are the cubes of the roots \of (1). 
Here again the sum of the coefficients is the circulant C(d 2 , 03, a\+d 4 ). 

500 . Any circulant of the (r-s)th order is expressible as a circulant 
of the sth order and each of the elements of the latter is an aggregate 
of r-line minors, r B_1 in number, of the former. 

To illustrate this proof let us take the case of ra = 3-5 = 15 . Let 
Yi, 72, 73 be the third and d, * 2 , e 3 , e 4 , *& be the fifth roots of unity, 
then 7iei, y 2 e 2j 7 a *a, 7 i* 4 , , 7.1*5 are the fifteenth roots of 

unity since they are the third roots of each of the five fifth roots. 

One factor of the circulant is then 


01 + d 2 (j}€i ) + G 3 ( 7 l e l ) 2 + 


But this may be written 


+ au( 7 i€i /3 ) 14 - 


(01 + 0 4 * 1 + 0 y*i 01 2 + 0 io*i 3 + 0 i 3 *i 4 ) + (02 + 05* 1 

+ (a 3 + 06 *i + ■ ■ ■ + 0 i 5 «i 4 ) 7 i 2 *i 


+ 014*1 4 )7l*l 


1/3 


2/3 


There are two other factors that differ from this in having y 2 , 73 in place 
of 71 so that the product of the three is the circulant 


01 + 0 4 €!+ ■ ■ * 
( 03 + 06 * 1 + • )*1 

(02+05*1+ )*1 


(02+05*1+ ‘ * * )*1 
(0 1 + 0 4*1+ ' ' ) 

(03 + 0 c* 1 + ' ) 


(03 + 06*1+ ■ ■ )*l 

(02 + 05*1+ )*1 

(01+04*1+ ■ ’ ) 


= C\ say . 


Multiplying the rows in order by e\, ef, and dividing the 
columns in order by the same we have 


01 + 04*1 + * ' ■ + 013*1 02 + 06 * 1 + ' ■ ■ + 014*1 03 + 06 * 1 + ■ ■ ■ + 016 * 

C 1 = 016 + 03 * 1 + * - * + 012*1 01 + 04 * 1 + ‘ ' - + 013*1 02 + 06 * 1 + ■ ■ * + 014 * 

4 4 

014 + 02 * 1 + ■ ■ ■ + 011*1 016 + 03 * 1 + ‘ ‘ ‘ + 012*1 01 + 04 * 1 + ■ ‘ ‘ + 013 * 
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This may be written as the sum of 5 3 determinants with monor 
elements giving 

Ci = P + Qe 1 + Re i 2 + Sei 3 + Tef 

where each of the coefficients P, Q, ■ ■ ■ , T is the sum of 25 detei 
nants. Taking the factors of C in sets of three as here we have 

C = (P + Qe, + Re/ + 5€! 3 + Te / ) 

X (P + Qe 2 + Re/ + Se/ + Te 2 4 ) 

X (P + Qe, + Re 5 2 + Se/ + Tef) = C 1 C 2 C,C A C b 

so that 

C(ai,a 2 , ■ , 015 ) = C(P ,Q jR,S ,7') . 

We might have taken the first factor in the form 

1/5 

(fli + 0071 + 0n7 1 2 ) + (#2 + 077i + 0i27i 2 ) e i7 "+"*'■ 

+ (05 + 0io7i + 0 ib7i 2 )ci 4 

and obtained 

C = CiCid - C(X,Y,Z) where Ci = X + F 71 + Z 71 2 etc 

It is readily seen that a circulant factor of C which is free from 
roots of unity is 

C(01 + 04 + • ' 013, 02 + 05 + ■ ■ ■ + 014, 03 + 06 + ' ' + 0 

In like manner we have another 

C(0i + 0 6 + 011,02 + 07 + 012, ' ■ , 06 + 010 + 0is) • 

501. For every rational factor of x n —l there is a rational factor oj 
circulant which is the eliminant of 

fli^:"" 1 + a 2 x n ~ 2 + ■ • ■ + 0 n = 01 

x n — 1 = oj 

For example we get from 

ax A + bx 3 + ex 2 + dx + e =0 

x 5 — 1 

= x 4 + x 3 + x 2 + x + 1 = 0 

x — 1 

(b — a)x 3 + (c — a)x 2 + (d — a)x + (e — a) =0. 


and 
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Similarly 

(c — b)x 3 + (d — b)x 2 + {e — b)x + (a — b ) = 0, 

(< d — c)x 3 + (e — c)a: 2 + (a — c)z + (b — c) = 0, 

( e — d)x 3 + (a — d)x 2 + (b — d)x + (c — d) =0, 

i 

and hence j 

6 — a c — a d — a c — a 

c — b d — b e — b a — b 

d — c e — c a — c b — c 

e — d a — d b — d c — d 

is the factor required. 

Examples: (1). Find the factor of C(fli, a 2 , ■ ■ * , a 8 ) corresponding 
to (x 8 — 1) -4- (x 2 — 1) that is, the cofactor of ss'. 

(2). Find the factor of C(fli, a 2 , ■ ■ * , Oe) corresponding to 

(x 6 — 1) -r (# 2 + .r + 1). 1 

502. The determinant whose every element is the sum of the cor- 
responding elements of the circulants 

C(ai,<z 2 , • ' ■ a„), C'(bi,b 2y • ■ • b n ) , 

is divisible by 

(ai + a 2 oi + a 3 a 2 + ■ • • + + a 2 a _1 + ■ • ■ + a n oT n ~ l ) 

- (6i + b 2 cc + b 3 * 2 + ■ • • + b n a"~')(b ! + 62a- 1 + - • + 6 n a— - 1 ) . 

For convenience let us take n = 5. The determinant in question is 
the eliminant of the set of equations 

(di + 61) #1 + (a 2 + 62) #2 + (03 + ba ) X3 + (ci4 + 64) #4 + (as + &s) #5 — 0 

(as + b 2 )xi + (ai + 63)^2 + + ^4)^3 + (^3 + ^5)^4 + (#4 + bi ) x\y = 0 

(a 2 + bh) Xi + (a 3 + 61) x 2 + (dU + b 2 ) x 8 + (as + b 8 ) X4 + (ai + 64) xa = 0 

Multiplying these by a °, a 1 , a 2 , ce 3 , a 4 respectively and adding we 

have 

(ai -|- a 2 af 1 -(- cl 8 ol ~^ asct - 4 )(^i T- #2<* -b # 3 a 2 H - ■ * ■ ~T #5 a 4 ) 

T - ( ^1 T - ^2Qf "b &3CK 2 + ■ * ■ + 65a 4 ) (#1 -|- Xsa + x^a. 2 -(-■■' + x 2 ol 4 ) = 0 

or 

ai -|- a 2 0 £ — 1 -j- a 3 a -2 + - ■ ■ + &hOL~~ 4 Xi x& a -f- ■ • ■ T“ x 2 ol 4 


b 1 + b 2 a + b 8 a 2 + ■ - • + btOL 4 


Xi + x 2 ol T" ■ • ■ -f- Xh<x 4 



SYMMETRIC DETERMINANTS 


475 


If in these we substitute a 1 for a 1 and multiply the two results we get 
(ai -\- a 2 <x~ l ■ ■ ■ + ff-5a _4 )(ai + d 2 a -+-•■- + a 5a 4 ) 

(61 + ftaa + • ■ ■ + » 5 « 4 )(fti + b*ar' + ■ ■ ‘ ~+~bl cT 4 ) ~ 

Since this is a particular climinant of the set of equations it must 
be a factor of the determinant which is the general eliminant, and 
hence the theorem. 

If n is odd there is the linear factor ai+a 2 + ■ ■ ■ + d n + bi-\-b 2 
+ ' ' ' H - bti and if n is even there is in addition the factor 

a i — d 2 a-A — cl h + b\ — b‘> — b n 

If b s = a s the quadratic factor becomes zero. 

If we denote the determinant by and the quadratic factor by 
F a Ga — F b G hf then the operations coh+a cob+a 2 coI 3 + ■ ■ • gives 

F a +F b 
(X F a + XX 4 F b 
OL 2 F a + Ot?Fh 
oPF a + a 2 F b 
a 4 F a + olFi 

for the first column, and there results 


1 

d 2 

+ 

b 2 ■ 

- a 5 

+ 

bi 


1 

d 2 

+ 

b 2 ■ 

■ d b 

+ 

bi 

a 

a-L 

+ 

bz ' 

■ dr 4 

+ 

bi 


a 4 

di 

+ 

b 3 ■ 

■ a 4 

+ 

bx 

a 2 

a b 

+ 

bi ■ 

■ Ciz 

+ 

b 2 

+ Fi 

a 3 

a b 

+ 

bi ■ 

• dz 

+ 

b 2 

a 3 


+ 

b b • 

• ■ d 2 

+ 

bz 


a 2 

d\ 

+ 

b 6 ■ 

■ • d 2 

+ 

bz 

a 4 

dz 

+ 

bi • 

■ * d\ 

+ 

bi 

I 

a 

dz 

+ 

bi ■ 

■ * di 

+ 

bi 


or for shortness say A& = F a U + F b V. 

If in this we write a -1 for a then F (l) F b become G a) G b respectively, 
U and V are interchanged and A B is unaltered. 

We thus have the companion equality A b = G b U -\-G a V and from 
the pair we derive 

(1) (Fa - G b ) A 5 = (F a Ga - F b G b )V 

from wdrich it follows that F a Ga — F b G b is an exact divisor of A 5 and 
that F a — Gb is an exact divisor of V. Denoting F a G a — F b G b by Qi it 
is easily seen that Q 2 obtained from Q l by replacing a by a 2 is also a 
factor of A B . The linear factor is obviously ^a+^6. 
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We may now write (1) in the form 

(2) (F. - G b )QiQt( = QiV 

or 

V = {F a - G b ){ £« + 

Similarly 77 = (G„— F b ) (2Z ffl +2Z*)(?2- 

If we put b n = —x, and b\ = = ’ = &«-i = 0, then the determinant 

becomes \ 

d\ CL 2 ' " On — 1 3C 

(Z n Ul ■ ■ ■ fl n __2 ^ — 1 


U2 — X 0>3 ' ‘ ‘ d n d\ 


and the factor becomes 

— {* 2 — (01 + aa 2 + ■ • ■ + « n_ 1 a„)(ai + a - 1 a 2 + • ■ + a -n-1 a )} 

# 

or 


— { — (a 1 + aa 2 + ■ ■ + a rt 1 a„)(ai + a n l a^ + ■ ■ - + aa„) . } 

Similarly by taking all the imaginary roots in pairs we get all the 
factors. 

These quadratic factors may be written 

{ x 2 — (A + Bi)(A — Bi) } or { x 2 — (A 2 + B 2 ) } 

showing the reality of the roots. 

The linear factors are s+x and j'+ x (if n is even). 

503. The circulant C of order r ■ s where 


dh = Gkr+h 


{ 


h = 
k = 


2,3, 

1 , 2 , 



} 


has for its value 

C r (fll y #l+r J y #l+a— 1 -r)C (d i “f" fll+r ' ‘ ^1+b— l -r y ^2 > ’ ‘SUr) 

(ai + ai +r + ■ ■ • + Oi+iZi. r ) r 

The theorem and method of proof may be seen from the case when 
n — 3 ■ 4, in which case 
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The twelve factors are, on account of these relations between the 


a’s and l+a 3 +a 6 +a 9 = 0, seen to be 

1 . 

a, 

+ 

04 <* 3 + d70t 6 + 0ioQ! 9 

2 . 

a 1 

+ 

04CK 9 + 0 7a 6 + 0io<* 3 

3 . 

a 1 

+ 

04a 6 + 0 7 a + 0 loa 6 

4 . 

(01 

+ 

04 + 0 7 + 0io) + 402 CK 8 + 403CK 4 

5 . 

(ai 

+ 

04a 9 + 0 7 a 6 + 0ioa 3 ) 

6 . 

(41 

+ 

04a 3 + 0 7 a 6 + 0ioa°) 

7. 

(a, 

+ 

04 + 0 7 + 0 io) + 402« 4 + 403G£ 8 

8. 

(fli 

+ 

04CK 6 + 0 7 + 0 ioOf fl ) 

9. 

(0 1 

+ 

04a: 3 + 0 7 a 6 + 0ioa 9 ) 

10. 

(«i 

+ 

04a 9 + 0 7 a 6 + 01OQ! 3 ) 

11 . 

(a x 

+ 

0 4a 6 + 0 7 + 0io« 6 ) 

12. 

(a x 

+ 

04 + 0 7 + 0 io) + 402 + 403 . 


The product of the first, third and fifth is 

C(di , 04, 0 7 , 0jo) 

01 + 04+07+^10 

The product of the second, sixth and eleventh as well as the eighth, 
ninth, tenth give the same result. 

The product of the fourth, seventh and twelfth gives 

C(01 + 04 + 07 + 010 , 402 , 4 ^ 3 ) . 

Therefore 

^ C 3 (ai,O4,a 7 ,0io)C(0i + 04 + 07 + 0io,4fl2, 40 3 ) 

C = ~ 

(01 + 02 + 07 + 0io) 3 

In (1) it should be observed that if 0 i = 0/^+1 (A = l, 2, - * , J— 1) 

then C = 0. 

In the case 0 2 = 03 = • ■ ■ = 0 7 then (1) becomes 
n C r (ai,oi +r , ■ • • , ai + ,Ti. r )(ai+ai +r + • ■ ■ +al + i^i.r-s02) ,-I 

\Z) c r 

(01 + 01+r+ * * • +01+5-l-r) r 
X (01 + 0i+r + ■ * * + 01+8-lr + r “ 1 ’Sdz) 
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which when 02 = 0 becomes C = C r ( 0 i, 0 i+ r , ■ ■ * , 0i+ a -i.r). In case 
5 = 2 then (2) becomes 


C = 


C r (ai, a ]+r )(ai + ai +r — 2 ^ 2 ) r "I" a i+r + 2 r — 1 - 02 ) 
(01 + 0ifr) r 


(3) . 

— (ai — ai +r ) r (ai + di+r — 2d'z) r 1 (di + di +r + 2-rj — T 02 ) 

which when a 2 = 0 becomes C= ( 01 2 — 0i 2 - +r ) r . 

Exercises 

(1) Take r = 4 and 5 = 3 and show that 


C = 


\ 

C 4 {di J df tJ dg)C(di + 05 ~b fl'9 , 3^2 , 3^3 , 3 ^ 4 ) 


(01 + 05 + 0g ) 4 

(2) Take r = 2, 5 = 6 and show that 

n C 2 (dijd 3 ) ar }J a 7 jdf) jdii)C(ai + 03 + 05 + 07 + 09 + 011 , 602 ) 

C == "■ 

(a-! + 03 + 0 5 + 07 + 09 + 01l ) 2 

J* 

(3) Take r = 6 , 5 = 2 and show that 

C 6 (01,0 7 )C(01 + 07,202,203,204,205,206) 

(01 + 0?) 6 

= (0!— 0 7 )®C(01 + 07, 202, 203, 204, 205, 20 6 ). 

504. The circulant C of order 2 n where 

( d2k = 02 fc +2 


. 02fc-l — 02ib+l 


} (k = 2,3, •••,*- 1) 


A 05 for its value 
(a) when n is even 


(4) C 


{ (01"'0»Hl) 7l +(02 — 04) U } { (01— 2fl3-j-ffTi + l) n — (a- 2 — 04 )”} { (01+W— 203+0»H-l) Z— (02"bW"- I 04) 2 } 
{ ( 01 — 203-|-0n+l) 2 — ( 02 — 04) 2 } 


except that a n + 1 5 ^ 03 
(b) w f5 odd 

(5) C = {(01 — 03 — 04 + 0n+i) n 

+ (02 — 04) n \ {(01 — 03 + 04 — 0n+l) n “ (02 “ 04) n } 
{(ffli + n — 1 -a 3 y - (a 2 + n — 2 a 4 + ffln+i) 2 } 

(ax - a 3 y — (a 2 - 2 a 4 + a n+ x) 2 


except that 0n+i^^ 04 - 
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The proof of these may be made in a similar way to that in the last 
article. 

If we put a„+i = a 3 in (4) and — a 4 in (5) then both become 

(ai — a 3 ) 2n — ( a 2 — a 4 ) 2 * , 

C= {(fli + w - la 3 ) 2 - (a 2 + « - la 4 ) 2 } 

(ai — a 3 ) 2 — (a 2 — a 4 ) 2 

which becomes when a 2 = a 4 

C = (ai — a 3 ) 2n_2 {(ai + n — 1 a 3 ) 2 — (wa 2 ) 2 } 
and this when ai = a 3 gives 

C(ai } a 2j ai 1 a 2} • ■ ■ ai,a 2 ) 2 n = 0 (n > 1) 

505. The circulant of order 2n-{-l, where 


a i — d 3 — 

a 2 = a 4 = 


— #2n+l 
“ &2n 


has for value 

C = (a\ — af) 2n (n — laj + na 2 ). 

The proof follows as in the other cases. 

From this and §476 we see that a circulant of odd order 2n+\ having 
n a’s and (n— 1 ) b’s for elements has the same value whether the a’s and 
b’s occur alternately or all the b’s follow all the a’s. 

Exercise: If X is an odd prime, a an imaginary root of the equation 
o: x = l J and 7 a primitive root of the congruence 7 x ~ l = l (mod X) 
then show that the determinant 


= X (X-2)/2 . 


a 

OL y 

a y 2 . 

■ a yX 2 

a y 

a y2 

a y3 ■ 

■ a 

a y\-2 

a 

a y - 

■ ■ <x^~ 3 


506. If in the circulant C(ai ) a 2 , ■ ■ ■ , af) we put ay = ai } a^ — a 2i 
a 5 = d 3 it becomes 

C(ai,a 2 ,a< 3 ,(j 4 ,a 3 j (Z 2 3 fl r i) = ( 2 tfi + 2 a 2 + 2 a 3 + a 4 ) 


X 


0 

1 - 2 

2-3 

3-4 

4-3 

3-2 

2 - 1 

0 

1 - 2 

2 - 3 

3-4 

4-3 

3 — 2 

2 - 1 

0 

I - 2 

2-3 

3-4 

4-3 

3-2 

2 - 1 

0 

1 - 2 

2-3 

3-4 

4-3 

3-2 

2 - 1 

0 

1 - 2 

2-3 

3-4 

4-3 

3-2 

2 - 1 

0 


= s F, say, 


where F is zero-axial skew and therefore the square of a Pfaffian. 
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If C is of order 8 and 0 8 = 0 2 , 07 = 03 , 06 = 04 then 

C{a 1 , ^ 2 , 03 , 04 , 05 , 04 , 03 , 02 ) 

5-3 0 3 - 5 2-4 1-3 0 

0 3 -5 2- 4 1- 3 0 3-1 

3-5 2- 4 1- 3 0 3-1 4-2 

= s- s' = s s G , 

2-4 1-3 0 3-1 4-2 5-3 

1- 3 0 3 -1 4-2 5- 3 0 

0 3 -1 4-2 5-3 0 3 - 5 ^ 

where G is zero-axial skew and therefore a perfect square. 

Exercises. Set XXV 

(1) If CO* fi, x 2 , • ■ , x w ) and C(yi, yz 9 1 ■ * , ^n) be two circulants 

such that 


show that 


*1 

x. 


— 

= = 

. . = — 

Yi 

3*2 

3'n 

Xi 

X 2 

X n 


Fa Yt F, 


where X T and F r are primary minors. 

(2) If Xi — 0 i = x 2 — 02 = ■ • = x„ — a n — y and C(x, x 2 , x n ) = 0 

then C(y+0i, y+0 2 , ■ ■ ■ , y + 0 n )=O and 

0 1 1 1-1 

1 0i 02 03 “ ' ■ 0 n 

y = C( 01 , 02 , ■ ■ ■ , a n ) ~ 1 02 03 04 * ■ 01 


1 0 n 0J 0 2 0 n _ 1 

(3) If /(x) be a rational integral function of x, or a convergent 
infinite series in ascending powers of x, and f T be a derived series 
whose terms are in order the rth 7 (r — X)th 7 (r— 2A)th ■ ■ ■ terms of /, 
then the circulant C(/ 0 ,/i, / 2 ■ ■ ■ /x-i) =f(x)f(aix)f(a 2 x) • ■ -/(ofx_ ix) 
where ai,a 2 , ■ ■ ■, are the Xth roots of 1. 

(4) If 

/ = € z + € a * + € a2z + € aSz + C a4z , 
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a is a primitive fifth root of l,and/', f", ■ ■ ■ denotes the first second 
etc. derivatives of/, show that 

C(/,/' = <7(5,0, 0,0,0) = 5*. 

(5) If C = C(* i, x 2 , ■ ■ ■ , x n ) and P = t c then show that 

d' P d' P d'p _ (- l) r-1 »(r - 1)! 

dxi r dXi" dx„ T ( 

(6) If C=C(x, y, z) show that 

/ a 3 a 3 a 3 \ 

( 1- 1 )C" = 27» 3 C“- 1 . 

\a* 3 dy 3 dz 3 ) 

507. If we square the array formed by adding a column of x’s to 
the circulant C(«i, a^, ■ ■ ■ , a„) we see by §227 that the result is 

508. Determinants of order 2 n where the first n rows are the same 
as those of one circulant and the last n rows the same as the first 
n rows of another circulant have been called semicirculants. 

The semicirculant 

abcdefgh 

habcdcfg 

ghabcdef 

fghabcde 

A = 

h g f e d c b a 

ahgfedcb 
bakgfedc 
c b a h g f e d 

where the first n rows are the same as those of the circulant 
C(a, b, c y dy e, fy g, h) and the last n rows of the reverse circulant 
C(k f gyfy e f d y Cy by o)y obviously contains ^2 a as a factor. If we 
denote the sum of the elements in the even positions of the first line 
by e and those in the odd positions by to and perform the following 
operations 

tl + Tz + Tb + ■ ’ 72 + 7 4 + 7 6 + 
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we get 


CO 

e 

c 

d 

e 

/ 

g 

h 

e 

CO 

b 

c 

d 

e 

f 

g 

CO 

€ 

a 

b 

c 

d 

e 

f 

e 

CO 

h 

a 

b 

c 

d 

e 

e 

CO 

f 

e 

d 

c 

b 

a 

CO 

€ 

g 

f 

e 

d 

c 

b 

e 

CO 

h 

g 

f 

e 

d 

c 

CO 

€ 

a 

h 

g 

f 

e 

d 



Performing the operations c 7 + c 6 , c 8 + c 8} ^5 — ^ 4 , r 6 — r 3 , r 7 — r 2 , r 8 — r i, 
n — r 2) r 3 — n gives 


co € c d e f g + e h + / 


e c o b c d e 

0 0 a — c b — d c — e d — f 

0 0 h — b a — c b — d c — e 

0 0 f — k e — a d — b 0 

0 0 g — a f — b e — c 0 

0 0 h-bg-ef-d 0 

0 0 a — c h — d g — e 0 


f + d g + e 

c — c d — h 

* 

b-f c - g 

0 0 

0 0 

0 0 

0 0 


= (co + e) (co — e) ■ 0 . 


This shows that (co+e) 7 (co— c) are factors and that the remaining 
factor is zero. 

If we write A thus 


d 

e 

/ 

a 

b 

c 

/ 

g 

h 

c 

d 

e 

h 

a 

b 

e 

/ 

g 

b 

c 

d 

g 

h 

a 

d 

e 

f 

a 

b 

c 

f 

g 

h 

c 

d 

e 

e 

d 

c 

h 

g 

f 

c 

b 

a 

f 

e 

d 

a 

h 

g 

d 

c 

b 

g 

f 

e 

b 

a 

h 

e 

d 

c 

h 

g 

f 

c 

b 

a 

f 

e 

d 

0 

0 

0 

0 

0 

0 

1 

0 

0 
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which is accomplished by moving bodily the 4th, 5th, 6th columns 
and making them the 1st, 2nd, and 3rd and repeating the 6th column 
as the 7th. In this form it is seen that the first 8 rows are centro- 
symmetric. Operate as follows n-*r 8 , r 2 — r 7 , r 3 — r 6 , r 4 — r 5 and we get 


d — h 

e 

— 

g 

0 

a 

— 

c 

0 

c 

— 

a 

0 

g 

— 

e 

h 

- d 

c “ g 

d 

— 

/ 

0 

h 

— 

b 

0 

b 

- 

h 

0 

i 

- 

d 

g 

— c 

b-f 

c 

— 

e 

0 

g 

— 

a 

0 

a 

- 

g 

0 

e 

— 

c 

f 

- b 

a — e 

b 

— 

d 

0 

f 

— 

h 

0 

h 

- 

f 

0 

d 


b 

c 

— a 

e 


d 


c 


h 


g 


/ 


c 


b 



a 

f 


e 


d 


a 


h 


g 


d 


c 



b 

g 


f 


e 


b 


a 


h 


e 


d 



c 

h 


g 


f 


c 


b 


a 


f 


e 



d 

0 


0 


0 


0 


0 


0 


1 


0 



0 


Coli+col 9 , col 2 +col 8 , col 4 +colc gives a rectangle of zeros m by m+l 
and therefore the determinant is zero. 

509. If we take n odd, equal to 2w + l. say, so that the order of the 
determinant is 4m+2, then 


a 

b 

c 

d 

e 

f 

g 

h 

m 

n 

h 

a 

b 

c 

d 

G 

f 

g 

h 

m 

m 

n 

a 

b 

c 

d 

e 

f 

g 

h 

h 

m 

n 

a 

b 

C 

d 

e 

f 

g 

g 

h 

m 

n 

a 

b 

G 

d 

e 

f 

n 

m 

h 

g 

f 

e 

d 

G 

b 

a 

a 

n 

m 

h 

g 

f 

e 

d 

c 

b 

b 

a 

n 

m 

h 

g 

f 

e 

d 

c 

c 

b 

a 

n 

m 

h 

g 

f 

e 

d 

d 

c 

b 

a 

n 

m 

h 

g 

f 

e 


where for convenience we have taken m — 2. Shift the last three 
(m+ 1) columns bodily to occupy the first (w+1) places, the determi- 
nant is then seen to be centrosymmetric and in consequence breaks up 
into two factors each of order 2m+ 1. 

From the one determinant comes co+e as a factor and from the 
other comes e; the cofactors in the two cases are alike. 
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Comparing these two cases we see that, when n is even =2 m so 
that the order of the determinant is 4m, the determinant cofactor of 
(w 2 — e 2 ) is of order 4m — 2, has a rectangle of zeros 2 m by (2m— 1) 
and is therefore zero. 

In the case n is odd =2m+l, say, the determinant cofactor of 
(oj 2 — e 2 ) i s 0 f or( ier 4m and has a rectangle of zeros 2m by 2m and 
therefore breaks up into two equal factors of order 2m. Wje are led 
therefore to the theorems \ 

(1) Every semicirculant of order 4m vanishes \ 

(2) Every semicirculant of order 4m +2 is equal to (w 2 — c 2 ) times the 
square of a determinant of order 2m. The determinant of order, 2m is 
the difference between the matrices of two per symmetric determinants. 

Exercises. Set XXVI 

(1) Show that if we make the cyclical changes of the second n rows 
the opposite of those in the first, the determinant is still resolvable into 
factors. 

(2) Show that the determinant formed by taking two rows of 
C(a, 5, e, d) and two rows of C(d y c , b, a) is resolvable into factors 
or vanishes. 

(3) Show that every determinant formed by taking any three 
consecutive rows of C(a, b , c, d } e) and any two consecutive rows 
of C(e, d y Cj bj a) is resolvable into three factors, one linear and 
two quadratic. 

(4) If C(ai, a 2 , 0 . 3 , 04 , 05 ) is symmetrical with respect to the second- 
ary diagonal and if C(bi 7 62 , 63 , 64 , 65 ) is symmetrical with respect to 
the primary diagonal, and if M represents the determinant of the 
sum of their matrices and N the determinant of the differences of 
the same two matrices, then show that 

M-N = C(U,V,W,W,V) 

where 

U = £«1 2 - 


0 0 

v = - EM;-, 

0 0 

W = ~ EMs 


0 

S a l a 2 = 01^2 + 0203 + 0304 + 0406 + 0&0I 


where 
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and hence 

M N _C(U,V, W,W,\) 

Z>i + IX X>a - X>> ~~ ~ V + 2V + 2 W~ 

and 


M 

" 1 “ 


{ V + F(e + e- 1 ) 

+ W(e 2 + e- 2 ) } { t/ + F(e 2 + e- 2 ) + W(e - e ~ l ) } 


where € is an imaginary fifth root of unity. 


Block Circtjlants 


510. Determinants of the form 

A B C D 

B C D A 

C D A B ' 

D A B C 

where A, B, ■ , are square arrays of any order n } might well be 
called block circulants. The blocks circulate in these in the same 
manner as the elements in the regular circulants. 

511. If A= |a lm |, \bi m \, etc. then it is readily seen by adding 
all the columns in the symbolic form, that the determinant of order 
n ■ m 


A B 
B A 


ABC 
B C A 
CAB 


A = 


A BC 
B C D ■ 
CDE 


has as a factor the determinant of the matrix \\A'-\-B+C+ ■ ■ ■ ||, 
which, of course, is the determinant having for its rth column the 
elements formed by adding the corresponding elements of the rth 
columns of A , B, C, ■ ■ ■ . 

The other factor is obviously 

C - B D - C E - D 

D - C E - D F - E 

E - D F - E G ~ F 


which is persymmetric in block notation. 
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We have, therefore, the theorem that the block circulation of n 
general in-line arrays is expressible as the product of two determinants, 
one of which may be expressed in per symmetric form. 

512. If in the preceding section n = 2 then 

A B I,, M II ii ii ii 

A = = Li 2 - B 2 \\ = \\a + b\\ \\a - B\\ J 

BA " " j 

That is, the block circulant of two m-line arrays is expressible as the 
product of two m-line determinants . \ 

513. In §511 we have seen that the determinant of the matrix 
H-4+2J + C+ ■ ■ • || is a factor of A. Let us suppose now for con- 
venience sake that n = 3 and let us perform on 

A B C 

A = B C A 
CAB 

the operation ci+a^ 2 +crc 3 where a? is a cube root of unity and. where 
a A means that each element of A is to be multiplied by a etc. Then 
we get 

A + aB + olK: B C 
A = B + aC + at 2 A C A 
C + olA + a 2 B A B 

1 B C 

= \\A + aB + oi 2 Cj| a 2 C A 

a A B 

,, w C — aA A — aB 

= L4 + aB + a 2 C 

A — aB B — aC 

showing that the determinant of the matrix \\A +ai?+a 2 C|| is also a 
factor. Similarly we find that the determinant of the matrix 
||^4 +a 2 ^+ojC|| is a factor. We have, therefore 

A = - \\A + B + C\\ ■ \\A + aB + oK || \\A + a 2 il + <xC\\ ■ 

If we expand the determinant of \\A +aB-\-oi 1 C\\ as a sum of de- 
terminants with monomial elements we get P+<xQ+oi 2 R where P 
represents all the terms independent of a, Q all those containing a as 
a factor, and R all those containing a 2 as a factor. We have therefore 

A = - (P + Q + R)(P + otQ + a 2 R)(P + a 2 Q + R) 
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or 

A = C(P ,Q ,R) . 

514. In general , the block circulant A formed front n m-line general 
determinants is equal to the product of n determinants of order m. 
That is 

n — 1 

A = h' ^ ||^4 + ot k B + a 2k C + ■ ■ • + o< u “ l) k L | | , 

0 

where h= ( — i)(»-i)(n- 2)/2 
The proof follows as in §513. 

515. If A, B, C, ■ ■ • are circulants then the determinant of 
||^4 +a k ^+o: 2k C+ • • • +a (w_1) *I'|| is a circulant and breaks up into 
linear factors. Take the case when n = 3 and m — 3 and multiply 

ABC 

A = B C A 
CAB 


where A =C(ai, a 2j af) etc. by 

P P fi 

A\ = jS a. 2 ft a(3 
P a(5 a 2 f5 

where 


1 1 1 

(3 ss 1 a 2 a 

1 a a 2 


a. is an imaginary cube root of unity, and a 


(: 3 means that each row of 


P is to be multiplied by ot } etc. 

Denoting the product of the 1st row of A by the &th row of A x by 
Sk and taking the product of A and A\ in the non-symbolic form we 


have 


Si 

5 l 


Sl 


Si 

Sl 

Si 

Sl 

So 

S'lOL 

s 2 a 2 

s 2 

.V20 

^2 

s 2 a 2 

S 2 

s 2 a 2 

s 3 

S’ A ot 2 

S3CX 

S3 

S3CX 2 

J3O 

s 3 

s 8 a 2 

s$a 

s 4 

s 4 

S 4 

s 4 a 

J 40 

s 4 a 

S 4 a 2 

i'40 2 

S 1O 2 


J 50 

Sr, a 2 

s b a 

Sr>a 2 

Sb 

Sr, a 2 


s b a 

-S '6 

s 6 a 2 

s r ,a 

s G ot 

s 0 

s G a 2 

Sga 2 

s e a 

S 6 

*7 

S7 

s 7 

s 7 a 2 

s 7 a 2 

s 7 a 2 

s 7 a 

s 7 a 

s 70 

■S’ 8 

s 8 a 

s 8 a 2 

.S’ so: 2 

S 8 

S gO 

s go 

s 8 a 2 

S 8 

S 9 

Sga 2 

s g a 

Sga 2 

^90 

Sg 

S90 

s 9 

Sga 2 

Si S 2 

S3 • 

■ 

Ai 
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therefore 


A = Si-S2‘S 3 - ■ s 9 . 


516. If m = 2 and we take another determinant of order 6 


A ' B' C 
B ' C' A' 
C' A' B ' 


and use it with A to form a new block determinant 

I A A x I 



then 


i 



A 2 = II A a - A x 2 || = ||a + aJMIai- a|| 

= \\A-\-A' -\-B-\-B' -\-C+C'\\ \\A+A' +a{B+B')+*\C+C')\\ 
■WA+A' + a'iB + B^ + ctiC + OW X|M -A' + B-B'+C-C'\\ 
■p- J 4 , +«( J B-£')+« 2 (C-C')|MM-vl , +a 2 (-B-^ , )+“(C-C , )|| 

If A, B, - - , are circulants then 

A 2 = { (fli + a{ -\~bi~\-b{ + Ci + c{ ) 2 — (a 2 + aa ; + ^2 + W + c 2 + c{ ) 2 } 
X {(tfi + Ox 7 + abi + abl + at 2 Ci + a 2 c {) 2 

— 0:^2 + ctbi a 2 C2 H~ ck 2 ^2 ) 2 } etc. 


That is A 2 is the product of twelve linear factors. 

517. It will appear by shifting rows and columns, that the comple- 
mentary minor of any element in one position is the same as that of 
the same element in any other position. 

As a consequence of this it is seen that the adjugate of a block 
circulant is a block circulant of the same type as the original. 

518. The product of two block circulants is homogenetic , that is, the 
product is of the same form as the factors. 

We have seen (§472) that this is true for ordinary circulants and 
the product in symbolic form shows that it is true for block circulants. 
Thus 


A B C • 


A' B' C' • • 

BCD 


B' C' D'- 


AA' + BB' + CC + ■ ■ AB r + BC* + CD' + ■ ■ • 

BA' + CB' + DC r + BB' + CC' + DD' + ■ 
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Here, as in §472, the symmetry is with respect to the secondary 
diagonal. 

If the order of a block circulant is 2 n then complementary minors of 
order n differ at most in sign. 

519. If a block circulant is of order, 2 M , and such that the elements 
(r, $) = ($, r) = (r+2 k_1 l $+2 k_1 ) for every and for r, s^2 k , 

then the form of such a determinant, known as Pucta’s would be 


01 

02 

0 3 

04 

06 

00 

07 

08 ' 

02 

01 

0 4 

03 

06 

06 

08 

07 ■ ' 

03 

04 

01 

0 2 

07 

08 

05 

00 ‘ • 

04 

03 

0 2 

01 

08 

07 

06 

06 * ' ■ 

06 

0fl 

07 

08 

01 

0 2 

03 

04 • ‘ ■ 

06 

05 

08 

07 

0 2 

01 

04 

0 3 ‘ ' 

dl 

08 

05 

06 

03 

0 4 

01 

02 ' 1 ’ 

0s 

07 

06 

05 

0 4 

03 

02 

01 * ■ ■ 


It is obviously centrosymmetric and therefore breaks up into two 
determinants each of order 2' i_1 . 

The simplest case is Qu = 1) 


( 1 ) 


01 

0 2 

0 2 

01 


— a-2 = (#i + 02X01 ~ 02) • 


The next case is (/* = 2) 


(2) A 4 = 


01 02 03 04 

a 2 01 04 0 3 0 3 — a 2 04 — 01 03 + 02 04 + 01 

0 3 0 4 di 02 04 “01 03 “ 02 04 + 01 03 + 02 

0 4 0 3 02 01 

= (03 “ 02 + 0 4 — 0lX03 — 02 + 04 + 0l) 

(03 + 02 + 04 + 01X03 + ^2 04 01) j by (1) 


The next case of order 8 would break up into two centrosymmetric 
factors each of order 4 and therefore by (2) each into four linear 
factors and give for As eight linear factors. So we see in general that 
A 2ji breaks up into 2 M linear factors. 
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520. If we use P to represent a Pucta determinant of order 2 n and 
P p to denote the Pucta determinant whose elements are the linear factors 
of P y then 

P p = ( 2 n ) 2n aia 2 • ■ ■ a 2 ". 


Thus, taking n = 2 for convenience, and denoting 

O'*) CL\ — 02“b#3 — O' 4, 0i~{-02 — Os — 0 4 , 

by 

respec lively we have 



<T i 0 2 a 3 <r 4 a j. 0 2 03 0 4 1 1 'y 1 1 

<72 ITl (T 4 ff3 01“02 03 — 0 4 1 — 1 1 — 1 

03 04 0j 0o 01 02 — 03 — 0 4 1 1 — 1 — 1 

04 03 02 01 01 — 02 — 03 0 4 1 — 1 — 1 1 



1 

1 

1 1 

2 

4 . . . 


1 

-1 

1 -1 


■ 4 ■ 

— 01020304 

1 

1 

-1 -1 

— 0102030 ^ 

4 


1 

-1 

-1 1 


• 4 


= (2 2 ) 22 0i020 3 04. 


521. If to the array of a Pucta determinant P of order 2 m there he 
annexed an additional column having all its elements identical , the 
determinant which is the square of this extended array is wholly resolvable 
into linear factors. 

To show this we observe that the square is a Pucta determinant 
with quadratic elements, and by §507 this square is seen to be 


P 2 + 2 




or {2 m x 2 + ( 



where x is the common element in the added column. 

The factors of P being linear the truth of the theorem appears. 

522. Quite similar properties are true of determinants where the 
iterating blocks, A, B, ■ ■ ■ , are skew circulants. Thus the de- 
terminant akin to Pucta’s generated by iterating the array |-£a| as 
Pucta’s is generated by iterating the array |£a |, can be readily seen 
to have the following properties : 

(1) Resolvability into linear factors. 

( 2 ) Having its ad jugate of the same form as itself. 

(3) They are homogenetic. 
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523. The determinant 



dll ■ 

' ^171 

-bn - ■ 

bln 


d n l ' 

' O'nn 

bnl 

bnn 

D - 

bn • 

■ bi n 

an ■ ■ ■ 

Q'ln 

, 

bnl ■ 

bnn 

dfi i ■ 

&nn 


is the eliminant of a set of linear homogeneous complex equations 
in the 2 n quantities p X} ■ * •, p n , q ly - • ■ , q n 


a) 


( (^n + bni)(Pi + qii) + * c - + (flin + bi n i)(p n + q n i ) = 0 


(a n i + b n ii)(pi + qii) + ■ ■ ■ + (fl«n + b nn i)(p n + q n i ) — 0 


This determinant D is obviously unaltered in value (except the 
sign will be changed when n is odd) by rearranging the last n rows and 
the last n columns so that they will be in the reverse order, and then 
multiplying the elements of the first n rows and the last n columns 
by In this form it is seen to be centrosymmetric with all the b’s 
positive and all the a’s multiplied by i. It may therefore be expressed 
as the product of two factors D' and D" ) say. Thus D = D r - D" where 


D f = 


and 


D" = 


b\n 

+ ami ■ 

■ bn + aiii 

bnn 

+ CLnni ' 

‘ bnl + 

b\n 

— dini ■ ' 

' £>11 O'lli 

bnn 

d n n^ 

• b n l — &nli 


, Or b ra "1“ d rB i j 


or b ra — a T »i | . 


Then 


D = (X + iY)(X - iY) = X 2 + YK 


That is D may be expressed as the sum of two squares. 

The matrix of the determinant D may be expressed 
by 


(An) 

(Bn) 

(- B n ) 

(An) 


symbolically 
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If instead of equations (1) we had taken the following 

( dn + bui)(pi + qii) + ■ ■ ■ + (am + bini)(p n + q n i) = 0 

— (ai 2 + bui){pi + qii) + ■ ■ ■ + (a 2 n + b 2 n i)(p n + q n i) = 0 

— ( a ln + bi n i){pi + qii) — • ■ - + (am + bi n i)(pl + q n i) = 0 

then the matrix of the determinant of this set may be expressed 

symbolically by \ 

(At) W (Ct) ■ • ■ 

(--BO (A%) (DO — 

(- CO (“ DO (ilO ■ ■ ■ 

Exercises. Set XXVII 

1. Show that C(abc, def , ghi, jkl , mno)=C{adgjm 1 behkn, cfilo) 

2 

abed 
bade 
c d a b 

d c b a 

and A , B, C, D are the elements of the ad jugate, show that 
A + B +C + D = (a + b- c- d){a - b + c - d){a - b - e + d) 

A 

a + b + c d 

A 

A-\-B~C — D — j etc. 

a b — c — d 

3. If the linear factors of A in example 2 are p, q, r, s and those of 
the adjugate are P, Q, R, S, then 

-<4a + Bb + Ce + Dd = A = pqrs , 

Ab + Ba +Cd + Dc = 0, 

Ac + Bd -f- Ca -f“ Di = 0, 

Ad + Be + Cb + Da = 0, 

where A, B, C 9 D are the signed primary minors of A. 


If A = 




SYMMETRIC DETERMINANTS 


493 


Show that 


p = 


<2 = 

prs, 

a 2 

f> 2 

c 2 

d 2 

A 2 

o 2 

d 2 

c 2 

c 2 

d 2 

a 2 

b 2 

J 2 

c 2 

b 2 

a 2 

= 2" 

-5(^2 

+ 5 

2 + 

^l 2 

5 2 

C 2 

D 2 


,4 2 

D 2 

C 2 

C 2 

D 2 

A 2 

B 2 

2)2 

C 2 

B 2 

A 2 

= 2 

u (a 2 

+ b 2 

+ t 


QRS 

pqr, and p 3 = > etc. 


A«B 1 C 2 D 3 ,. 4 t 

(d) r = - (a + b + c + dY A 2 . 

W | a 0 b' c 2 d 3 | 

4. If in a determinant of n rows the successive rows proceed frwm 
the first by permutations which form an Abelian group of order a 
(including identity), the determinant is expressible as the product 
of n linear factors. 

5. If 

A B 

A ^ B C ’ 

where A=C(a, b, c), B = C(d , ej) then show that 

A = (a + 6 + c + d + e + f)(a + b + c — d — e — f) 

j C(a t b,c ) _ C{d,cJ) \ 2 

’ U + b + c d + e+f f 


6. Show that the circulant of the arrays of C(a if a 2 , a 3 ), C(a A , a 6 , a 6 ), 

C(a 7 , a Bj a 9 ) x 

(a) is the same as the circulant of the arrays of 4, V\ 

C{d 2, flfiy &&) j C( fl a, da 9 d 9 ). 

(b) is divisible by C(ai+a 2 +aa, a A +a b +aa y aT+ag+Qv- 



494 


THEORY OF DETERMINANTS 


7. Show that 

abode / gh 

— b a d — c f — e — h g 

— c — d a b g h — e — / 

— d c — b a h - g f — e 

— e — f — g — h a b c d 

“ / e - h g - b a - d c 

— g h e — f - c d a — b 

— h — q f e — d — c b a 

Section III. Aggregates 



(a) Centrosymmetry 

524. Under the conditions of centrosymmetry the right-hand side 
of the theorem of §318 vanishes and we have 


(2m | m a | k t )(2 m \ m a | k 7 ) . (2 m | m a ) ^ 

, (2m | m*) i (2m | m a | k/)(2m | fh a | k t ) 

It is to be observed here that we do not get a true vanishing aggre- 
gate for every selection of the 2 m numbers m at a time. For if % and 
y be any two of the m numbers in any given selection, then whenever 
x+y = 2m-\- 1 some of the minors in the first sum have their conjugates 
in the second and cancel each other while others will vanish identi- 
cally. Those that remain, if any, form an aggregate which is the 
extensional of a vanishing aggregate of minors of lower order. Thus 
for a determinant of order six if we take the selection 256 we get 


2 5 1' 

2 2 6 

5 5 6 

2 5 6 

2 5 6 

256 

2 5 6 + 

2 56 + 

2 5 6 

2 5 1 

2 2 6 

5 5 6 


in which the 1st and 4th are conjugate and cancel each other and the 
others vanish having identical rows or columns: 

For a determinant of order eight taking the selection 1678 we get 


1 

6 

7 

1 

1 

6 

2 

8 

1 

3 

7 

8 

8 

6 

7 

8 

1 



8 

+ , 




+ 




+ 




6 

7 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

8 

1 

6 

7 

1 

1 

6 

2 

8 

1 

3 

7 

8 

8 

6 

7 

8 ’ 
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which reduces to the extensional of I — ioa I — I^t I- Neg- 

lecting these degenerate aggregates we have, if X denotes the number 
of true vanishing aggregates of each type (that is for each of the m — 1 
values of k) for the determination of X the following 



^ m(m — 1) 



- ■ (m - 2 r + 1) 

2 

(H ) 2 



This we see by counting the number of combinations containing 
one, two, etc. pairs of numbers satisfying the equation x+y = 2w+l 
and subtracting the result from C 2w ,m and observing that for every 
relation as given there is another 


(2m | m a | k)(2m j m a | k t ) 

(2m | m a ) 

(2m | m a ) 

i I (2m | m a | k){2m | m n | k,) 

which in virtue of the centrosymmetry is not different from the first. 

On examining a set of X true vanishing aggregates of any type k 
it will be seen that: 

(a) Each aggregate contains (m) k terms together with the negative 
of their conjugates. 

(b) Every minor | [£) | enters two aggregates in one with (b) as 
the selection of columns and in another with (a) (or (a)) as the selec- 
tion of columns. 

(c) There are (m) k X independent minors \(m) *-X with their 
conjugates). 

(d) For every set of ^X aggregates there is a set of ^X minors (one 
in each aggregate) whose conjugates are found in the remaining \\ 
aggregates. 

(e) The sum of the X aggregates vanishes. 

It follows from (a) and (b) that every minor enters one aggregate 
with the positive and one with the negative sign, and that any two 
aggregates have either two or no minors in common. 

It follows from (d) that no fewer than X aggregates can vanish. It 
follows that the number of linearly independent aggregates of each 
type is X — 1. 
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(b) Skew-Centrosymmetry 

525. Since every minor of order m of a skew-centrosy inmetric 
determinant A of order 2 m is equal to the reflex when m is even and 
to the negative of the reflex when m is odd it is evident that the 
vanishing aggregate of type k for skew-symmetric determinants is 


(2m | m a | k l )(2m | m a | k t ) 

i (2m | m a ) 


( ™)k 

(- l) m El 
1 


(2w | m a ) 


(2m | m a | k t )(2 m \ m a | ky ) 


(c) Axisymmetry 

526. If in §312 we impose the condition that the original determi- 
nant has the coaxial minor | | axisymmetric the right-hand side 

of the theorem will vanish. Thus for the example there given we would 
have the left-hand side, which we shall write S 1 5 6 7 I I > equal to zero. 

527. If & = w — 1, then the theorem of §526 becomes 

1 2 3 ■ • ■ ft I 

= 0 , 

n \ n - \- 2 w 3 ■ - ■ 2 n | 


£ 


a result due to Kronecker. It should be observed that the theorem 
does not require that the whole determinant of order 2 n be axi- 
symmetric, but it is sufficient that the minor | i a :::"+x I be axisym- 
metric to have 


1 2 • ■ n 

n + 1 n + 2 ■ ■ ■ 2n 


= 0. 


528. It is apparent that 


( 1 ) 


1234 

5678 


= £ 


1234 

5678 


+ £ 


1245 

3678 


, where 


£ 


1245 

3678 


has 1, 2 constant in the rows and 3 constant in the columns of every 
term. This is dependent upon the relation (6) 2 = (5) 2 +(5 )i. The 
general to which this leads depends upon 
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(m + k) k = (m + 1)*; + (k — l)i (tn + l)*^ 

+ (A — 1 )i(m + 1)*_ 2 + ••+(£ — 1 ) fc_2 (»» + 1)2 + (m + l)i 
and is that, an axisymmetric determinant of order 2m 


£ 


X\ X2 ' ■ x m ^ k yiy 2 ■ ■ ■ y k 
y fe+iy fc+2 * y rn-t- k 


where the x’s and the y’s together are the numbers 1, 2, 3, ■ ■ , 2m, 

maybe [written as a sum of sigmas where under each sigma the {m—k)x } s 
and (ft — 1) of the y’s remain constant while the remaining (w+ l)y J 5 vary 
from term to term. 

Thus if we denote the numbers indicated by the x’s and the selection 
of (ft — l)y’s by ai, a 2 , - • ■ , a m -i and the remaining (w+l)/s by 
ft, ft, • ■ ■ , @m+i then we may write 


£ 


X2 ■ x m _ kVi ■ y k 

y ~ y m-f k 


= T,h(k - 1)* E/3 


0 


Oti • ■ • OU-fc+Aft * ■ ft-./, 

— /c+A+1 — 1 — A-j-1 1 ■ 'TU’J-l 


529. By §526 we know that the term on the left of (1) §528 is 
zero, and by §527 we know that the first term on the right is zero and 

therefore X) 1 3678 ! =0* _ 

This may be looked upon as the extensional of X 1 678 1 =0. 

Similarly 1 2678 1 =0, so that we have 



12341 ^ 

1245 1 


1345 


1678 

E 

1 = £ 

i 

= £ 


= £ 



56781 

3678 


2678 


2345 


or 


£ 

a/iyd 

= £ 

a/3 S( 

+ £ 

aySe 

/3$jJ0 

- £ 

a$tf 

PyvO 


In order to have the Law of Extensible minors applicable to any 
given identity it will be seen that the proof of this theorem requires 
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(a) that the extended determinant be of the same form as the original 
and contain the latter as a minor, and (b) the adjugate be a determi- 
nant of the same form as the original. These requirements are obvi- 
ously satisfied in case of axisymmetry. 

530. From the two relations 


( 1 ) 

( 2 ) 


E 

E 


1234 


1234 


1235 

+ 

1245 

. 

1345 

5678 


5678 


4678 

3678 


2678 

1234 


1234 


1235 

+ 

1236 


1237 

5678 


5678 


46781 

4578 


4568 


+ 

+ 



=o 


=o 


we have 


1245 

3678 


1345 

2678 


2345 

1678 


1236 

4578 


1237 

4568 


1236 

4567 


or 


E 


1245 

3678 


= E 


1236 

4578 


From (1) we have 

1234 
5678 

Therefore 


E 


E 


1245 

3678 


1245 


12341 

1236 


= - £ 

= £ 


3678 


5678 

4578 


■y 1 <2/37*5 

= - E 

afiey 

= E 

afiet; 





ySrj 6 


It is to be observed that the 2m numbers are divided into three 
groups, the first containing x, the second y, and the third z of the 2m 
numbers, where ( x-\-y+z ) = 2 m and in the first sigma the x numbers, 
in the second the y numbers, and in the third the z numbers vary 
while the others remain invariant in each case. 
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531. If s+t = s'+t' = m, then the general statement* of the rela- 
tions in the last article may be expressed as follows: 


= (- U*Z* 
= (- Z* 


(2m \ t' + s ai )(2w | t' + | 5 aj | /.,) 

(2m | t' + s ai | s ai )(2m | t' + s„, |s„ 2 1 (,) 

(2m. | t' + .v 0l | s„ ! )(2»i | t' + s a , | t L ) 

(2m | t' + s ai | | t' + s ai | if,) 

(2m | t' + s„,)(2ot | | + s ai | i„ 2 | s') 

(2m | t' + s ai | s„ 2 )(2w. \ t' + s ai \ s„ 2 | s [ ) 


where the groups of the 2m numbers involved are 

(2m | t' + s a , | s tt2 ) , (2m \ t' + s„ 2 ) , (2m \ t' + | s„ 2 ) . 

532. In §316 we see that when the determinant is axisymmetric 
the left-hand side is a sum of Kronecker expressions, and denoting 
it by {n — k) 0 K{n, k) } we may write the theorem schematically 

(1) ( n — k) 0 K(n,k) = + g,ti)K(?i — g — h,k — h ) . 


If in this g = 1, then 7\(/z + g, h) is a Kronecker expression, and if 
in addition k = n — 2, then K (n — g — h, k — h) is a Kronecker expression 
so that under these conditions the theorem expresses a sum of Kron- 
ecker expressions for minors of order w as a sum of products of 
Kronecker expressions for minors of order h-\-g and n-h—g respec- 
tively. It is apparent that, by repeated applications of the theorem 
and by a proper choice of g } we may reduce both factors of each term 
on the right of (1) to Kronecker expressions. 

If all the 2 n numbers involved are not distinct then some of the 
terms will disappear on account of having identical rows or columns 
and the sum on the left becomes an extensional as also some of thos< 
on the right. 

Thus in the example 


12345 

6789t 


12 

78 


345 

69r 


245 

69r 


+ - 


46 

78 


z 


123 
59 r 


+ 


56 

78 


z 


123 
49 t 


Proc. Royal Soc. Edin., vol. xxv, pt. v, p. 716. 
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if we put 9, t— 1, 2 respectively then 


12345 


12 


345 


131 „ 

245 




E 


— 

„ E 


67812 


78 


612 


78 1 

612 


+ 


If the minor | iilllS | is axisymmetric then the sums in lved here all 
vanish since they are either Kronecker relations or e extensions 
of Kronecker relations. 

533. We may obviously write 




0 i 0 2 da 


02 03 


0 i ■ da 


CL\ Q >2 

(i) 

b 1 b 2 ^3 

= 

b 2 ba 

+ 

b\ ba 

+ 

b\ b 2 


C 1 C 2 Ca 


Ci ■ • 


• c 2 • 


Gz 


and fill the empty spaces in the columns of the three determinants on 
the right with any numbers A, B and still have a true equation. It 
is also possible to fill the empty places in the third rows on the right 
and still have a true relation. Thus 


ai 

02 

a 3 


A 

#2 

a 3 

b 1 

b 2 

ba 

= 

B 

b'l 

b a 

Ci 

C 2 

Ca 


Ci 

OL 

0 


For the total coefficient of A is 


01 

A 

da 


a 1 

02 

A 

b 1 

B 

ba 

+ 

b 1 

b* 

B 

a 

Ci 

7 


0 

7 

Ci 


hi ba 
« 0 


b 1 
a 



h 

7 


and this is an example of Kronecker’s theorem made from the array 
61 & 2&3 and the axisymmetric determinant 

0 a ft 
a 0 7 

0 7 0 


by taking with the array the rows of the determinant one after another 
and deleting the column containing the zero in each case. It is there- 
fore zero as may be otherwise seen. The same thing is true of the total 
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coefficient of B. The coefficient of a } /3, 7 are seen to be zero and 
therefore the relation is true independent of the numbers introduced. 

Instead of expanding in terms of the elements of a single row and 
their complementaries we might expand in terms of minors of order k 
formed from k rows and their complementaries and fill in the vacant 
places with numbers in such a way as to still have a true relation. 
Thus expanding j a 66 | in terms of minors of order 2 and their comple- 
mentaries of order 3 and filling in the empty places we have 



All 

012 

P 1 

p 2 

Ps 


0n 

Pa 

013 

P4 

^6 ! 


021 

022 

Q 1 

Q* 

03 


021 

Q 1 

023 


(?5 

066 | — 

X\ 

#5 

033 

034 

03G 

+ 

*3 

032 

#5 

034 

036 


Xi 

#6 

043 

044 

046 


*3 

042 

#5 

044 

046 


#4 

Xfr 

053 

054 

055 


X3 

052 

*5 

064 

056 


011 

P 1 

P 4 

014 

Pi 


0 11 

Pz 

^5 

Pi 

015 


021 

Q 1 

Q 4 

024 

Qe 


021 

(?3 


Qi 

026 

+ 

Xi 

032 

033 

x 6 

035 

+ 

#1 

032 

033 

034 

*5 


X 2 

042 

043 

Xi 

045 


Xi 

042 

043 

044 

X& 


X 2 

062 

063 

X 5 

055 


Xi 

052 

063 

064 

x b 


P 1 

012 

013 

Pi 

Pi 


Pi 

012 

P 7 

014 

Ps 


0. 

022 

023 

Q? 

Qs 


Q> 

022 

Qi 

024 

Qs 

+ 

031 

*3 

Xi 

034 

035 


031 

X2 

033 

Xi 

036 


041 

*3 

Xi 

044 

045 


041 

x 2 

043 

Xi 

046 


061 

x* 

Xi 

054 

055 


051 

X* 

053 

Xi 

065 


P* 

012 

Pi 

Pi 

015 


Pa 

P 7 

013 

0 11 

Pio 


(?3 

022 

Qi 

Qi 

025 


Qa 

Ov 

023 

024 

Q10 

+ 

031 

Xi 

033 

034 

Xi 

+ 

031 

032 

X 2 

*3 

035 


041 

Xi 

043 

044 

Xi 


041 

042 

Xi 

Xy 

046 


061 

Xi 

063 

064 

Xi 


051 

062 

Xi 

X 3 

065 


Pi 

P^ 

013 

P 10 

016 


P 0 

P» 

p 10 

a 14 

016 


Q* 

Q 8 

023 

Q10 

025 


Qi 

Qi 

Q10 

024 

025 

+ 

031 

032 

Xi 

034 

x 3 

+ 

031 

032 

0?3 

£l 

x 2 


041 

042 

Xi 

044 

*3 


041 

042 

043 


Xi 


061 

062 

Xa 

0rU 

Xa 


051 

062 

063 

*1 

Xi 
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The truth of this is seen by showing that the total coefficient of 
any of the introduced numbers vanishes. Thus the coefficient of 
is seen to be 



OL \ = #31 — #41, «2 — #32 — #42 J _ #33 — #43, «4 “ #34 #44 

01 = #41 — #51 , 02 = #42 — #52, 03 = #43 #63, 04 = #44 #64. 

The coefficient of #25 in this is 


P 3 P 5 P 6 


P 3 Pa P 7 


p 6 P 8 P.'o 


P 6 P 9 -PlO 

Of 2 OLz Of 4 

— 

ai a 3 (*4 

+ 

ax a 2 a 4 

— 

ai a 2 o£ 3 

02 03 04 


01 03 04 


01 02 04 


01 02 03 


which is seen to be a case of Kronecker’s theorem formed by combining 
with the array 

ai a>i a 3 a 4 
01 02 03 04 

the rows of the zero-axial symmetric determinant 


0 

Pa 

P 6 

Pa 

Pa 

0 

Pa 

P 9 

P 6 

Pa 

0 

P ID 

P. 

P» 

P10 

0 


one after another and striking out the column containing the zero 
in each case. The coefficient of #25 is therefore zero. Similarly it is 
seen that the coefficient of #15 is zero and consequently the coefficient 
of X\ is zero. Similarly the coefficients of any of the #’s is seen to be 
zero. 
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The total coefficient of Pi is 



which is readily seen to be zero, and similarly for the coefficient of 
any other P. What is true of the coefficients of the P’s is also true 
for the coefficients of the Q } s. It follows therefore that the relation 
is not altered by inserting the 5 + 2- 10 = 25 new numbers. 

534. To see how the new numbers are introduced it is best to write 
the right-hand side in diagrammatic form. Using |a nn | <«-*)■* to 
denote the expansion of the determinant of the rath order in terms of 
minors of order k and their complementaries of order n — k } the number 
of terms in |<j M | 3 . 2 would be (5) 2 = 10, and if we use 45 123 to denote 

an ai 2 Pi Pi P 3 
a 2 i a 2 2 (>b Qz @3 


x 4 

X 5 

033 

034 

035 

X\ 


043 

044 

046 

X 4 

Xb 

053 

054 

055 


where the numbers in heavy type are the subscripts of the x’s and 
those in light type are the subscripts of the P’s and Q’s. The ten 
determinants on the right of (2) would then be expressed in the 
following diagram: 


4 

5 

1 

2 

3 

3 

1 

5 

4 

5 

2 

2 

4 

5 

6 

1 

3 

5 

6 

5 

1 

3 

4 

7 

8 

2 

2 

7 

4 

9 

3 

1 

8 

9 

4 

4 

7 

2 

3 

10 

5 

8 

1 

10 

3 

6 

9 

10 

1 

2 
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This not only gives the subscripts of the P’s, Q’s and x’s, but locates 
them and thereby determines the a’s for that particular term. 

The right-hand side of [077 (4-3 is given in the diagram 


IS 

20 

21 

1 

2 

3 

4 

14 

19 

1 

21 

5 

6 

7 

13 

18 

2 

5 

21 

8 

9 

12 

17 

3 

6 

8 

21 

10 

11 

16 

4 

7 

9 

10 

21 

10 

1 

19 

20 

11 

12 

13 

9 

2 

18 

11 

20 

14 

15 

8 

3 

17 

12 

14 

20 

16 

7 

4 

16 

13 

15 

16 

20 

6 

5 

11 

18 

19 

17 

18 

5 

6 

12 

17 

17 

19 

19 

4 

7 

13 

16 

18 

19 

19 

3 

8 

14 

17 

17 

18 

20 

2 

9 

15 

18 

16 

20 

18 

1 

10 

16 

19 

20 

16 

17 

1 

10 

14 

15 

21 

22 

23 

2 

9 

13 

21 

15 

24 

25 

3 

8 

12 

22 

24 

15 

26 

4 

7 

11 

23 

25 

26 

15 

5 

6 

21 

13 

14 

27 

28 

6 

5 

22 

12 

27 

14 

29 

7 

4 

23 

11 

28 

29 

14 

8 

3 

24 

27 

12 

13 

30 

9 

2 

25 

28 

11 

30 

13 

10 

1 

26 

29 

30 

11 

12 

11 

21 

6 

9 

10 

31 

32 

12 

22 

5 

8 

31 

10 

33 

13 

23 

4 

7 

32 

33 

10 

14 

24 

3 

31 

8 

9 

34 

15 

25 

2 

32 

7 

34 

9 

16 

26 

1 

33 

34 

7 

8 

17 

27 

31 

3 

5 

6 

35 

18 

28 

32 

2 

4 

35 

6 

19 

29 

33 

1 

35 

4 

5 

20 

30 

34 

35 

1 

2 

3 
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The law of formation of these is perhaps apparent but the following 
observations for the general case may be made as a guide. 

1) The number of determinants represented in the diagram is (n)*. 

2) The number of distinct x’s introduced is (n) k~\. 

3) The number of distinct P’s introduced is (tt) n -jfc-i= (w)*+i. 

4) The total number of new numbers introduced is (w)*_i+^(«) fc ^i- 

5) The number of times x t occurs is k(n)k/(n)k-i = (« — fc+1). 

6) The number of times P l occurs is (n— k)(n)k/(n) n -h-i = k+1. 

7) The x’s involved in the total coefficient of any P form by them- 
selves a zero-axial symmetric determinant. Thus in \a 77 (4.3 the total 
coefficient of P 3 6 involves 

x 3 x b x 6 0 
x 2 x 4 0 x 6 
Xi 0 x 4 x 5 
0 Xi x 2 x 3 

and the coefficient of Pi involves 

Xi6 x 2 o x 2 i 0 
X14 X19 0 X 2 1 

Xio 0 x 19 x 20 

0 Xio X14 Xn 

Similarly for the coefficients of the other P’s. 

8) In the case of \a nn ((«_*).*, using d’s to represent the suffixes of 
the x’s, the x’s involved in the total coefficient of Pi are those (using 
subscripts only) of the determinant 

d n d\2 * * • dik 0 

d 2 i di 2 ■ ■ ■ 0 


0 dk -\-\ ,2 * ■ ■ • dk+i,k+i 

where 


d rt — dk+2—»,k+2—r) 

d\h = (n — l)jk_i + (n — 2)fc_ 2 • ■ ■ + (n — h)k~h t (A = 1,2, • ■ * k) , 


dgh — dlh — (ft — k + g — 2) g—2 ) 

= 0 when g + h = k + 2 . 


u = 1,2, • • • 

U + MHl / 
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9) Similarly the P’s involved in the total coefficient of any x form 
bv themselves a similar determinant. Thus the coefficient of #]9 in 
jn 7 j 1 4.3 involves the P’s of the determinant 

0 Pi P 6 Pc Pi 

Pi 0 P 11 P 12 -Pis 

P 6 P„ 0 Pl7 Pl8 

P 6 Pl2 P 17 0 Pl9 

P 7 P 13 Pl8 P 19 0 

10) In the case of \a n „ |( n -t) using c’s to represent the suffixes of 
the P’s, the P’s involved in the total coefficient of Xi are those (using 
subscripts only) of the determinant 

0 c 12 613 ‘ ' ' c l.n— fc+1 

C21 0 C23 ■ ■ ’ ^ 2 ,n— fc +1 

* * 0 

c n -k+ 1,1 c n -k+ 1,2 Cn-t+i.a 0 

where 

Cra == Ggr j 

Crr Cas 0 , 

c\\ = (n — 2) n -k~i + (n — 3) n _fc- 2 + ■ ■ + (w — h) n -k-h+it 

( h = 2,3, ■ m ’ y u k T~ 1), 
- q) n -k-o 0? =2,3, ■ ■ ■ , k ). 

Similarly for the coefficient of any ar. 

535. The general theorem, the proof of which would proceed on 
precisely the same lines, is that, if we expand the determinant 
\a nn | (n— • &) • fc as in (1) and then fill the vacant places by new numbers 
according to the plan indicated by the diagrams and the observations 
1 ) — 10) of §534, the relation remains true. 

536. That the relation 
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( 1 ) 


+ 


t 

r 

013 

p 


U 

q 

P 

014 

021 

022 

X 

024 

+ 

021 

022 

023 

X 

031 

032 

y 

034 

031 

032 

033 

y 

041 

042 

z 

044 


041 

042 

043 

z 


is true as being an example of Kronecker’s theorem may be seen on 
taking the sum of the determinants resulting from taking with the 
array 

X 0 21 a 22 023 024 

y 031 "032 083 034 
Z 041 042 043 044 

the rows, one after another, of the determinant 
0 0ii 012 013 014 


011 0 

012 S 

013 t 

014 U 


S 

0 

P 

q 


t 

P 

o 

r 


u 

q 

r 

0 


and striking out the column containing the zero in each case. 

Again, expanding |0 44 1 in terms of the elements of the first column 
and their complementaries and filling in similarly as in (1) we get 


( 2 ) 


011 

012 

013 

014 


011 

..r 

X 

/ 

z r 


l 

012 

013 

014 

021 

022 

023 

024 

_ 

l 

022 

023 

024 

+ 

021 

x' 

/ 

*' 

031 

032 

033 

034 


m 

032 

033 

034 


7 

032 

033 

034 

041 

042 

043 

044 


n 

042 

043 

044 


p 

042 

043 

044 






m 

012 

013 

014 


n 

012 

013 

014 





+ 

7 

022 

023 

024 

+ 

P 

022 

023 

024 


















031 

x' 

y 

z' 


a 

032 

023 

034 






a 

042 

043 

044 


041 

*' 

/ 

z 9 


Equating the right-hand sides of (1) and (2) we get 

1 1 r 0i8 P 

| 021 022 * 024 

| 031 032 y 034 

I 041 042 % 044 


011 

s 

t 

U 


S 

012 

r 

q 


X 

022 

023 

024 

+ 

021 

X 

023 

024 

+ 

y 

032 

033 

034 

031 

y 

033 

034 

z 

042 

043 

044 


041 

z 

043 

044 
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(3) + 


u 

q 

P 

014 


011 


y' 

z' 


l 

012 

013 

014 

021 

022 

a 23 

X 


l 

022 

023 

024 

+ 

021 


y 

z f 

031 

032 

033 

y 


m 

032 

033 

034 


7 

032 

083 

034 

041 

042 

043 

z 


n 

042 

043 

044 


0 

042 

043 

044 

m 

012 

013 

014 


n 

012 

013 

014 





7 

022 

023 

024 

+ 

a 

022 

023 

024 





031 

x' 

y 

z' 

a 

032 

033 

034 


\ 

\ 



OL 

042 

043 

044 


041 


y 

z 1 


\ 

\ 

\ 




a relation between eight determinants of order four containing 34 
letters, which should be compared with Muir’s similar relation* 
containing 31 letters. 

If in (3) y', *', = $, t , u, and l, m,n = x,y,z respectively, then the 
first determinant on the left cancels with the first on the right and 
we have 


5 

012 

r 

q 


t 

r 

013 

P 


U 

q 

P 

014 

021 

X 

0 23 

024 

+ 

021 

022 

X 

024 

+ 

021 

0 22 

023 

X 

031 

y 

033 

034 

031 

032 

y 

034 

031 

032 

033 

y 

041 

z 

043 

044 


041 

042 

z 

044 


041 

042 

043 

Z 

X 

012 

013 

014 


7 

012 

013 

014 


z 

012 

013 

014 

021 


/ 

U 

+ 

7 

022 

023 

024 

= 

P 

022 

023 

024 

7 

032 

033 

034 


031 

S 

t 

U 


a 

032 

033 

034 

a 

042 

043 

044 


a 

042 

043 

044 


041 

5 

/ 

U 


a relation involving six determinants and 27 letters which should be 
compared with that obtained from equating the two Kronecker 
relations 


1234 1234 

= 0 = 

5678 5678 


which involves six determinants and 28 letters. 


* Muir: Cayley’s Linear Relation between Minors of a Special Three-Row Array, 
Mess. Math., new ser., No. 482, June 1911. 
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If in (3) we put x y', z' = x, y f z and /, w, n = s t t , u respectively 
and make \a& a^\ symmetric then the first term on the left 

cancels with the first term on the right and we have 


s 

0 12 

r 

<1 


l 

r 

013 

P 


u 

q 

P 

0 14 

021 

X 

023 

024 

+ 

021 

022 

X 

024 

+ 

0 21 

0 22 

0 23 

X 

031 

y 

033 

034 

031 

032 

y 

034 

031 

032 

033 

y 

041 

z 

043 

044 


041 

042 

Z 

044 


041 

O 42 

043 

z 

S 

012 

013 

014 


t 

012 

013 

014 


U 

012 

013 

014 

0 21 

X 

y 

Z 

+ 

7 

022 

023 

024 

+ 

P 

022 

023 

024 

7 

032 

033 

034 

031 

X 

y 

Z 

a 

032 

033 

034 

P 

042 

043 

044 


a 

0 42 

0 43 

044 


041 

X 

y 

Z 


which is a relation involving 6 determinants and 24 letters. 

537. In general if we expand the determinant |a nn | in^terms of 
minors of order k formed from the first k rows and their comple- 
mentaries, filling in the zero places as in §534 and then expand in 
terms of minors of order k formed from the first k columns and their 
complementaries, filling in as before with different letters, we may 
equate these two expansions and have a relation between 2{n)k 
determinants. If we introduce the same letters in the first term of the 
second expansion as were introduced in the first term of the first 
expansion except that they be placed in the conjugate positions, then 
these two will cancel provided |a u * ■ • 0 ** | and |a*+i,k+i • ■ a nn | are 

both symmetric and we have a relation between 2(n)k — 2 determi- 
nants. 


(d) Persymmetry 

538. Since a persymmetric is a particular case of an axisymmetric 
determinant it follows that every type of vanishing aggregate for 
axisymmetric determinants is also a vanishing aggregate for per- 
symmetric determinants. 

Using the umbral notation we have 

(1) Given any identical relation between the minors of order m of a 
persymmetric determinant of order n , we may obtain another identity by 
increasing every row number by a and every column number by |3. 

As this has the effect of increasing the subscripts of every element 
in each minor of the identity by a+/3, the truth of the theorem is 
apparent. 
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(2) Given any identical relation between the minors of order m of a 
per symmetric determinant of order n, where k of the row numbers and h 
of the column numbers are invariant (k-\~h <n ) , we may obtain another 
identity by increasing each of the other m — k row numbers by a and each 
of the other m — h column numbers by ft. 

The original identity in this case is the extensionalj of another 
having either no column numbers or no row numbers invariant 
according as h>k. \ 

Let k — h = g and starting with the unextended form we see that 
if we expand by LaPlace’s theorem each minor of the Identity in 
terms of minors of order g and their complementaries, formed from 
the g invariant rows, then since these complementarics are minors of 
a persymmetric determinant, it follows from §526 that the total 
coefficient of any minor of order g, formed from the g invariant rows 
vanishes, which establishes the theorem for the unextended form and 
hence for the extended form. 

(3) In (2) we might have increased the invariant numbers instead of 
the variant ones . 

For by (1) we might increase all the row-numbers by a and all the 
column-numbers by 0 and then decrease the variant row-numbers 
by a and the variant column numbers by 0. 

Since the truth of such identities does not depend upon the invariant 
rows or columns it appears we may increase part of these invariant 
numbers without increasing all of them and still have an identity. 

In these theorems certain obvious restrictions rest upon a and 0 
as for instance in (1) the largest row number plus a>n. It is also 
apparent that a and 0 under these restrictions may have any values, 
positive, zero, or negative. 

It is also apparent that we may add the same positive or negative 
integer to the row-numbers of any individual minor provided we 
subtract it from the column-numbers as this does not change the 
minor. Again we may write column-numbers for row-numbers and 
vice-versa. 

539. If now we apply these theorems to vanishing aggregates for 
axisymmetric determinants we get results true for persymmetric 
determinants, but no longer true for axisymmetric determinants. 

Thus starting with the Kronecker relation 

ah a 1 

+ = 0 
k 1 k h 
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and that obtained from it by replacing each minor by its comple- 
mentary 

I" * 1 - a M + P 1 1 = 0 

La i J l k i a L k h J 


and applying to these theorem (1) we have 


a k + oc 

h + P 1 + 0 


a h + <x 

k + P 1+0 


+ 


a 1 + a 

k + P h+P 


= 0 


and 


t a k + a r a h + a ~ I T a 1 + a “I 

h+pi+pi L k+p i +p J + L k+p h+p J - 0 


Applying theorem (2) to 


L 


123 

456 


123 

456 


125 

436 


+ 


126 

435 


+ 


135 

426 


1361 

425 


+ 


156 

423 


= 0 


Making <x = p= 1 we get 


134 


136 


137 


146 


147 


167 

467 

— 

447 

+ 

446 

+ 

437 

— 

436 

+ 

434 


or 


134 

467 


+ 


146 

437 


147 

436 


= 0, or Z 


143 

467 


= 0 = Z 


If we apply theorem (2) with & = 0, a = 0, p = —$ to the Kronecker 
relation 


b i 

h 

b 3 


b i 

b. 

h 


b i 

b 2 

Cl 

Cl 

di 

dz 


Cl 

dx 

d'l 


b 3 

dx 

dz 


+ 


b\ bz c\ 


bz b 3 Cl 

b 2 d\ C?2 


b i d i d% 


= 0 


we have 


b\ bz b 3 


b i bz C\ 


b\ bz Ci 


bz bz Ci 

C\ j d\ dz 


bz — s d\ dz 

+ 

bz~ s di dz 


bi — s d\ dz 


= 0 
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or replacing for convenience c\ — s by c\ 


b i 


b i 


Cl + ^ 


0) 


Giving in this s successively the value Si and s 2 and sut 
results we have 


Ci d 1 di 

1 1 | b 3 — 5 di 

d 2 

1 


+ 

hi b 3 C\ + a' 

b 2 — s di do j 

- 

I b 2 63 

b\ — s di 

Ci + 5 

j d 2 



( 2 ), 


b 1 

bi 

Ci — Si 


b 1 

b 3 

Cl + .S'i 

+ 

b 2 

b 3 

d 1 

\T l 

^3 — 5] 

d > 

di 


b 2 5 1 

d 1 

d 2 


bi — s 1 

\ d 2 

bi 

bi 

Cl + ^2 

+ 

£1 

b 3 

Ci~\-s 2 


b 2 

b 3 

d 1 

ci+s 2 

b 3 i '2 

di 

di 

b 2 — s 2 

d 1 

d 2 


b\ — 52 

d 2 


= 0 


Remembering that elements are equal when the sum of the row- 
and column-numbers of one is the same as that of the other, we see 
that equation (2) contains 19 variables, six occuring four times, four 
occuring three times and nine occuring twice. * 

If either Cy+Si = bi or b 2 or b 3 , or if cither di or d 2 = bi — s 2 or b 2 — s 2 
ot then one or more of these terms vanish. Thus if b 2 — si 

— h)—s 2 ~d 2} then the 2nd and 6th vanish, and the relation between 
the remaining four may be written as follows: 

d a 



n 

a 

b 


b 

c 

d 


j 

a 

b 


(3) 

i 

c 

d 

+ 

n 

e 

f 

— 

0 

c 

d 

+ 


m 

X 

h 


l 

K 

h 


m 

k 

l 



b 

e f = 0 
k l 


where the elements in the positions b\d \ , bid 2 , b 2 d \ , b 2 d 2 , £ 3 ^ 1 , £> 3 ^ 2 , 
(ci + j'i)<Z 2 , (ci-\~$2)dij (ci - 1~ ^"2) d 2j (ci+5i)(&3 5i), bi{bz — Si) f 

^ 2(^3 — ^ 2 ) are a, b, c, d } e,/, g, h , k , l , m, n, 0 , respectively. 


Example: Show that 


ka 

kb 

60 

02 


kb 

kD 

ke 

b 

c 

d 

b' 


a 

c 

d 

c 

D 

e 

c' 


b 

D 

e 

13 

y 

8 

b" 


a 

7 

8 






CO 

kd 

ke 






a 

b 

c 






b 

c 

D 






a 

P 

7 


03 


ka 

kb 

kd 

0i 

a' 

+ 

a 

b 

d 

c' 

b' 

b 

c 

e 

d' 

a" 


a 

(3 

8 

c" 

04 


0 2 

0 3 

0i 

04 

b' 

+ 

a 

b 

c 

d 

c' 

b 

c 

d 

e ; 

8 


a 

P 

7 

8 


(Muir, Metzler and Rice.) 
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(e) Circulants 

540. Starting with the determinant 

b c+c d + e 1 

c d + b e + a 1 

d e c a b 1 

c cl d b ~\- c 1 


which obviously vanishes since two columns may be made identical, 
we have for C(abcde) 


( 1 ) 


bed 1 
c d e 1 
deal 
e a b 1 


+ 


bee 1 
c d a 1 
deb 1 
e a c 1 


+ 


bad 1 
c b e 1 
deal 
e d b 1 


+ 


b a e 1 
c b a 1 
<2 c 6 1 
e d c 1 


= 0 


or [l, 4]& — [i, 5] 3 + [l, 2] 4 — [l, 3] 2 = 0, where [p, q] r denotes the 
complementary minor of the element in the pth row and gth column 
of the circulant after the rth column has been replaced by units. 

Making use of the properties given in §484 equation (1) takes the 
form 


[2,2]!+ [3,3]!+ [4,4]!+ [5 , 5 ] i = 0. 

If we had started with 


b e + e + a d 1 

c d a b e 1 

d e + b + c a 1 

e a + e + d b 1 

which is also equal to zero, we would have 

(2) [1 ,4] b — [1,5] 2 + [1,2] 4 = 0. 

Similarly 

(3) [1,3],+ [1.5],- [1,2], = 0. 

From (2) and (3) we get 

[1.3] ,- [1,2],+ [1,4], + [1,2] 4 = 0 

or 

[3.3] ,+ [2,2], + [5,5],+ [4,4], = 0 
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which is (1). Again 

[ 1 j 1 ] 2 ~ 1“ [3,3] 2 + [4, 4 ] 2 + [5 , 5 ] 2 = 0, 

and since 

[5,5]! = - [3,3]., 

we have 

(4) [l.l], + [4,4], + [5,5], + [2,2], + [3,3], + [4^4], = 0 
The general law for (2) is, in the case of circulants of <^dd order 

(5) (- l) 1 1 [ l ,r] a + (- D-4ML + (- = o. 

The general law for (1) is 

(6) (- l)-»[l,r].+ (- l)-i[M], 

+ (- l)‘-i[l,i]„+ (- l)- l [l,»], = 0 

but as has been seen (6) is made up of two of (5). , 

The method here used will give vanishing aggregates of any order. 
Thus from 

1 a + b + c + d e 
1 b ~\r c d - \- e a — 0 
1 c d c a b 
we have, for the same circulant C (abode), 

1 a e 1 be Ice 1 d e 

lba-\-lca-\-lda-\- 1 e a = 0, 

1 c b 1 d b 1 eh lab 

or 

-h,*ghi:h3," 

or 

-ra.43.-ca.-n- 

where [tu]v is the complementary of the minor of order two formed 
by the elements in the rth and jth rows, and the Mi and wth columns, 
after the elements in the wth columns of the circulant have been re- 
placed by units. 
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The method is not confined to circulants of odd order but may be 
applied to circulants of even order. Thus for the circulant C(abcd) 
we have 

1 a -(- b -f- c d 
1 b + c + d a =0, 

1 c “b d -f- cl h 

whence 

lac 1 b d led 

lba-\-lca + lda=0 
1 c b 1 d b lab 

or 

- [1,1],+ [1,2] 4 + [1,4]! = 0 

which is in accord with (5). 

Again 

1 a + c b + d 

1 b -\- d c a =0 

1 c -f- a d b 


or 

[1,2], - [1,3]*+ [l,4]i- [1,1]. = 0, 

which is in accord with (6). 

It is evident we may remove from (5) and (6) the restriction that 
n is odd, and have them true for circulants of any order. 

Example: Show that 






(Cazzaniga). 



CHAPTER XIII 


Continuants 

541. Definition. A continuant is a determinant all of whose 
elements are zero except those in the main diagonal and in the two 
adjacent diagonal lines parallel to and on either side <\f the main 
diagonal. 

We shall denote the continuant 

ai b\ .... 

Ci &2 bz ' ‘ ' 


or X(l,n). 


The diagonal of b 1 s will be called the upper diagonal, and the diagonal 
of c’s the lower diagonal. Together the upper and lower diagonals 
are called the minor diagonals of the continuant. 

542 No term of the continuant can contain two consecutive b } s or c’s. 

For suppose, if possible, in a determinant of order n a term could 
contain b r and 6 r + 1 ; then denoting by an x that the element in that 
place cannot be taken we would have 




of order n by 


b\ bi ■ ■ 1 

K [ a\ a^ a$ • a n 

C 1 C2 ■ Cn-l 


x x b r 

xx 6 r+ 1 

X X 


X 
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and as every term must contain an element from each row and column 
this term must contain b r + 1 and b r+2 also, and continuing we find that 
the term must contain all the b' s and we would have to take with 
them the zero from the first column and wth row as these are not 
represented in the term. Therefore no term can contain two con- 
secutive b’s. Similarly with respect to the c 1 s. 

543. If a term contains b r it also contains c T . 

For by §542 we have 


x 

X X b T 

X X 


X 


which shows that we must have an element from the (r+l)st row 
and the rth column, that is we must have c r to go with 6 r . 

544. One term of the continuant is obviously a \02 - ■ a n . 

No term of the continuant can be formed in which an odd number of 
consecutive a’s are omitted. 

For any term which contains a r _i, but not a T must contain b r and 
c r and therefore cannot contain u r+ i or b r + 1 or c r +i . If it does not con- 
tain a r+ 2 it must contain & r + 2 and c r+2 and therefore cannot contain 
Hence the truth of the theorem. 

545. Other terms can be formed from a\_a 2 • • ■ a n by replacing any 
pair of consecutive a } s by the product of the b and c having the same 
suffix as the first a of the pair with a negative sign. For example we may 
replace a r a T +i by — b r c ,. 

This is obvious from the definition and from the fact that to get 
b r and c T into the positions of a r and o r + 1 one interchange is necessary. 

546. All terms of the continuant are obtained by using the process 
of the last article to the full extent. 

It follows from §544 that every term in a continuant of odd 
order must contain a main diagonal element. In a continuant of 
even order there is one term which does not, namely 

( — l) n/ 2 biCib 3 Cz ■ ■ • 
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From this it is clear that a zero axial continuant of odd order is 
zero, and one of even order is equal to the single term above indicated. 

547. It is evident that the general continuant K{ 1, n) is equal to 
the sum of two A and B say, where A is the sum of all the terms of 
K{ 1, n) which do not contain b r c r , while B is equal to tlje sum of all 
the terms of K( 1, n) which do contain b r c r . Thus j 

(1) K(l,n) = m,r)K(r + 1 ,») - K(l,r - 1 )b r c r K(t + 2 ,n) 

We may use (1) to break up A"(l , r) and K{ 1, r — 1) ana get 


( 2 ) 


K(l,n) = {K(l,h)K(h+ l,r) \ 

- K(l,h - 1 )b h c k K(h + 2 ,r))K(r+ 1 ,«) 

- { A'(l , h)K(h + l,r - 1) 

- K(l,h- l)b h c h K(h+ 2,r - l)}brC r K(r + 2,«) 


Equation (1) gives us the expansion of a continuant in terms of 
minors of the rth order taken from the first r rows and their comple- 
mentaries. * 

By actual expansion in terms of elements of the first row and their 
compiementaries we have 

(3) K(l f n) = a\K(2 , n) - b x c x K(?>,n). 


Expansion in terms of elements of the last row gives 

(4) K(l,n) = a n K(l } n - 1) - c n ^b n ^K{\,n - 2) 


and in terms of elements in the rth row 


(5)K( l,n) = a t K{\,r - 1 )K(r + 1 ,n) - b r c r K{\ } r - l)K(r + 2,n) 

— b r -iC r ~iK(l >r — 2)K(r + l,w) 

548. If in K (\ , n) the element a r be the sum of two numbers , thus 
fl r = a T ' +a r ", the continuant may be expressed in the form 

b l ■ ■ b r - 1 


K 


( o 1 ’ ■ ■ Or - 1 V 
df—i a* I 
C 1 ’ ■ ■ C r -i f 


K(r + l,n) 


+- £(l,r - l)i^ 


( br ‘ \ 

C r ■ ■ ' 


For the non-zero elements of the rth column written from top to 
bottom are 6 r -i+0, a r '+a r ", 0+c r and therefore 1£(1, n) may be 
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written as the sum of two determinants, each of which breaks up into 
factors as above given. 

Conversely the sum of two terms as above written may be combined 
into a single continuant. 

As a consequence of this we have 


K 


( a( 


b i 


+ aV 


d 2 


1 


Cl 


a-[ k ( 


b 2 • ■ 
#2 ' 

C2 ■ * 



■ / \ Cl C2 ■ ’ • f 


( 1 ) 

and 

(2) 



bi ‘ ‘ ' b n —i 


b i ■ b n - 1 


K\ a i 


dn + dn 1 I — K ( di 


On 


Cl c n — i 


Cl ■ 


Cn— 1 


+ a 


n 

n 



549. From §543 it is evident that any factor of an element of one 
of the minor diagonals may be transferred to the corresponding 
element of the other minor diagonal, and hence 


— biCi b^C2 

di d 2 ■ ■ 

- 1 - 1 

which, if we write d r for — b r c r , gives 

di 

/ 

K(1 ,n) = K 


bn — \Cn— 1 


- 1 


( di ■ ■ ■ dn - 1 \ 

“v 


or 


= K{\ , n)d say. 
If then obviously 
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550. If we divide the 2nd, 3rd, 4th, ■ ■ • , rows by c 2 , c 3 , c 2 c 4 , c a c b , 
CiCiC b , ■ ■ • , respectively and then multiply the 3rd, 4th, • ■ ■ , columns 
by the same we readily see that 


where 


U a * a3 - ■ a *\ 

\ 1 1 11 / 


A'(l,«) = K 


A r — &t~ 


br—lbr—1ibrS 


b r br — 2 ^ 7 ’— 4 


551. If the elements Z> r _i 7 a r , b r have a common factor then this is a 
factor of the continuant. 

This is readily seen on observing that the factor of 6 r _i may be 
transferred to c r -i. 

552. Tf a{ , a£ , ai , • • • , be any given numbers then 


K(\,n) d 


aia 2 ■ ■ • a n 0 
a i ai — ai 


ai 

_ / _ / 
a i a 2 

d\ 



O 1 O 2 



- 1 

ai 

ai ai 


<*203 

a„'_i a» 

1 a n — i a n —\ 

®n— l^n 






- 1 ai 


The truth of tnis is seen on multiplying row r of K( 1, n)d by 
ai /a T , for all values of r and then transferring the factor from the 
lower to the upper diagonal. 

As corollaries of this we have 


1 

h n 


hay 




- 1 

ha?, h 2 d 2 





— 1 Ao„_i 

h*d n - 1 



- 1 

ha n 


(1) K(l,n) d 
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(2 )K{\,n) d 


a 


a 1, 

di 

Ci\(l2 


did 2 


~ 1 


02^3 


- 1 


a 


a tt -ia n 
— 1 a 


Taking a 2 d k /akdk+i = Pk we see that 


m,n) d =A- 


Pi 


P i 

a P2 ‘ * 
— P2 a ' 


that is a skew determinant. 

553. If in (1) §547 we put r = l, it becomes 

K(l,n) = aiK(2,n) - K{1 y O)b Y CiK{Z } n) 

but this must be the same as (3) and we must therefore interpret 
K( 1, 0) to be unity. Similarly if r is put equal to n— 1 we must put 
tf(n+l,») = l. 

With the understanding, then, that K(p , p — 1) = 1 for all values of 
p , we may assert that equation (1) §547 is true for all values of r 
between 0 and n. 

In adopting this meaning for K(p, p— 1) we do not assume that 
every relation will hold true for values of the letters which cause 
such a form to appear, but we simplify the statement of such relations 
as do then hold true. 

554. There is a more general relation from which (1) of §547 comes 
as a specia’ case. It is 

(1) K(l,n)K(h,r) - K(l,r)K(h,n) 

— bh-iCh-ibhCh ■ ■ ■ b r c r K{\ y h — 2)K(r + 2 f n) = 0. 

If in this we put h = r-\- 1, then it reduces to (1) of §547. 

That this relation is true is seen on observing that it is merely the 
result of applying the theorem of §148 to a continuant. 
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Special cases of (1) are, using the A(l, n) d form 

(2) K(l,n)K(2,n - 1) - K(l,n - l)K(2,n) 

( — l) 2^3 ■ d n = 0 

(3) K{l,n)K(2,n - 2) - K(l,n - 2)K(2,n) 

-J- ( — l) n C^2^3 ' ' dn—lQn | 0. 

If in (1) n = 2m - 1 , r = h = w, then we have \ 

( b{ bm—l bm— 1 b\ 4 

di (12 ' a m ^»i-l ' a l |\ 

C\ ■ - - Cm— 1 Cm— 1 ' 

^ = |A'(1,«)] 2 - [bm-iC m -iK(i ,n - 2)] 2 . 

555. The element of the adjugate of K( 1, w) in the position (r, s) 
is readily seen to be 

K(l,r - l)c r c r{1 ■ • ■ c^iK(s + 1 ,n), 

JS:(l,r - l)AT(r + 1,»), 

X(l,5 - l)6Afi ' • ■ &r-i£(r + l,n), 
where A r (/+1, rc) must be interpreted as unity when t^n — 1. 

556. If the signs of the elements in the main diagonal be changed , 
the continuant is multiplied by ( — l) n . 

The truth of this is seen on multiplying the n rows by — 1 and 
then removing the factor — 1 from the one minor diagonal to the 
other which leaves the elements in these two diagonals the same as 
originally but those in the main diagonal the negative of what they 
were. 

557. From (4) §554 we see that for a centrosymmetric continuant 
of even order, n — 2m, we have 


if r < s } 
if r = s, 
if r > s, 


( 1 ) 


( b l ’ ■ ' bm—l @ Cm— 1 Cl V 

d\ a m a^m * ai I 

Ci Cm — 1 @ bm — 1 " b 1 

= [A(l,m )] 2 - - l)] 2 . 

For one of odd order, n — 2m — 1, we have 

( ^1 bm— 1 C m —i ■ ’ ' C 1 V 

<ii ■ ■ ■ a m ■ • ■ J 

Cl ■ ' • C m _i brn-l ’ ’ b 1 ' 

= K{l,m - !)[£(!, m) - bm-xC m -,K{\,tn - 2 )]. 


( 2 ) 
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If in (2) we replace a m by 2 a m , then it becomes 


(3) 


( b\ m m ~ b m — i Cm— i C\ 

0i ■ - ■ 2 a m - - - a,i 

C 1 ' ' Cm — 1 1 ' ‘ m b\ 

= K(l,m - + a m K(\,m - 1 ) 

— l^m — lA.(l jW 2) J 

= 2K(t,m)K(l,m - 1 ). 


558. A continuant of even order may be transformed by alternately 
multiplying and dividing the successive elements of the main diagonal 
by any given number ; and a continuant of odd order may be so trans- 
formed if in addition the continuant be divided by this number. 

This is readily seen on performing the following operations: 
multiply rowi ,row 3 , ■ ■ ■ , by k , then divide col 2 , C0I4, ■ • ■ , by k. 
Thus 


a\ 1 
C 1 

C2 


h ■ 

03 

C 3 a 4 


kd\ 

Cl 



c 2 ka^ 

C 3 


b 3 
0 4 
k 


kai 


ai b\ 
c 1 02 &2 

■ C 2 03 


b 3 * 

04 64 

C 4 05 



0 2 

& 

^2 


&2 

^03 ^3 

a 4 


c 4 


64 

&05 


The multiplications and divisions by & may stop before the last 0 
is reached or they may not begin until the ( 2 h— l)st row is reached 
and give corresponding results. 

559. The continuant K( 1, n)d equals 


dn—ldn — sdj % — 6 
dn—ldn—^dn—h 
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X 


d\ d\ 


- 1 


d{ 

&2 

d\ 


d{ 

d% d\ 
d%d\ 

1 


<13 d{ 


i/W/ 


d^di d\ 


-a 4 


^ d n ^\d n —2.dn~Z 

dn-idn-ldns - ■ ■ 

wAere tin-i, rfn-8, tin -3, ' , etc. are any given numbers . 

To see the truth of this begin at a n in if(l, n) d and multiply 
(divide) the columns by di/d{ if n is odd (even), divide (multiply) 
ti n - i by the same, and so on upwards until ^e come to cob when 
division by d\/d{ will give d[ in place of d x in the upper diagonal. 
Do likewise with respect to all the d’s. 

/Vs corollaries of the foregoing we have 


( 1 ) 


K(\,n) d 


tZi bd\ 

1 1 a ^2^ 

<$" - 1 a 3 dtB 


where v is the greatest integer in n/2. 
( 2 ) K(l,n) d 

I tii X 


dfi—ld-n 


XX 


- 1 


<2-2 

X— 

dx 


-1 


dx 
a 3 — 
d% 


— 1 Xa 4 


d\d3 


a 5 - 


d\d$ 

5 

dni\ 


-1 
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560. The whole number of terms in a continuant is 


CM VMM 



For a term formed by replacing r pairs of consecutive a’s by the 
appropriate b’ s and c’ s may be regarded as composed of (n — r) 
things, namely, (n — 2r) a’s and r pairs of b’s and r’s. There are as 
many such terms, therefore, as there are arrangements of n — r things 
of which n — 2r are of one kind and the remaining r of another kind, 
that is ( n 7 r )- 


Exercise: Show that the number of terms in a continuant is 
equal to 


(a) 


(b) 


1 [(1 + (5) 1/2 ) "+' - (1 - C5) ,/2 )" +1 J 

2»+ 1 (5)i/2 LV 


r /» + i\ 

fn + 1\ 

fn + 1\ 1 

+ 5 

+ 52 ( ) + 

L\ l / 

\ 3 V 

' V 5 / 


561. Since K(\, n) = K(\, r)K{r-\-\, n) — b,c,K(\, r-\)K(r-\-2, n) 
we have 


0 ) 

( 2 ) 


dK 

dbr 

dK 

dC r 


— c r K(l ,r — 1 )K(r + 2 ,n) 


- b r K(l ,r - 1 )K{r + 2 ,«) 


and therefore 

dK dK c r 

( 3 ) — = - 

dbj dc T b r 

or 

dK dK 

br = c r 

db r dc T 


In particular 





dK 

- CiK (3 , n) , 

dK 

— c n ^iK(l,n — 

2), 

dbi ” 

db n — i 

dK 

~ bK(3,n) , 

dK 

— b Tl -iK(l,n — 

2)- 

dc\ 
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Again since 

K(\,n) = { ,r - 2)b r _x - K{\ ,r - \)a r }K{r + 1 ,«) 


— b r c r Kil ,r — 

we have 

dK 

(4) = K(1 jt - 1 )K(r + 1 ,n) 

da r 

which is the cofactor of a r . Similarly 
d 2 K 

(5) = K(l,r - 1 )K(r +l,S - 1 )K(s + l,n), 

da r da s 


l)K(r + 2, n) 


k > r) 


and so on. 

If s = r+ 1 we have 

d 2 K 

(6) K(l,r - l)K(r+ 2,n), 

da r da r +i 

which is the cofactor of a r a T + 1 . * 

Similarly for higher derivatives with respect to elements in the 
minor diagonals, except it is to be observed that derivatives with 
respect to consecutive elements in minor diagonals are zero. 

From (1) and (6) we have 

d 2 K dK 1 

da r da r+ i db r c T 

From (4) we have 

1 dK K(l,r - l)K(r + 1,«) 

K da T ~ K 

or 

dK K(l,r - \)K(r + l,n) 

logA = 

da r K 

Again we have 

dK dK _ 1 K(r + l,n) 

da T db T c r K(r-\-2,n) 


1 r br +' 

— a-r + 1 H b T + 2 

c T L a T + 2 H 


^r+3 + 
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562. If S n represent the sum of n terms of the harmonical progres- 
* sion 


1 

— + 
a 


1 

a + b 


+ ■ 


1 


a + 2b 


+ ■ ■ ■ 


we know from Euler’s transformation that 


S n 


1 

— a 2 

a ( a+b ) 2 

2 a+b ( a+2b ) 2 

2a+36 — 

2a+3b - 


and therefore 

2 a + b (a + b) 2 

1 2a + 3b (a + 2b) 2 


(a+n-2b) 2 
la + (2 n — 3)b 


Sn 


a a 2 

1 2a + b (a + b) 2 

1 la + 3b (a + 2b) 2 


Kn - 1 


say. 


From this we get 


_ (2a + 2 n- 3b)K n . _ 2 - (a + n - 2 b) 2 K n - , 

(2a + 2rc - 3 •&)#„_! - (a + n^l-bYK^i 
_ K-n — 2 { iCn -2 - (a + ^2 ■ b)K n -i } (a + iT=~2 ■ b ) 

“ ffn-l + H n 

= £*-2 g,-i(a + 

_ tf + g n 

1 

— S„_ i H — 


a — n — lb 
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since H n — a(a-\-b)(a-\-2b) ■ • • (a+n — 1 ■ &), and 


A n _ 2 — (0 + n — 2 -Z>)A n _3 = 0(0 + ft) ■ ■ ■ (0 + m — 

3 b) = H n . t 

563. If we are given the difference equation 



U x = 0 x _iM x _i + b x ^ 2Mx_2 

\ 


we may obtain an expression for u x in terms of Mi an^ 
Thus taking for convenience £ = 6 we have the equa 

Mo. 

tions 

— Mf, -j- 05M5 -|~ b^ii\ 

= 0 

\ 

\ 

\ 

— M5 4~ 04M4 4~ &3M3 

= 0 

— M 4 4~ 03M3 4~ b 2 u 2 

= 0 


— Mj 4 “ 02 M 2 4 “ b\U\ 

= 0 



— u 2 + a\Ui + bou Q = 0 

from which we have at once 
0 s b A 

— 1 04 b :i 

Mg = — 1 03 b 2 

— 1 02 b\Ui 

— 1 0 i U\ 4 “ 6 qMq 

( b\ b s b 2 bi \ / bi b^ b 2 \ 

= A I 05 04 0 3 02 01 1 Ml + K ( 05 04 03 02 JM(). 

Exercises: 

1. (a) If w j = a x-iw j-i + ^ t_ 2 w ^ 1-2 find Me. 

(b) If (x — 2)u x — x(x— 2)m t _i — xUx- 2 — (— l) x_1 -4 show that 
Mo = 80. (m 2 = 0, « 3 = 1 ) . 

2. If . . . 

show that 

b a 
c b a 
c b a 

Pn = 
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564. Any determinant can be expressed as the quotient of a continuant , 
J whose elements are minors of the determinant , divided by a product of 
such minors. 

Thus if A = \ai n | we have 

K 

A = , 

A r 2 n , nA r$n , 23 ' ^r„n ,(n-l)n 

where K is a continuant whose non-zero element in the first line are 
An, 2) A n \ 

kth line are 

A Tfc n ,lc(k+l) i Ar k n , (/c — 1) (fc+1) » A rfc n , (fc— 1) k ) 

last line are 

Ar nw nj A Tn , (n— 1) ■ 

where n, r 2 , ■ • ■ , r n may each have any of the values 1 , 2, ■ * , n— 1 . 

That is if a continuant K be formed each of whose elements is that 
minor of A resulting from deleting (1) the nth row of A in the case of 
every element of K except the two elements in the last row (2) a row 
of A other than the wth, in the case of every element of K except the 
two elements in the first row, this deleted row of A being the same for 
all the elements in the same row of K, but not necessarily the same 
for elements in different rows of K , and (3) the column or columns of 
A whose column-number or column-numbers, in the case of any 
particular element, is or are the same as the column-number or 
column-numbers giving the position of the remaining elements in 
the same row of K\ then A is equal to K divided by the product of 
n— 1 minors of A'oi which the first n — 2 are identical with the last 
n — 2 elements in the upper diagonal of K and the last one results 
from deleting .from the last main diagonal element of K the last row 
and column. 

From the n equations 

011^1 H” #12#2 “I" 1 ' ' 4* 01 n%n = 0 
021#1 + 022^2 + ‘ + 02 n%n = 0 

0n 1^1 ~ l~ 0n 2 ^2 4~ " I 0/iTi 1 

eliminate, first, all the variables but x\ and x 2 from all but the wth 
equation, second all the variables but #&-!, Xk and x^\ from all but 
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the nth and one other equation (k = 2 , 3, • ■ • , n— 1), third, all the 
variables but % n -\ and x n from all but the ht h equation (h^n). We 
have 


( 2 ) 


-d n ,2^1 + ^n,1^2 

^r 2 n,2 3#1 H“ 3^2 r 2 n , 1 2*3 


= 0 
= 0 


| ^r n _in ,(n— l)n#n~2 - l"-dr fl _in , ( n — 2)n^n— lH“^4r n _in , (n— 2) (n— 1) — 0 

■dr n ,n^n— 1 “f" -^r rt F n— l^n\ = -dr n n n I n 

Solving for xi from (2) we have 

( l) n n , 1-4 r 2 n , 1 2-4 7371, 2 3 ' ' ^r n n ,{n—l)n 


X X = 


K 


But from (1) 

xi = (- 1 ) n ~ l A nA ~ A . 

Therefore 


A = 


K 


Ajn, 1 2 ' r n Ti , (n— l)n 

Solving equations (2) for # n we have 




4 n ,2 

-*4 71 ,1 

^ r 2 n ,2 3 

4r 2 7i,] 3 -<4^71,1 2 


4r n> n ^4r„n,(n-l)n 


~ ^r„n,(n-l)n2^n,n- 

Solving for from (1) we have 

1 %n -4 n , n 

whence 


-4 ■ A Tn n , ( n _ i) n K- 


n ,n 




<4 71 ,2 


-*4 n , 1-4 r 2 n , 


r 2 n,2 3 


4 r 2 n , 1 3 


4r 2 n,l 2-df8n,3 4 


*r 4 n ,2 4 
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Other relations may be obtained by applying the Law of Comple- 
mentaries. 

565. The theorem of the foregoing article may be generalized by 
giving to r k all the possible 1 values in eliminating all the variables 
but X/c-i, Xk , Xk+i, and adding together the n— 1 equations thus ob- 
tained, after multiplying each by one of the n— 1 arbitrary quantities 
nth u ■ ■ ■ , m kj n- 1 . Thus 

m k \A i n , k (fc+l) X k — 1 H“ m k lA\ n „ (/c— 1) ( fc+1) X k H - fftfr lA\ n,(k— l)k = 0 

— tn k 2A2 n ,k ( k +l)%k-l — n.(fc-l) (k+l)X k ” 'M'k'lA'L n , (fc-l)fc#fc+l ~ 0 


whence, using 1 to denote the determinant formed by deleting 

the nth row and & + 1 column of the determinant resulting on replacing 
the £th column of A by the &th column of 



mn 

m 12 • 

■ m in 


m n i 

m n2 ■ 

■ m nn 


we have on summing 
(A M\ (A M\ 

U t), 


Hence 


A n ,2 A n , 1 


( A 

M\ 

( A 

M\ 

V 2 

2 A. 3 

\ 1 

2 A, 3 



( A 

M \ 



\ 3 

3 A. 4 


A M\ /A M \ 

1 2 /., i V 2 3 A 



Xk 

fc+1 



/A Af\ 

\ 1 2 A.2 

/A M\ /A M\ 

\ 2 3 / n ,4 \ 2 3 A.s 


566. A continuant of even order , n = 2m, having the main diagonal 
elements in the even-numbered rows equal, is expressible as a continuant 
of order m, the relation being : 
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0i d\ 

— 1 0 di 

— 1 02 ^3 

— 1 0 di i 

*— i 

“1 0 \^2 3 

d^m — 1 

0 

d\(f> -f- d\ di 

d% di + 020 dz dz 

di di + 030 + d$ dz =K my s; 

where the non-zero elements in the (m — k + l)th row are 

d‘2 m -2k , dijn^lk + 0 m _A+10 + ^2/n-2fc+1 , ^2m-2fc+l , ^2m— 2A:+1 

the last row containing but the first two. 

To prove this multiply 4> 2 m, row-by-row, by 0 m in the form 

0 1 

1 

— ^2 0 1 

1 

— di 0 1 

1 * In 

00i + d\ d\ — d\di 

0 • 

1 1 di + 00 2 ~\~ dz dz — dzdi 


giving 


$2m 0 m = 



= 0 m £, 
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Hence the truth of the theorem. 
Similarly 


**» 


0 d\ 

— 1 d 2 

— 1 0 dz 


( 2 ) 


di + 00 1 + d 2 
d* 


d‘> 

d% “b 00 2 H- <^4 


m 


If in (1) we make the 0’s all equal to 0 then it becomes 

0 rfi ■ 

— 1 0 d 2 

1 0 ^3 


13) 

0 2 + * rfi 

d 2 0 2 + <^2 “1“ ^3 ^3 


- 1 


0 d‘lm-l 
- 1 0 


d 


2m— 2 


0 2 H" d 2 m — 2 + dzm—l 
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Example: Show that 


ai 



b 1 



- 1 

#2 

b 2 



- 1 

a$ b 3 



didi | 

o 4 


b\b 2 

| 02 a 3#4 | 
#60-2 


W 4 

#4^5 

I 

fradi 


567. If in (1) of §566 we put d 2m ~ i = 0 then we have\ 
9i d\ 

| — 1 4> d 2 

1 e 2 

1 

(1) ^2w-l = 


Wo 

| 06 ^ 708 1 






2 m— 2 


where iT™ differs from K m simply in having d 2m - 1 = 0. 

That is a continuant of odd order 2m — 1 having the main diagonal 
elements of even numbered rows equal , is expressible as a multiple of a 
continuant of order m. 

If we use and K v [ f to represent the two sides of (1) when 

the 6 ’ s are all equal and if we perform on K m " the operations 

tk + r k+ i,(k = 1,2 , * ■ w); 

and then diminish the second column by the first, the third by the 
new second, and so on, we get, on reducing the order by one 

$>2m_l=0 

<1)6 + d\ + d 2 di 

d 2 6<t> + dz + di d b 


X 


d'lm—i d 2m ~1 + ^2m-3 + W 


m— 1 
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Example: 


= A 


A+b b 

c A c A~ d d 

e A + e + f f 
g g+A 

A b -f- c c 

d A + d + e e 

f f + A+g 


Similarly putting d\ — ^ 2 m -2 = 0 in (1) we have, on relettering the 
elements 

0 d\ 

1 6\ d 2 

1 0 d% 

I 

( 3 ) $ 2 , 71-3 = 


~ 1 0m- 2 

- 1 

+ d\ + d 2 d 2 

dz d 3 + 020 “I - di d\ 


where the non-zero elements in the (m — k) th row are d 2 m- 2 k-i } 

^2 m-2 fc-l + 0 m- A: 0 + C?2 m-2 

Exercises. Set XXVIII 

P b 
-I K c 
1 ~1 Q d 

-1 K e 

“I R f 

-1 K 6 
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PK + b b 

c c + QK + d d 

e e + RK+f 3 

P b 

-1 K c 

-1 Q d 

- 1 IC e 
-1 R 

K b 

-1 Pc 

-1 K d 

3. -1 Q e 

-1 A' / 

-1 R g 
-1 A 
b + PK+ c c 

= A d d + QK + e e 

/ / + RK + g 3 

A 6 

-1 P r 

-1 A d 

4. 

-1 p e 

-1 A / 

-1 R 

b + PK + c c 

d d + QK + e e 

/ / + AA 3 

* 6 

— 1 x c x 2 + 6 6 

5. — 1 a - d = — c c + x 2 + d d 

x 

— l x e e e + x 2 3 






CONTINUANTS 


537 


— 1 x c 


1 X d 

— 1 x e 

-1 xf 


c c+x't + d 


e e+x*+f 


— 1 1 c 


- 1 l e 
-i ■ / 


c c -\- d d = bdf 
e e + f 


— 1 1 c 


b b 

= c c -\- d d =0 


-1 1 e 


-1 1 d 


b -f- c c 

d d + e e 


“11/ I / /+*l 

— 1 - g = ceg + beg + bdg + bdf 

-1 1 7 

568. If A be a continuant wherein each main diagonal element , except 
the first and last is the sum of the minor diagonal elements in the same 
row f say 

d\ + d% di 
d$ da + d\ d\ 


do-m-S d^m — 3 + d 2m-2 ^2 


dim — 1 + di m I m 
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then 

m 

(1) A = ^^idids ■ ■ ^2i-1^2i+2^2i+4 ‘ ' d 2 m ■ 

0 

/ 

To prove this put <j> = l and 6i = 6 2 = ■ ■ =0 in (2) <j>f §566 and we 

have \ 


1 d\ 

-1 0 d 2 

-11 d. 

= 

d\ -J- d 2 

d 3 d 3 

\ 

d 2 \ 

+ d\ di 


2 m 




But on expanding A we see that the only non-zero terms are those 
having a 1 from the main diagonal and the remaining factors from the 
minor diagonals, and these are just the terms included in the sigma. 
If in (1) we put d 2 k -] = — d 2k + 2 (k = 1, 2, ■ ■ , m) then we get 

d 2 — d 4 d 2 

— d s d\ — dy j d\ 


I ^2mf2 d 2r n d 2m + 2 I m 

(2) = d±d§ ■ ■ d 2m (d 2 — d\ + d% — d% + • ■ ■ + d 2 m+2) ■ 

The left-hand side of (2) might be written as a determinant of the 
(2w+ l)st order; thus for m = 4 

d 2 ^4 d 2 
~ d$ d\ d§ d\ 

— d% d§ — d% d% 

— d io d% — d\$ 
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1 -di 

-1 • d 2 

-1 1 -d» 

-1 di 

-1 1 ~d s 

-1 ■ d 6 

-1 1 

-1 ■ d» 

-1 1 

569. Any continuant is expressible as a continuant of one less than 
twice the order, the relation being : 


K(l,m ) 


b\ 

Ci a 2 b 2 


0\ — b\ b i 

-1 1 Ci 

— 1 a 2 Ci b 2 

-1 


b 2 

1 c 2 


1 1 Cm— 1 

1 O' ni Cm — 1 


The truth of this is readily seen on putting <£=1, 


6, — a, — Cf — ! — b r (r = 1,2, • • • , m) , 



in (1) of §567. 
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570. If on the continuant 


bi 

— + A 

Sl 


SiCi 


bi 

Si 


b , 

b A + SiCi 

s 2 


62 

*2 


*3 

s 2 c 2 b A s 2 c 2 

S3 


b 3 

•£3 


b\ ^3 

S3C3 b A b-Wa 

^ 4 r 3 



6& S4 

^4^4 1 A ~b^4C4 

J 5 r 4 


we perform the operations rowi + row 2 , row 2 +row 3 , row 3 +s 3 /V 3 row 4 
followed by col 2 — coli, col 3 — col 2 , col 4 — col 3 , col^— col 4 in order we get 


b 1 b‘i 

b -4 +J1C1 — 


si 


SiCi 


Examples 

A + bi 

Cl 


1 . 


*2 

bi , . , *3 

b A + s 2 c 2 — 


*2 


* 2^2 


53 

63 64 ^3 

h A + r 3 c a 


*^3 


r 3 c 3 


^4 S3 

b 4 5 3 S 3 

1 A A 

s 4 r 3 r 3 

6 fi S 4 

S 4 C 4 1 A 

S 5 T 4 


61 

ci + -4 + b 2 
c 2 


b 2 

c 2 + A + 63 

Gl 


b 3 

c 3 + A + 

c 4 


^4 

C 4 + ^4 ~b fte I 
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| b\ -\-A + C\ b 2 

ci b 2 + A + C2 63 

C2 63 + A + c 3 b\ 

cz 64 + A + c\ bs 

Ci bft + A I 


2. Show that 

7 W I --. li, + a l x « V)+<12X ■ -Ui+an—ix \ jr / W+02X 10 f a3x • - ui+anX . \ 

A (01 + # a 2 a n ; = A(ai 0 2 0 n + #) . 

That the continuant 

1 fli + # W + diX 

— 1 0 2 + 0 2 # 


is equal to the continuant 

01 W + 0 2 # 

“1 0 2 W + 0 3 X 


— 1 0 n — 1 + 0 n -l# 

-1 o» 


I 


— 1 0 n _i w + a n x 
— 1 a n + x 

may be seen on performing the following operations: 

r\ + xr 2j r 2 + xr 3) . . . 
col 2 — x coli , C0I3 — x ■ the new col 2 , ■ ■ . 

571. If in K( 1, n) d , di = d 2 = ■ = ^_i = l the result is called a 

simple continuant , and is denoted by A (0102 ■ ■ ■ a n ) y K( 1, n)\ or 
K(l f n ) when no ambiguity can arise. The terms of K(ai 02 * ■ ■ a n ) 
consist of 0i0 2 • • ■ 0 n and all the terms formed from this by omitting 
one or more pairs of consecutive 0 ’s. 
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Thus 

AT (0102^3) = 010203 + ai + a 3 

AT(fliJ2^3^4) = ai&l&z&A 4" 0104 4“ 0304 4“ 1 ■ 

For simple continuants some of the foregoing relations take the 
following forms: \ 

(1) K {\ ,»), = K{\,r) x K(r + l,n), + K(l,r - l) 1 K{^ + 2 i n) 1 

(2) K{\,n) x = [K{\,h) l K{h+\,r) 1 + K{\,h- l),jsta + 2,r)} 

X A’(r + l,»)i+ {xa.WxiCCAH- 1 ,r — l) t 
+ K(l,h- \)Mh + 2,r- l) x }JE:Cr + 2,n) x 

(3) K{.\,n) 1 = a 1 K(2,n) 1 + JT(3 f f»), 

(4) JST(l,»i) l = b,JC(1,« - 1), - K(\,n - 2)i 

(5) JT(1,») X = a r K(l,r- l) 1 K(r + 1 , »)i + tf(l ,r - l) 1 K(r+2,n) x 

+ K(l,r - 2),Jf(f + l,n)i' 

(6) J^l.fO^A.r), = AT(1 ,r)i^T(A,w) 1 

- (- 1)-*£(1,A- 2)iK(r + 2,«)i 

(7) Z(l,»),jr(2,» - l)i - K(l,n - 1) iK(2 ,n)i + (- l)"- 1 = 0 

(8) K(l,n)iK(2,n - 2), - K(l,n - 2) 1 JT(2 > »)i + (- 1)" = 0. 
572. From (3) §571 we have 


*(!,») 1 _ 1 1 

*(2,»)i _ ai+ K(2,n) l ~ ai+ ( K(3,n)i 
X(3,*»)i fl2 + X(4,«)T 


1 

— 01 4 1 

02 4 1 

03 4 

04 4 " 


From (7) we have 

K(,l,n)i K{l,n — 1) ! (— 1)" 

K ( 2,n)i K(2,n - l)i “ K{2^K{2~n - 1), 
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and since we may write 

JT(l,fOi_ /JT(l,2)i A'(l,l)i) 

A(2,»), JT(2,1)i 1^(2, 2)! A(2,1),J + ' ' 

( AT(1,w)i _ A(l,w - 1), ) 

' Ia(2,w), K(2,n — l)iJ 

we have 

A(l,»)i 1 1 

A(2,«)i “ ^ K(2, l)iA(2, 2)i A(2,2) l A(2,3) I + 

(~ D" 

+ K(2,n - 1) \K (2 , fi ) i ' 

Example: Show that 


K 


K 


( 

( 


bi bz 
d\ d2 d% ' 


b 2 

d 2 d% 



b x 

— <Ji H bi 

a t -\ 

a-i + 


d 

= — log e K. 

dd\ 


+ 


bn— 1 


a n 


57 3. The two simple continudnts A"(l, n)\ and K (2, n) 1 are prime to 
each other provided a Xj a 2 , ■ ■ * , a n arc integers. 

For the necessary and sufficient condition that two integers c and d 
be relatively prime is that there exist two integers x and y such that 
xc + yd = 1. But 

K(l,n) x K(2,n - l) x - K(l,n - l) x K(2 J n) 1 = (- 1)" 


and therefore if the a ’ s are integers or such as to make all four con- 
tinuants integers it follows that K( 1, n) i and K( 2, n) i are prime to 
each other. 

574. The continuant K( 1, n) will factor into 

( b?,c*L \ ( b$c$d\ ^ ( b\C^K{\ 

a v 2 - ^ta 03 - mjJv* ~ ' ' ' 


/ _ 5 n c„A(l,» - 2) \ 

V" A(l,» — 1) / 



544 


THEORY OF DETERMINANTS 


since this product is equal by (4) §547 to 


*U,2) *(1,3) 


a i- 


*(!,») 

a x *(1,2) *(l,f»-l) 

This shows that if 

b r c r K(l,r — 2) 


= *(l,n). 


O r = 


*(l,r - 1) 


* 


+ a 2 

= (a 2 + 5 2 )A 


a,3 


for any value of r , then *(l, w) =0. 

575. The continuant 

/ 5 2 (a 2 + 5 2 )5 3 (a n _i + 5„_i)5„ \ 

\1 0l 2 0-3 ttji — 1 O-n/ 

factors into (a 2 +5 2 ) (a3+^) ■ (a n +5 n ). 

For by §549 the given continuant reduces to 

(a 2 + 5 2 )5 3 (a-n-i + 5 Tl „i)5 71 

a.3 CLn— 1 

^3 (^3 + 5 3 )5 4 

a 3 a 4 

5 4 (a 4 + 5 4 )<5 5 

a 4 a 

— (a 2 + 5 2 )(a 3 + 5 3 ) • (a n + 5 7l ) . 

576 . The continuant 

a b 

— (n—l)c a — (b-\-c) 2b 

-{n-2)c a-2(b + c) 3b 
I 

A n = 


(/ 


) 


= (a 2 + 5 2 )(a 3 + 5 3 )A 


c 


— c 


a-(n-l)(b+c) 


I n 


= <t> n {a,b y c) say, 

= (a — n— lc)(a— n — 2c — b)(a — n — 3c — 2b) • • • (a — n— lb). 


That (a — n — \c) is a factor is readily seen on adding all the rows 
to the first. Then taking out the factor common to the first row and 
reducing the order of what remains by one we have 
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A n = (a — n — lc)An-i 

say, and if we add to each row of A n ' _i the sum of all the rows below 
it and then perform the operations 

Cn C n _i, C n _ i C n — 2 y ’ j ^2 ^1 

we get 

</> n (a y b,c) = (a — n — lc)<t> n -i(a — b,b,c ) 


and hence the truth of the theorem. 

Another, but longer way to get the remaining factors is to perform 
on A n '__i the following operations: 

rowi + 2 row 2 + 3 row 3 + • ■ • + (n — 1) row n _i 

when it will appear that [a— (n— 2)c—b) is a factor. Taking it out 
and reducing the order of the cofactor by one we have 

A n '_i = (a — n — 2c — b) A n '_ 2 say. 

Performing on A n '_ 2 the operations rowi + 3 row 2 +6 row 3 + - ■ the 

next factor a—{n — $)c—2b appears. The multipliers of the rows to 
bring out the successive factors are indicated by the triangular array 
of integers 

11111 
1 2 3 4- 

13 6 - 

14 

1 


577. The foregoing leads to the theorem that the value of the continuant 
A n is not altered by adding to its matrix the matrix of the continuant 

(n — l)x x 

(1 — n)x (n — 3) x 2x 

(2 — n)x {n — 5)jc 
(3 — n)x 


D n ~ 


— (n — 3)x ( n — 1)# 

— (n — l)x 


x 
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For treating D n in the same manner as we have A n it readily appears 
that the elements in the first row in each reduction are zero. The 
operations then on the combined matrix will produce the same results 
as on the original. 

578. Two special cases of the theorem of §576 are worthy of notice. 

First , when c=-(b- 1) we have the result, where for convenience 
n is taken equal to 4, 

a b 

3(b - 1) a - 1 2b 

2{b — 1) a — 2 3b 
(b - 1) a - 3 
= (a - b - 1 )(a - 3 b){a + 3b - 3)(a + b - 2) . 


Second , when c = —b = 1 , we have (n = 6) . 


a 1 
5 a 2 
4 a 3 
3 a 4 
2 a 5 
1 a 


(a 2 - l 2 )(a 2 - 3 2 )(a 2 - 5 2 ) . 


A centro symmetric continuant of even order may be expressed as the 
product of two continuants of half that order. 

Thus the one last written is equal to the product of 


a 1 



a 

1 

S a 

2 

and 

5 

a 2 

4 

a -\- 3 



4 a — 3 


If the first is denoted by f(a) the second would be (— 1 ) w/2 /( — ^)- 
That is the factors of f(a) are (a+l)(a — 3)(a+5) and those of 
(—l) n/2 /( — a) are (a— l)(a+3)(a — 5). 

579. We might assume a set of multipliers and then determine the 
most general continuant resolvable by means of them. Thus taking 
the set of column-multipliers 
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it may be found that the continuant of even order 2m 

Ai 0i • • • • 

7l A 2 @2 

72 As ■ ■ ■ 

2m 


is resolvable into linear factors if we have 


A\ — a me j A 26 — Q H (2 b — s + c) t 

26-1 


^ 20+1 = a (2b — s + c) 

20+1 

Pi = b, fa = (m - 6)c, 02 «+i = — 2— {fls - b - 20(0 + l)c} 

20+1 

7i = s — b, 7m = (m 4- 6)c, 7m+i = — — — ;{ (0+1)*— 5+20(0+ l)c } , 

20+1 

the factors being 

{ a + 6 + rac j { a + 0 — s — (m — 2)c\ 

{0 + b + (m — 2)c| {<2 + 0 s (w 4)^} 

{a + b + (m — 4)c} [a + b - s — (m - 6)c} 


{a + b + (2 — m)c) {a + b — 5 + mc\ 

That this is true may be readily verified, but the actual work will 
be left to the reader. 



548 


THEORY OF DETERMINANTS 


In the case of odd order 2m — 1 we have the continuant 
Ai Pi ■ ■ ■ 

7l A 2 0 2 

72 A 3 ■ 


resolvable into factors if 
A\ = a + b , 


0 i = (m — l)c, 


6(2m - 1) i 
A 26 = a-\- — ( c — s\, 


* 26+1 


= a -\- 


2(26 - 1 ) 
6(2m — 1 ) 
2(2 6 + 1 ) 
6 


(c - s) \ 


$26 = b — ($ + C) , 

m — 6 — 1 . 

= ~ — ~ { (C + + c) } , 

e 


7 i = s — (m — \)c, 720 = b + — ($ + c), 

2 # 


m + 6 ( 

729+1 = To _l 1 + l)( s + c) — c} , 

26 1 

the factors being 

[a + b + (rn — l)c } { a — b + (m — l)c + (s + c) } 

{ a + b + (m — \)c — (s + c) } { a — b + (m — l)c + 2(s + c ) } 

{ a + b + (m — l)c — 2(s + c ) } { a — b + (m — 1 )c + 3(s + c ) } 


{a + b + (m — 1 )c — ( m — 1) (.v + c ) } . 

Special cases of these worthy of note are, for even order (1) when 
s = 2b-\-c , (2) 5 = 2c, (3) c = 2, b — 2m — 1, s = 2b-\-c = 4m; for odd order 
(1) s = —c, (2) s = c, (3) c — 0. 

580. The continuant 


Ka 


A y 2(n — l)/3i 

nyi A 2 (n — 2)0 2 

(n + 1)72 A s ( n — 3)03 

(n + 2)73 A4 
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(m - l) 2 

A m = a — 2(m — l) 2 c + — { 2m (w — 2) + 3w}5<7 

(2m — 3) (2m — 1) 

(m — l)(m — 2) 

= b — (m — l)c H 5(7 

2(2 m — 1) 

(m + l)m 

7 m ^ I me ~ ■ 5(7 

2 (2m - 1) 

is resolvable into linear factors 

X{X - 2V - 1 nZ) 

{X - 4Y - 2 (n - 1 )Z\ 

{X - 6 Y - 3(w - 2)Z } 

{X — (2w — 2)F — (n — 1)2Z} , where 
X = a + 2(» - 1)6, Y = 2b - 3c, Z = 4c - 5(7. 

If we represent the continuant K a by f n (a, b , c), then it may be 
seen that 

Ma,b,c ) = ( a + 2(« — + 2c + 5</,6 - 2c + y, c) 

and hence the factors. 

To obtain the nil-factor continuant put X=F=Z=0 and solving 
for a } b } c, in terms of d we obtain the continuant 

I 2 I 

(n — l)c 2{n — l)c I 


2 1 

(m + \)e {n — 2) — e 

13 3 

12 / 1 

— (w + 1)— c — -(w n ~ 3)— c 

1 2 

— (n + 2) — c (n + I7)e 

V 5 5-7 


where e = 15 d/8. 
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581. Similarly the continuant 

A i (n - 1)01 
(n + 2)71 A 2 (n 2)02 
Kb = (n + 3)72 ^3 -3)03 

(w + 4)73 A4 


m 2 — 1 

= a + 2(m 2 - l)c + (2m 2 + 2 + 5 ») ■ 7i, 

4m 2 — 1 


(m — l)(m — 2) 

*•-*- O-,)^ 2(2», + l ' ) ~ 

(w + 3)(w + 2) 

T .- t+( „ + 2)t 


16 resolvable into the factors 

X{X - 2V - (n + 2 )Z\ 

{X - 2-2 F - 2(» + l)Zj 
{X - 2 3Y - 3{n)Z } 

{X - 2 4F - 4 (n - 1)Z} 


{X - 2(» - 1)F -(»- 1)5 Z}, 

X = a+2(»— 1)6, Y — 2b — Sc f Z = ^c—ld. 

Here if is represented by f n (a, b , c) then it may be shown that 

f n (a,b,c) = {a+2(n-l)b}f n - 1 (a-'ib-2c+3-7d,b-2c + h-7d,c) 

582. If in K a , Y=— Z, that is, if 2b-3c=ic-5d or 5d = 2 b+c, then 
the last factor is like the first, the second last like the second, and so 
on. If, therefore, n is even, K a is a perfect square. Againif F = Z = 0, 
that is, if 86 = 1 2c = 1 5d, then K a = X n . Similarly for Kt- The special 
cases of K a and K i when d = 0 should be noted . 
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Exercise: Show that the set of column-multipliers* which will 
give the factors of K a is 

1 , 1 , 1 , 1 , 1,1 

1 , 4, 9, 16, • • - -1c,., 


1 , 6 , 20 , ■ • —Cr+1,3 


8) ’ ~Cr+2,6 


and of Kb is 


1, 2, 3, 


4, 5, 

1, 4, 10, 20, 

1, 6, 21, 
1 , 8 , 


■ • C r .i 

' ' Cr+2,3 

Cr+ 4,6 

- ‘ C r - )- 6.7 


583. The continuant 


K c m 


A i p! ■ 
71 A 2 02 

72 ^3 


where 

A m = a + (m — 1)(6 — c) — (m — 1) {» — 2(w — 1) j 7 , 

Pm = (n — m){b + (m — 1 ) 7 } , 

7 m = m{c — (m — 1 ) 7 } , 
has as factors 

\a + (* - 1)5} {a + (» - 2)5 - c + 1 •(« - 2 ) 7 } 

{ a + (w — 3)5 — 2c + 2(w — 3)7 } ■ - • { a — (m — l)c } 

• Vide Muir, Trans. Roy. Soc. Edin., vol. xli, Part II, pp. 343-358. 
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This may be seen on using the column multipliers 

1 , 1 , 1 , 1 , 1 - ' 

1, 2, 3, 4, ■ 

1, 3, 6, ■ 

1, 

Also if K, =f„(a, b, c), then 

f n (a jb jc) = {a + (n - l)b]f n -i(a - b - c — ny ,b ^ 2y ,c) . 
Exercises. Set XXIX 

(1) Compare the sum of the factors with the sum of the principal 
diagonal elements in K 0 and K b . 

(2) If in such continuants as K a and X< we put a = 0, then the con- 
tinuant reduces to the product of the elements in the places (1, 2) 
and (2, 1) times a continuant of order one less, and that the product 
of the elements in these two places is a multiple of the product of the 
first and last factors. It follows, therefore, that this reduced determi- 
nant must equal a multiple of the product of the remaining factors. 
Write the determinant with its equivalent factors in each case. Also 
put the elements in one or both of the positions (r r), (r— 1, r— 1) 
equal to zero and note the results. 

(3) Find the value of the fraction 

Z c. o Co 

Cl Z — Cl — c 2 c 2 

C*3 Z — — c. l 


and An is the principal minor of K complementary to (1, 1) and where 
m(m + 1 ) 1 

6 'o = > = — (m — k + \)(m + k)(k = 2 ,3, ■ • , m) 

(4) Find the nil-factor continuants corresponding to the set of 
column-multipliers §579 for both even and odd order. 

(5) Add the nil-factor matrix to the matrix of the corresponding 
continuant and solve for x so as to cause the element in the place 
(1, 2) to vanish and thereby reduce the order by one. 


K 

when A = 

K a 
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584. In §579 we have seen that given a set of multipliers we can 
form the most general continuant factorable by the use of these 
multipliers. On the other hand if a given continuant is factorable we 
can determine the set of multipliers which will produce the factors. 
For instance a set of multipliers might be formed* to bring out the 
factors of such continuants as 




1(0 + 2n - 2) 
3 — 2 n 


(2 n - 1)0 

2 n - 1 


2(0 + 2 w — 3) 
5 — 2 n 


(2n — 2)(0 + 1 ) 
2 n - 3 


where the non-zero elements in the &th row are 


r b 5 


(k - l)(/3 + 2 n - k) (2 n - k)((3 + k - 1) 

(26 - 1 ) - 2 n a ’ In - (2k - 1 ) 

( 2 m - 1)0 

a 

2 n - 1 

a + ( 2 n - 2) 7 ( 2 n - 2 )(a + 7 ) 

3 — 2 w 2 n — 3 

2{0 + (2m - 3)5 } 

a 

5 - 2n 


2n 


Where the non-zero elements in the (2k— 1 ) th row are 
(26— 2) {0+ (2m— 26+1)5} (2m- 26+ 1){0+ (26 - 2)5} 

(4^ — 3) — 2n 1 2n — (4k — 3) 

and in the (2£)th row are 

(26- 1 ) { a + (2m — 26 ) 7 } (2m- 26){a + (26- 1 ) 7 } 

(46 - 1) - 2m ' ’ 2m - (46 - 1) 

* Such a set is given in Proc. Roy. Soc. Edinb., vol. 34, Part III, p. 224 and is 
n °t reproduced here. 
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(2»-l)a(j3+2»-2) 

a 

2»— 1 


T c = 


y(5+2n-2) 


(2m-2){5( 7 + 2m-3)+ 7 } 


3 — 2m 


2 n — 3 


2 { (3{a-\-2n — 3) -f- a } 


5-2 n 


where the non-zero elements in the {2k— l)th row are \ 

(2k — 2){/3(a + 2 m — 2A + 1) + (2k — 3)a} 

, a 

(4k - 3) - 2m 

(2m - 2k + 1) { a(0 + 2m - 2k) + (2k - 2)0} 


2m - (4k - 3) 


and in the (2&)th row are 

(2k - 1){ 7 (5 + 2m - 2k) + (2k - 2)5} 

, b 

(4k - 1) - 2m 

(2m - 2/fe) { 5( 7 + 2m - 2k - 1) + (2k - 1) 7 } 

2m - (4* - 1) 

If in T a we add to every odd-numbered column the sum of odd- 
numbered columns which follow it, add to every even-numbered 
column the sum of all the even-numbered columns which follow it, 
and then subtract from every row the second row above it, the de- 
terminant breaks up into (a 2 — /3 2 ) and a continuant of order (2n— 2), 
which on interchanging the denominators of conjugate elements is 
of the same form as T a with n one less and two more. Thus if T a 
is represented by / 2 n(a, P) we have 

(1) Ta = /,n(fl, jS) = {a 2 - P 2 )f 2n -,{a } p + 2) 

= (a 2 — 0 2 ){o 2 — (0 + 2) 2 } { a 2 

- (0 + 4) 2 } • ■ • {a 2 - (0 + 2m - 2) 2 } . 


Similarly we may find that 

(2) Tb = fm(ab,a.fi) = (ab — a0)/ 2 „_ 2 (tf&, a + 2-y 0 + 25) 
= (ab — a0) { ab~ — ( a + 2 7 ) (0 + 25) } ■ ■ • 

{ab — (a + 12m — 2 ■ 7 ) (0 + 2m — 2- 7 )} 
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and 

(3) T c = f 2n (ab,a(2n - 2) + a/3, 5 (2^ - 2) + « T ) 

= { aft — (a/3 -(- a2 ft — 2) (57 + 52 n — 2)} 

X / 2 n -2 { (&ft, a(2« — 4) -|- a^ + 2/3,8(2n — 4) + 57 + 27 )} 

= {aft — a(/3 -f- 2w — 2 ) 5(7 2w — 2)} 

{aft - (a ■ /3 + 2» - 4 + 2/3) (5 -7 + 2» - 4 + 27 )} 

■ ■ ■ {aft - ft a + 2w - 2 ) 7(5 + 2n - 2)} . 

585. Since T a is centro-symmetric it may be broken up into the 
product of two continuants each of order n. If we represent one of 
these by / n (a, /3), then it is readily seen that the other will be 

(- 1 ) n /n(~ a, ft and 

/n(fl,/ 3) = (a + /3)/ n _](a,/3 + 2), hence 

/»(a,ft = (a + ft (a + /3 + 2) ■ ■ • (a + /3 + 2n - 2) , 

/»(- a, ft = (- 1 )"(* - ft (a - P - 2 ) - - (a - 0 - 2 » + 2 ). 

If in Tt we put /3 = a, 5 = 7 and ft = a it is centro-symmetric and 
breaks up into two factors which we will denote by / n (a, a, 7 ) and 
F n (a, a , 7 ) respectively, where / n (a, a, 7 ) is the sum of two terms and 
F n (a, ay 7 ) is the difference of the same two terms. 

As before it is seen that F n (a } ot ) 7 ) = (— l) n /«( «, 7 ) and it 

is left to the reader to find the factors of /„(a, a, 7 ) and F n (a, a, 7 ). 

586. It is readily seen that if in T b we put 

(1) 7 = 5 = 0, then T b = (ab — af3) n = (a 2 — a 2 ) n , if 6 = a and = a 

(2) b = a, fi = a and 7 = 5 = 1 it reduces to T a 

(3) 7 = — a and 8 = —13 two factors become alike and 


= (aft - a/3) 2 (aft - 9 aft ■ ■ ■ (aft - 2» - 3*aft . 

(4) a = 7 = l//3 = 1/5, and ft = a, then 

= (a 2 - l 2 )(a 2 - 3 2 ) - ■ (a 2 - 2n - V). 

Other forms of the continuant may be seen to yield these same 
factors. Thus if /3 = a = 2 w— 1,7 = 5 = — 2 or if /3 = a = 2 n — 1 , 7 = 5 = — 1 

(5) /3= — a = 2n— 1, 7 = — 5 = 2, then 

n = (a 2 + l 2 )(a 2 + 3 2 ) ■ • (a 2 + 2n - l“) 
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( 6 ) a = /3 = 0, 7 = 5 = 1. and b = a, then 

T b = a 2 (a 2 - 2 2 )(a 2 - 4 2 ) • ■ • (a 2 - 2n - T) 

(7) a = /3 = l, 7 = 5 = 2 and b = a, then 

T b = (a 2 - l 2 )(a 2 - 2 2 ) ■ ■ (a 2 - n 2 ) 

i 

( 8 ) a=— / 3 = 1 , 7 =— 5=5 and b = a, then 

n = (a 2 + l 2 )(a 2 + 2 2 ) ■ ■ • (a 2 + n 2 )' 

(9) /9=-2n+l, 7 = -2, 6 = a, a = 2»-l, 5 = 2, then\ 

r<, = (a 2 + l 2 )(a 2 + 3 2 ) • ■ • (a 2 + 2n - f) (a 2 + 2 m - 1 *) 

etc. 

587. If in T r we put b = a, 8 = a, y = ft, then it is centrosymmetric 
and breaks up into two factors which we will denote by /„(a, « ft) 
and Fn(dj <* ft) respectively, 

/ n (fl,a/3) = [a + a(ft -\- 2n — 2) }/ n ^i(a, a/3 + 2/3) 

F n(a, a/3) = {a — a(/3 + 2m — 2) }F n _i(a, aj3 + 2/3) . 

If in T c we put 

( 1 ) 5 = o:, y = ft and b = a then 

T c = {a 2 - a 2 (/3 + 2n - 2) 2 } {a 2 - (a-/3 + 2 m - 4 + 2/3) 2 } • • • 
{a 2 - 0 2 (a + 2 m - 2 ) 2 } . 

(2) 5 = 7 = /3 = a and 5 = a, then 

T c = {a 2 - a 2 (a + 2n - 2) 2 }” 

(3) 5 = y=ft = ot = b = a, then 

T c = a 2n {2n + a — l) n (3 — a — 2w) n 
T c = 2 2w { «(1 - rc)}”, if a = 1. 
or if a+2n — 2 — x, then 

T c = (l 2 - x 2 ) n {x - 2n + 2 )” = 0, if x = ± 1 or In - 2 

(4) 6 = y = ft = a = 1, 6 = a = x(2n— 1), then 

T c = (2 n - 1) 2 "U 2 - 1)* 

= 0 , if x = ± 1 . 
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588. If we denote by/ 2 n (ff, 0, b) the continuant 

x b 

x {n— 1)5 
— d x b — d 

— 2 x (n — 2)5 

-2d x 

— (n — v b ~7i— Id 

-Id x 

where the non-zero elements in the ( 2 &)th row are 
— ft + {n — k)5, x, (n — k)8 ; 
and in the ( 2 £ + l)th row are 

— kd, x , b — kd y 
then it is easily seen that 
f. 2n (x,[i,b) = (x 2 + pb)f in - 2 (x,P - 5 ,b — d) 

= {x 2 + pb}{x 2 +(p-S)(b-d)}f i ^ i (x,p-2o,b-2!) 

= + {x 2 +(p- 5Kb - d) \ ■ ■ 

( x 2 + (j 8 — n — IS) (b — n — Id ) } . 

The operations which show this are 

col r — col , +2 + col Jf 4 — • ■ (r = 1 , 2 , ■ • , 2 ■/ — T 

followed by 

row, + row r _ 2 , (r = 2 «, 2 n — 1 , ■ , 3). 

It should be observed that if in the factors of 1\ we put 

5 d 

a = b = x, a = f3 , — b , 7 = 5 = ~ > 

then they become those of 7V The two continuants should be com- 
pared under these conditions. 

589. If in K{ 1, n) f j, a r = 0, and d r = d rlt i = 5 then 

A(1 ,«)<* = «lA'(l,r - 1 )IC(r + 2 ,») + A'(l,r - 2)K(r + 1,»)| . 

This follows at once from expansion in terms of elements of the 
rth row. 

If a r = d r = d r n = 0, then K( 1, n) (i = 0. 
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If in K{ 1, n)d, a T = a r +i : =0 and d T — d r + i— 5 then 
K(\,n) d = d[K(ljT — \)K{r + 2 ,w) +AT(1 ,r — 2)^ r+2 2£(r + 3,n)] . 

If in Al( 1 ; w)d, a r — dr+i = 2 = 0, d T = d r +i = 5, and d r _|. 2 = d r +3 = 7 J 

then 

iC(l,»)d = 75[i^(l,r — 1 )K(r + 4,w) + K(l,r — 2 )K(r + 3,w)] 

590. If j 

ci = a\a + <5, 

c 2 = a 2 Ci + d 2 a + 7r i , 

Cz = azC 2 + dzCi + 7T2, \ 

\ 


C r = a,C r -\ + d r C r ^ 2 + TT r - 1 

then, solving for c f we get, after increasing the order by one and 
simplifying: 


a 5 7Ti 


7T r _l 



dr— 1 d r 


-1 


d r 


r+1 


and hence 

c r = aK(l,r)d + 5K(2,r) d + 7n^(3,r) d + - • ■ + 7r r _ 2 a r + 7T r _i. 
591. If F n is used to represent { [a]x+ [b]y } 71 , where 
[a] r = a(a - l)(a - 2) • • (a - r + 1) , 


then from the relation 

{ [a]x + [6];y| nfl = {(a - n)x + (b - n)y } { [a]x + [6]y} n 

— nxy(a + b — n + 1){ [a\x + [b\y) n ~ x 

we get 

F\ — {ax + by) =0 

F 2 — {(a — \)x + (b — l)y}Fi + xy{a + b) =0 

Fz — {(0 — 2)x + (b — 2)y}F 2 + 2xy(a + b — l)Fi = 0 

F * - {(« - 3)x + (b - 3)y}/i' 3 + 3xy(a + b - 2 )F 2 = 0 
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and hence 
( [a\x + [b]y} n 

ax + by xy 

a + b (a — l)x + (b — 1 )y 2 xy 

a + b - 1 (a - 2)x + {b - 2)y 

a + b - 2 


Exercise: Show that 


1 (a — 2)x — by 1 

3y (a — 2)(x 2 + xy) ax — (b — 1 )y 2 

3y 2 (a - 1)(* 2 - xy) (a + 2)x - (b - 2 )y 

y* a(x 2 + xy) 

( a — 2)x 2 + by 2 1 

(a — 2 )(jc 4 — ac 2 ;y 2 ) ax 2 + (b — l);y 2 2 

(a - 1)(* 4 - * a y 2 ) (a + 2)x 2 +(b-2)y* 

= { M * 2 + [&];y 2 } 3 - 


592. If ^4 in §310 is a continuant then the quotient An/ A is a 
continued fraction which is expressed as a series in descending 
powers of x. 

Exercises: 1. Under the conditions that A is a continuant show 
that the coefficients Aj, A 2 , As, • • ■ , can be expressed in the form 

51 — a 1 1 

5 2 — 0-2 1 


where Sk denotes the sum of the coaxial minors of A of order k , and 
where a k denotes the same for ^4n. (Muir.) 

2. Show that A k is equal to the (1, l)th or leading element in the 
Hh power of the continuant. (Whittaker.) 



560 


THEORY OF DETERMINANTS 


593. If S represents the continued fraction 


ft -f“ d\ 

01 H n + a 2 

a 2 H 

^3 + 


n + ia r _i 


that is 


n + a 2 • - n + a T _ 


f n + ai n + a 2 ■ ■ n + <z r _i 

d 2 t 


S+l = 


n n + a,\ ■ • n + a r _ 


W -f- fli W -|- «2 ' ’ ' fl “h #r- 


S,<Zl d 2 

\al 


w + a 2 n + aj ■ - ■ » + ^r-i 


+ d\ * • ■ n + a r _i 


5 + « = 


Therefore 


»(5 + 1) 
S + n 


nKi 

\d\ + 1 

k( ” + 

\a i 


n + di • ■ » + a r _ 


W -|- ■ W' -|- <J r _ 


(» + «i)* 


l>*( 4-1 

\a 2 + 1 
/ n + 

\ai + 1 


ft -J- d 2 ■ ■ • ft tf r — 1 


+ ai ■ ■ ■ « + a r _ 



CONTINUANTS 


561 


(» + a t )K I 


n + a$ ti + • * ■ n + a r 


\(l 2 ^3 

+ ^2 w + a 3 ■ ■ ■ « + a r 


by ex. 2 §570 


- a r \ 

flr+1/ 

a r + 0 


- T, where 


n + ai 

T = n + a 2 

a\ H n + a$ 

a 2 H 

as + 


Exercise: If 


n + a r 

a T + 1 


d + b 2 — cq + 


d + bs — ci + 


d + br+l-Cr- 


d + b 2 — Ci + 


d + bs — c 2 + 


show that 


(co — d)S + biCo 

~~s+Ti ~ 


+ 2 >r+l 


594. If we represent the continuant 

ao H“ G\ — XiGi 

— Xi<ii fli “h a 2 — X 2 G 2 
— lS- 2 a 2 “ 1 “ #3 


i by D n 
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and if the a’s are all positive and X r 2 > 1 for all values of r then D n is 
necessarily positive. 

For it is readily seen that 


Dn = (fln- 1 + a n )D n - 1 ~ X ?l 2 _iff„ 2 _iZ) n _ 2 

— a n D n -l + dn— l(Dn— 1 X r ?_ifl n _iZ) n __ 2 ) 


which shows that Z? n ><z n Z) n _i if -£Xi-i> 0 n-iAi- 2 ,[ 
D 2 >a 2 Di } and therefore D n is positive. 


but obviously 


Exercises 

1. If in D n the X’s are all put equal to unity show th^t the resulting 
continuant is equal to 


a 0 ai 


a n 


i i 

— + — + • 
d\ 



2. Show that the sum of the signed primary minors of D n is 
qq&i(1 2 1 ' ' d n (<r i + 4(7o + 9(73 + ■ sb n 2 &7i) = & say, 


where 


111 1 

a. = 1 1 b ■ H 

flod/c (2i(Ik+i a 2 (lk-\-2 d n —kdn 


3. Show that 


oc + a Q + (7] x — fli 

A" — d 1 X ( L \ -\- d , 2 % — fl 2 

oc — a 2 x & 2 a z 


= D n + XS . 


n 


Exercises. Set XXX 
1. Evaluate the continuant 

9 x 

10 2(x — 1) 

1 6 3(* - 2) 



CONTINUANTS 


563 


2. Show that 

— v a\ 

ffi -q b\ 

en — p c\ 

djji d\ = 0 

g/jl p e\ 

bn q /X 
an r I 

3. Show that 

1 + x 2 x 

X 1 + X 2 x 

x 1 + X 2 = 1 + * 2 + + ■ ■ ■ + * 2n 


4. Show that 

I *1 b 

-1 2 | a | b 

(a 2 + b = -1 2 | a | 


5. If 

2x 1 

2 n 2x 1 

2{n - 1) 2x 1 

2(n - 2) 2x 

n+1 

show that the first derivative is 2(n+l)A n . 



2 | a | b 

-r- — 1 2 1 a | b 
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6. Show that the continuant 

1 s 

a+»— 1 a x 

1(1 -n) a+ 1 x 

a(a+n ) a + 2 x / 

2(2 — n) a + 3 ( 

(# -f" 1) (a ~h w -|- ly a - |-4 


\ 

= a(a + l)(a + 2) ■ ■ ■ (o + 2 n — 3)(a + 2 n — 2)(1 — cc) n 


7. Show that the continuant 
1 x 


c 2 £2 * 

ea £a 


{ (1 + >0(1 + qy) ■ ■ ■ (1 + q 2n ~ 3 y ) } ( (l - *)(1 - qx) ■ - (1 

where 


q n ~~ x x 


e 2 m = (1 + q m ~ 2 y)( 1 + q^n-iy^ q m-i 

<Wi = (q m - l)(q n ~ m - \)yq 2m ~ 2 , 

and 

gr = l + g r_3 :y- 

8. If liT* denote the persymmetric continuant 
c a 
b c a 
b c a 


show that K n = cK n - 1 -abK n - 2 and 

q^n+l — ^n+1 

K n = , 

(w — v)2 n + l 

where u and v are the roots of x 2 —cx+ab = 0. 
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9. From §112 it is known that the determinant 


^«+i = 


111 

lea 
1 b c a 


is the sum of the signed primary minors of K n in the previous example. 
Show that 

D n+ 1 + (a + b)D n + abD n ^i = — nK n ~\ 

and hence 

D n +i = — nK n _ i + (n — 1)(# + #)AT„_ 2 

- O - 2) (a 2 + a& + &*)*»_, + ' ‘ 

+ (- l) n (a n_1 + a n ~ 2 b + ■ + b tl ~ l ). 

10. Show that 

I cos 0 1 I 


cos nv = 


1 2 cos 0 1 


1 2 cos 0 1 


11. Show that 
/ - b 2 - b 2 ■ - b* 


+ b a 


12. Show that 


a + b) n 


= (a + 2 b)K 


/ - b 2 - b 2 - b 2 \ 

\a a a/ n _i 


1 «-l 

-1 2 n-1 ((n) 1/2 + l) r + (— l) r ((w) 1/2 — l) r 

" -1 2 n - 1 ~ 2 

T 

and 

2 n - 1 

D , = -1 2 «-l ((n) , ^+l)^ t +(-l) r ((») 1/l -l) H ' 1 

-1 2 »- 1 __ 2 (« V ' 2 


*ind hence we have a convergent to yj n in the quotient of the two 
determinants. 
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Orthogonants 

595. The determinant A = |ai n | is called an orthogonant when it is 
the determinant of an orthogonal substitution, th^t is, when the 
following relations hold: 

an 2 + <^ 2 2 + • ■ + a in 2 = 1 

O-iidjl + 0 l2 0 1 2 “h ‘ " H” Q'tndjn = 0 \ 

where * 

ij = 1,2, ■ ■ • , n\ i^j. 

596. The square of an orthogonant is equal to unity as may be seen 
on multiplying it by itself. It follows that the orthogonant is equal to + 1. 
An orthogonant having the value + 1 is said to be proper and one which 
has the value — 1 is said to be improper. g 

597. By definition we have the equations 

dndn + 012^12 + ' ■ • + d\ n a %n = 0 

(1) a t ia x i + a l2 a l2 + + a x n a{ n = 1 

dnldil + a n2 ai2 + * 1 ■ + = 0 

Denoting the algebraic complement of a x j in A hyz4 l j J and multi* 
plying the foregoing equations by vf 2j} • ■ • , c A nl respectively, 
and then adding the results we get 

( 2 ) 

This shows that every element in A is numerically equal to its comple- 
ment. 

If we multiply both sides of (2) K y a x k we have 
A ‘ a t ]Oijc ~ zA l jdijc J 

and giving i all values from 1 to n and adding the results we have 
A(aijai k + • - ■ + a ni a nk ) - ^Aijan + ■ • • + zA n jO'nk 

= A or 0, 
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according as j = k or j^k. From this it follows that 

du 2 + a> 2 i 2 + ■ ■ ■ + a ni 2 = 1 , ( = 1 , 2 , 

(3) \k 

+ ■ ■ + a Tll a n j = 0, i ^ j . 

598. Every minor M of order m of A is equal to its algebraic comple- 
ment y multiplied by the given determinant A . 

The truth of this may be seen on multiplying every element of M 
by A y and therefore M by A m , then using (2) §597 we get a minor of 
order m of the adjugate of A, which is equal to the complement of 
M in A (which we may denote by N) multiplied by A m_1 . That is 

M A m = N -A m ~ l y 
or 

M A =Ny 
or 

M-A 2 = M = N- A . 



If 




oo\ — anyi + a-nyz + - * 

+ a in yn 



#2 = ^-21^1 + ^22^2 + 

• + ^2nyn 



i a n \y x — a„ 2 y 2 “t - 

— I - ei nn y n 

and 

\a-nn \ is an 

orthogonant then it follows from the foregoing 



’ 3>i = a n xi + a-iiXt + • 

T" fl'nl'X'n 



y 2 = a u x ! + < 122-^2 + ■ 

“}“ fl'n2%n 



v y-n ^ln*Tl “I” fl'2n^2 T* 

“1” @nn “T n 

and 





X'l' 2 + 

xi + ■ ■ ■ + *„* = yi s + yi + ■ •• + y ,? . 


599. If we multiply both sides of 

Mi = NiA , 

by Mi we get 

= NiMiA 
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and summing with respect to i we have 

= itiNiMiA = A*= 1 (n = («) m ). 

1 1 

If we multiply both sides by M where M ' is the minor correspond- 
ing to M but formed from a different set of rows, we get 




- 


It follows, therefore, that the mth compound of an orthogonant A 
is itself an orthogonant. 

600. The product of two orthogonants is an orthogonant. 

For if A s \a nn | and B=\b nn \ are two orthogonants, and 
A B^C= [ Cnn | , where c tJ = aubji+ ■ ■ ■ + a in b ]nj then 

w n n n 

Zic^b^ ^2ia tl 2 + ■ • -j-bj n 2 ^^ia 2 in - 1 - 2bjibj 2 ^2i^iia l2 -|- ■ ■ ■ 

i i i,i 

= jtib 2 ji= 1 . 

i 

Similarly ^c lJ Chk = 0, where i^h and j^k. 

The determinant C is therefore orthogonal. 

601. If two n-line proper orthogonants be taken and the rows of o?ie 
be multiplied by h\ y h 2 , ■ ■ ■ , h n respectively , and the rows of the other by 
ku k 2i ■ ■ , k n respectively , and a new determinant be formed , each of 
whose elements is the sum of the corresponding elements in the orthogo- 
nants thus modified , this determinant is such that it will remain unaltered 
on the interchange of the h’s and k's. That is if A = \a nn |, and J5= \b n n \ 
are the two orthogonants, then 


5 = 

kjiO'nn ~1~ k n b nn | — 

kn^nn ~ 1” hnbnn [ 

The product \h n 

&7ui H - k n b nn J ■ | a nn j 


h\+k i Julian 



k 2 

^2+^2 ' 

kz 53^210711 

kn '^bniOu 

kn XXl.21 

h n “j“ k n ^ 'jbnxO'nl 


= P i, say. 
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The product | k n d nn | h n b nn | ' | ^nn | 


hiA'ki 2^ 0ii&n 

ki 2Z a nbn * • 

kl y'.aubni 

k 2 2^21^11 

h 2 ~\~k 2 ^^21^21 ' * 

ki 22 fl 21&nl 

k n 

kn XXl^l 

h n + k n 


The determinant Pi may readily be transformed into P 2 by first 
dividing the rows by ki, k 2y • ■ * , k n respectively, and then multiply- 
ing the columns in order by the same numbers. 

It follows therefore that 

| hn^nn H - k n bnn | | ^n^nn “I” | 

602. The determinant S= \a nn +b nn \ when multiplied by A or B 
gives 



22 fl n^n + 1 

^011^21 

'^O'llbnl 

A-S = 

2Z a zi ^11 

S a 21^21+1 

2>2i*m 



y^.anibn 

• 21 ] a nlbnl + 1 


showing that the determinant of the sum of two orthogonal matrices is 
equal to the determinant of the sum of their product and unity. Since the 
product of two orthogonants is orthogonal, D is an orthogonal de- 
terminant with 1 added to the diagonal elements. 

603. If in §601 we put all the h’s equal to 1, and all the k’s equal to 
— 1, then when n is odd S vanishes giving the theorem: If from each 
element of an odd-ordered orthogonant there he subtracted the correspond- 
ing element of another orthogonant of the same order , the determinant so 
formed vanishes . 

604. If A and B have opposite signs, that is, if one is proper and 
the other is improper, then 


h n a nn d - k 7 \b nr i I — I k n a nn H I - hnbn 


and 


(1) Iih 1 = h 2 = ■ ■ ■ =h tl = l=ki = ki= • • • =k n then 5 = 0. 

(2) If hi = h 2 = ■ ■ ■ =h n =l, and ki=k 2 = ■ ■ ■ =k„= — l then 


S = | a nn — b nn | — I a nn b nn | 

= — ( — 1)” | firm bjin | 


= 0 


when n is even. 
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If the determinant B is taken as positive or negative unity, thus 


1 0-0 

0 1-0 


I 0 0 • 1 I I 

then \a nn +bnn\ becomes an orthogonant with unity\ added to or 
subtracted from the elements along the principal diagonal. 

605. The result of increasing the elements along the nfain diagonal 
of a proper orthogonant by Xj, x 2 , ■ • ■ , x n is the same as increasing them 
by x" 1 , x~ l , ■ - - , x' 1 , as long as Xix 2 ■ ■ • x n = 1. 

For if A — |a wn | = 1 is an orthogonant then 


an+tfi 

a±2 

aiv 


tfnXi+1 

a 2 iXi 

aniXi 

#21 

a 22 ~\- x 2 

a 2n 

A = 

^12^2 

^22^2+1 • 

a n2 x 2 

a n i 

a n 2 

ann “1“ X n 


a-lnX n 

* 

a 2 n X n 

a nn x„+ 1 


an + x 1 

a \ 2 

a\n 

a 2 i 

a 2 ‘i + xr 1 ■ 

a 2n 

a-n\ 

a n 2 

^nn “h X„ 


which, since A and the product xix 2 ■ ■ x n are both unity, proves the 
theorem. 

606. If A = | a nn | be an orthogonant and 



an + 1 

a i 2 

■ • a\ n 


an — 1 

an 

* a i n 

c = 

a 2 i 

a 2 2 + 1 • 

a 2n 

, C'= 

a 2 j 

a 22 — 1 ■ 

a 2 n 


a„i 

a n2 

a nn + 1 


a n i 

a n 2 ■ 

■ a n „ - 1 


then, if we let C l3 be the minor of C corresponding to (complementary 
of) the element in the position (ij) f by multiplication it is readily 
seen that: 

(1) { C A = C 

l or C(A - 1) = 0 


or 


ca = (- i yc 

C’\A - (- 1)”} = 0 
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C„A=C—C, k 

or C„C4 + 1) =C 

(2) „ C 

or C„=- 

^4 + 1 

C«x -A = — Cx« 

[ Cx« .x«-4 = C — Cxx — C„ 

“HCx* ,Xk 

(3) or Cx«,x<(-4 - 1) = C - C\x 

- C„, 


CU = (-1)- 1 {C'+C:.} 
or Cl!« { yf — ( — 1) n_1 } =(— 


ck-^=(-D«-*c;. 

C«x,«x yl 

= (- D’‘- 2 {c'+c; (t +c:x,.x} 

or C; ( x(i -(- 1)-*} 
= (- 1)"- 2 (C' + CL + Cxx) 


(4) 


Ckx i((M ■ A (C^x Ciqi.nx) Cix,«n - i4 — ( l) n 4 { C,x “t - C^ ,itx ) 


{ C,x,«m‘- 4 = 
C«x l( i»-^4 = 


' fiv ,l[\ 


C'x tflv A = (- l) n - 4 C',,, x . 


In general 


(5) 


i® 2 ' ‘ “m »**!“*■ ‘ ’ ^ = C — (Ca,« l H” Ca 2 « 2 + ’ ’ ' + Ca m a m ) 

“t“ Cai« 2 ,a 1 or 2 + C ai a 3 lttl a 3 H - ' ' ' H” Ca m -ior m 
_|_ ( — l) m 1 (C7 aitl f 2 . . ■a m _ 1 ■ -« m — i d“ ' ' ' 

+ Ca ja3 ...« TtlI a : a 3 -.. a J + ( 1 ) ™Ca l0 ( 2 . . . a m ,a x a 2 ■ ■ a m 

Or C aiDt! . . -a m ,«,«!- • a m {^4 — (“ I)"”} = C — 2ZC ai0tl 

+ .“i«a “1“ ( I)™ l C Ul - ■ ■a m -|,o 1 - ■ -a m -» 

C ai or 2 . - . am ,/3 l( 3 2 . . ' ^4 = ( 1) ' * 'Pm .« i«j' ‘ 

+ terms containing minors* of order higher than n — m 

-a m ,ot r --a m {A — (~ l) n ~ m } = (— l) n_w {C'+ ^C ai a 2 

+ ■ ■ ' + 2^C ai . . -ajn-! ,a r - -am-) } 

C ar ■ -a m .0 r ’ fi m m A = (— 1) M m 2 C0 l ...0 m , ar .‘a fn 

+ terms containing minors* of order higher than n — m] 

It may be observed that we may also write 

12 • • ~ m ,12 ■ ■ • m ' A — A + y^.A m + 1 ,fli+l + y^Am+l rnA-2 . w-4-1 m+ 2 + ' * * 

+ y^^4ffl4-l-- ■ n— 1 , m+1- ■ ■ n— 1 d - 


* These terms do not exist when a&i • • ■ a m and have no numbers in 

common. 
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Substituting in the right-hand side for A m +i m +i etc. by (2) §597 
and, using inclusive notation instead of exclusive, we get after dividing 
through by A 

- ■ ■ n ~~ 1 { ^ ^ A m-j- 1 , m+ 1 “I” m -\- 1 m+2 m-f-2 “I” 

"f" A m- )- 1 ■ • ■ n , m+ 1 ■ ■ ■ n • j 

607. From the foregoing results we see that i 

I. When -4 = +1. \ 

(a) We have from (1), C' — O when n is odd and hence the theorem: 
If unity be subtracted from the main diagonal elements of a proper 
ortho gonant of odd degree the resulting determinant vanishes ; a result 
which might have been obtained from §603 by making B the unit 
orthogonant. 

(b) From (2} we have, C KK = %C and hence the theorem: If unity be 
added to the principal diagonal elements of a proper orthogonant then 
the determinant thus formed has the complementary minors of its diagonal 
elements all equal to one-half itself. 

When n is even —\C' and we have th£ theorem: If unity be 
subtracted from the principal diagonal elements of an even ordered proper 
orthogonant the determinant thus formed has the complementary minors 
of its diagonal elements all equal to the negative half of itself. 

(c) We also have C K \ = — Cx„, which with 

CkkCm C k \C\ k = C C K \, K \, and C KK = 2 C 

gives 

0., 2 = c(c,x..x-^). 

Similarly 

±C,'x 2 = C'(c.'x,.x-^. 

These show that: If {£ = 0 ) then all minors of {£} of order n— 1 
are also zero. 

The adjugate of C is skew, and when n is even that of C' is also . 

(d) From (4) we see that, under the same conditions as in the last 
theorem, every minor of C or C' of order n— 2 is equal to the positive 
or negative of its conjugate. 

(e) From (5) we see that: When \ t ™ m } is odd , and all* coaxial 
minors of { c } of order higher than n — m vanish then all coaxial minors 
of order n — m vanish. 


This could be replaced by the sums of all. 
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It also shows that: If all minors of order higher than n — m vanish 
then every minor of order n—m is equal to the positive or negative of its 
conjugate. 

But, using cl for ol y ■ ■ a m and 0 for ft ■ ■ ■ p mj 
C a) a‘Cp t p — C a , 0 -C 0 , a = 0 

since it is equal (§191) to an expression involving minors of order 
higher than n — m. 

It follows therefore that 


Similarly 


Ca.fl = 0 
Ca,0 = 0 


and we have the theorem: (^4) If { n " w } is odd and all minors of {<£-} 
of order higher than n — m vanish then all minors of order n — m vanish. 

II. When A = - 1. 

(f) In this case (1) shows that C = 0 and we have the theorem: 
If unity be added to the principal diagonal elements of an improper 
ortho gonant the. resulting determinant is zero. 

It also follows that all coaxial minors of C of order n— 1 have the 
same signs and the adjugate is axisymmelric . 

(g) If n is even then C' = 0 and we have the theorem: If unity be 
subtracted from the principal diagonal elements of an even ordered im- 
proper orthogonant the resulting determinant is zero. 

In this case all coaxial minors of C ' of order n— 1 have the same signs 
and the adjugate is axisymmetric. 

(h) From (2) we see that when n is odd C' KK = — \C f and we have 
the theorem: If unity be subtracted from the prificipal diagonal elements 
of an odd ordered improper orthogonant the determinant thus formed has 
the complementary minors of its diagonal elements all equal to the nega- 
tive half of itself. 

The adjugate of C' in this case is skew. 

(k) If C f — 0 and n is odd then it follows that every minor of C' 
°f order n— 1 is zero giving the theorem: If unity be subtracted from 
the principal diagonal elements of an odd ordered improper orthogonant 
and if the resulting determinant is zero then all its minors of order n— 1 
are zero also . 

0) From (3) we have 

C K \, K \ = i (C KK + 

C' K \ , K \ = - + Cax) when n is even; 



574 


THEORY OF DETERMINANTS 


and we have the theorem: If all coaxial minors of {£' } of order n— 1 
vanish when { n an fu “» bcr } then all coaxial minors of order n — 2 will 
vanish also. 

Or we may say that : If { f? — 0 } and all coaxial minors of order n — 1 
are also zero then (a) all minors of order n— 1 vanish and (/3) all coaxial 
minors of C of order n — 2 vanish and all coaxial minors pf C f of order 
n — 2 vanish when n is even. Under these conditions (4) shows that 
all minors of orders— 2 are zero. \ 

(m) From (5) we see that: When { n -„, } is even and all coaxial minors 

of {£'} of order greater than n — m vanish then all coaxial minors of 
order n — m vanish. \ 

(n) It also follows that: ( B ) When { n - m \ is even and all minors of 
[c'\ of order greater than n — m vanish then all minors of order n — m 
vanish. 

608. Since it is true that if all minors of order h of any determinant 
vanish then all minors of higher order vanish as a consequence and 
since any odd power of an orthogonant is equal to the orthogonant 
itself we may state theorems (A) and (13) §607*as follows : : 

(Ai) If +1 he added to each of the diagonal elements of an odd power 
of a proper orthogonant and the resulting determinant he such that its 
minors of order n — 2k are all zero , then all its minors of order n — 2k — 
1 are zero also. 

(A 2 ) If be added to each of the diagonal elements of an odd power 
of a proper orthogonant and the resulting determinant he such that its 
minors of order 2k are all zero f then all its minors of order 2k — 1 are 
zero also. 

(Bi) If +1 be added to each of the diagonal elements of an odd power 
of an improper orthogonant , and the resulting determinant he such that 
all minors of order n — 2& + 1 are zero , then all minors of order 2n— 2k 
are zero also. 

609. These theorems may be recombined as follows: 

(Ci) // +1 he added to each of the diagonal elements of an orthogonant 
and the resulting determinant he such that all minors of order n — m 
vanish , hut not all minors of order n — m— 1, then m is odd or even 
according as A is positive or negative. 

(C 2 ) If — 1 he added to each of the diagonal elements of an orthogonant 
and the resulting determinant he such that minors of order n — m are all 
zerOy but not all minors of order n — m—\, then {n—m) is odd or even 
accordifig as A is positive or negative. In this case it must be noticed 
that n must be even. 
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610. The primary minors of 5 (§602) can be expressed as linear 
functions of the primary minors of D as may be seen on multiplying 
one of them by A, and we know (§607 (c)) that if D = 0, then all the 
primary minors of D vanish also. It follows therefore that if D — 0 
and consequently S = 0, that all the primary minors of S also vanish. 

611. If 


( 1 ) 


n 

x, = ^2j<hjyi 
1 

71 

u ■ = E jbt,v , 

1 


(* = 1,2,- , n) 


where tii„ and \bi n \ are orthogonants, then we know that 


f XU 2 = 'Ey 
l E i< ‘ 2 — E v 


Let us consider the transformation 


(3) 



and for convenience let n — 3. 

From this identity (3) we have the nine (n 2 ) equations 

(4) c l} = GiOjibri +G ! 2 tf J 2 ^i 2 Gaa jzbrf, ^ . = 1,2,3 


and from these nine 

we readily get the following two sets of nine each 

(5) 

and 

GiUji ^ ]hbh i Chi i 

{h,i,j, = 1,2.3} 

(6) 

G % bj, ha i) l c j] L , 


Solving (6) for aij we have 


(7) 

Cdij , , 

= | bijCaCa | , etc. 

G, 



and solving these for C tJ we get 
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C' 2.2 £23 

Cu - 

£32 £33 

which by (4) is equal to 

G^ci'ii G 2 G 22 G 3&23 b 21 ^22 bn 

GiQ-si G 2 0 3 2 ^3^33 ^31 ^32 b 3 3 

= G1G2A 13^13 + GiGjA i 2 Bj 2 + G 2 G^AuBii \ 

= GiC 2 0 13^13 + G 1 G 3 CI 12 b 12 + G 2^3^11^11 ■ \ 

Comparing this with Cu from (8) ^e sec that \ 

Ci G 2 Go = C 

Comparing (4) and (8) we observe a dualism. Each equation in (8) 
being obtained from the corresponding equation in (4) by substituting 
CJC for C\j and 1 / G , for G , . 

This dualism extends to the transformation so that (3) is necessarily 
accompanied by , 

J2c ll x ] u l = 'E.— yj’t. 

o t 

Exercises: 

1. If 


— G 1 v 1 2 + G 2 V 2' 2 ~h ■ ’ + G n y n 


Xi 

A 2 ' 

■ ■ 


011 

012 

‘ * 0 In 

Xi 

021 

022 

' 02» 

*2 

071 1 

0n 2 

' ' 0?t7l 

X n 

Xi 

*2 

' • X n 

Xl 




x 2 


= Gfy? + G 2 M’ 2 2 + ■ ■ ■ +GSy* 


where A p is the p th power of A. 
2. Given 

^ i XtV i 
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Show that if |a nn | is the determinant of the orthogonal transforma- 
tion which, with the G’s, produces it, then the G’s are the roots of 
the equation |C — x | =0, and 

(Cl?) 1 ' 2 

a ‘ k ~ {q? + + - - +q «} 1/2 

where represents what Ca becomes on substituting an — G mt 


a 22 — G m , ■ • , for an, a 22} ■ • • , respectively. 

612. Let us consider the following equations: 



[ bnXi + b i 2 x 2 + ■ * 

■ + b\ n x n = buyi + b 2 iy 2 + ■ ■ 

‘ + b n iyr 

(i) • 

&21#1 + b 22 Xi + ■ ■ 

■ + b 2n x n = b\ 2 y\ + b 22 y 2 + - 

• + bn2y r 


. bn\X\ + b n2 x 2 + - • 

• + + b 2n y t + ■ 

b nn y i 


where the determinant of the b’ s, B say, is skew, that is, b i3 = — bji and 

6i t =OJ. 

Solving (1) let us write 

= CiiXi + C l 2 X 2 + ■ ■ ’ + CinX n 

Xj = djiyi d j2 y 2 4 " ■ ■ d 3n yn 


where B ■ c XJ = B t ibij+B l2 b 2 ,+ ■ + B xn b n] , and B i3 is the cofactor of 
b l j in B. 

Let 

€ = Bilbji + B z2 b j2 + - ■ ■ + B in b j n , 

then 


B • c it + € = 2B r j-u . 


But e = B or 0, according as i—j or Therefore 


Similarly 


C ij 


2B % i'w 

B 




2B ix u - B 

; 

B 


and therefore c t j = d 3l . 

We may then write 

yi = C x \X\ + C l2 X 2 + ■ ■ ' + CinXn 
X t = Cuyi + C 2i y 2 + ' + C n*yn 
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which on substituting from the second in the first gives on equating 
coefficients 

2 2 2 
<\l + Ci2 4" ' ‘ C m = 1 , 

CilCji + Ci2 c ]2 "T ‘ ' CinCjn = 0. 

Substituting from the first in the second, we have j 

ci, 2 + c 2l 2 + ■ + Cm 2 = 1, 

CuCij + c 2l c 2 y + ■ ■ + CmCnj = 0. 

Starting with the equations \ 

Biibii + B l 2b 1 z + • • + B mb in = B 

B l ib n + B, 2 b ]2 + • ■ + B in bjn =0 j) 

and after multiplying by 2 to we may write 

2(joBnb l \ + - - + (2coJ — B)<x> + • ■ + 2coB in b in ~ B - co 

2o>B il b ]l + - • + (2 uBn — B)bji + + 2 c*)Bi n bj n = Bb l3 . 

» 

These show that the determinant of the c’s, C say, is such that 
C B = B, or C = 1. 

It iollows therefore that C is an orthogonant with the value +1, and, 
when oj= 1, is known as Cayley’s. 

61 3. If in 


2cdUn — B 

2mBi2 

2uBi n 

B 

B 

B 

2(j)B 2 1 

2ojB 22 — B 

2u>B in 

B 

B 

B 

2u>B n i 

2(j)B n2 

2c cB nn — 

B 

B 

B 


we expand B in powers of w we have when n is odd an expression for 
B containing only odd powers of beginning with the nth and the 
last will be co times a sum of squares since zero-axial skew determi- 
nants of odd order vanish and those of even order are perfect squares. 
Dividing the numerator and denominator of each element of C by w 
and then if we put w = 0, C becomes an axisymmetric orthogonant 
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involving ^n(w— 1) constants, the b 7 s. When n is even, however, we 
cannot divide out co from numerator and denominator of the elements 
unless | inn |o = 0, where \b nn |o represents what B becomes on putting 
a) = 0. Thus if n = 4, and 


B = 


then 


CO 

a 

b 

c 

— a 

CO 

-h 

g 

-b 

h 

CO 

-f 

— c 

-g 

f 

CO 


= co 2 (a 2 + i 2 + C 2 + CO 2 + + g 2 _|_ h 2) 

+ ( af+bg + ch) 2 
= co 2 A + ( af + bg + chY 



where Bf g n represents 

2a,{q J * + a.(/ 2 + g 2 + ft 2 )} - B 

B 


etc. 


This becomes when ( af +bg-\-ch ) =0, and co has been put equal to zero 


Afoh 


2(bh — eg) 

2(c/ — a/?) 

2(og - 

&/) 

A 


A 

A 

A 


2(bh - 

eg) 

A b<f 

2 {Jg ~ ab) 

2 (/A- 

ac) 

A 


A 

A 

A 


2 {cf- 

ah) 

2 (Jg - ab) 

A oc & 

2(g/f — 

ic) 

A 


A 

A 

A 


2(ag — 

bf)_ 

2(fh — ac) 

2(gA — be) 

A a bh 


A 


A 

A 

A 



where A/ 0 h=f 2 -\-g 2 + h 2 — a 2 — b 2 — c 2 , etc. 
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The determinant C may be factored thus 


u — 6 a + / ,5 + g_ <-_+ h 

( A ') 1/2 ( A ') I/2 ( A ') 1/2 " T " ( A ') 1/2 


a + / a — 0 

( A ') 1/2 ( AO ^ 2 

5 + g c + h 

( A ' ju 2 ~ ( A ') 1/2 
c + h b + g 

(AO 1/2 + ( A ') 1/2 


( c -|- h 
+ ( A ') l/2 

GJ — 0 

( A ') 1 / 2 
a + / 

” ( A ') 7 ' 2 


6 + g 

(AO 772 


+ 


a + / 

( A ') 1/2 


co — 0 


( A ') 1/2 


co -\- 0 

f - a 

g - b 

h — c 

(A') 1/2 

(A') 1/2 

(A') 1/2 

(ly 2 

a ~ f 

CO + 0 

c — h 

g - b 

(A') 1/2 

(A') 1/2 

(A') 112 

(A') 1/2 

b - £ 

h — c 

+ 

3 

a -J 

(A') 1 ' 2 

(A') 1/2 

(Ay 2 

(AO 1/2 

c — h 

b - g 

f - a 

CO -f- 0 

(A') 1 ' 2 

(A') 1/2 

(A') 1,2 

(AO 1/2 


where A' = A + 0 2 , and it is readily seen that each of the factors is a 
proper orthogonant. 

Since the only way to have C axi-symmetric is to have 0 = 0, it 
follows that Cayley’s orthogonant cannot be axi-symmetric. It can, 
however, be made to approximate axi-symmetry. * 

If | Cnn | is an orthogonant with real elements then the product of 
| Cnn | by itself after ( n — m ) rows have been altered in sign, namely, 
(— l) n_m \c nn | 2 is an axi-symmetric orthogonant. 

614. If unity be subtracted from the principal diagonal elements of 
C, then 2 is a factor of every line and therefore 2 71 is a factor of the 
determinant thus affected which we may denote by C' . Multiplying 
C' by B we get 

C'B = (- l)"2»|&n„|o 
or 

^ _ (- 1) B 2" | b nn | o 

c : j ; 

I bnn | 

* Kronecker, Werke III (1), pp. 371-459. 
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where |^nn|o is what B= |& nn | becomes on making all the diagonal 
elements zero. That is: If the Cayleyan orthogonant obtained from the 
skew determinant |ft nn | has unity subtracted from each of its diagonal 
elements , the resulting determinant is equal to 


(- l) n 2 



0 


Tf n is odd then |Z>nn|o = =0 being a skew-symmetric of odd order. 
The sign factor therefore may be dropped. The fact that C vanishes 
when n is odd shows that every Cayleyan orthogonant of odd order 
has +1 for a latent root. 

615. If in a determinant of the form of C §613 we multiply the 
rows by B and call the resulting determinant S , then S has been 
called by Muir the super adjugate of B. It is readily seen that 


SB 


buB — bviB 
b^\B b<nB 
bnB — b^oB 


buB ■ • 

- b 23 B • ■ ■ 
b^B ■ 


= B n - B 1 say, 


where B is what B becomes on changing the signs of all the non- 
diagonal elements. 

It follows that 

S = B n ~' B = B * 

since B is a skew determinant and therefore B is B with rows and 
columns interchanged. 

We have therefore the theorem that the super adjugate of any skew 
determinant B is equal to B n . 

This determinant S has many properties akin to those of skew 
determinants with univarial diagonal. 

616. If we add unity to each of the diagonal elements of C §613, 
the result, C" say, is readily seen to equal (2 u) n /B and vanishes only 
when cj vanishes. It follows therefore that Cayley's orthogonant cannot 
have — 1 for a latent root and orthogonants having — 1 for a latent root 
cannot be represented by Cayley's formula. 

If we expand B in descending powers of oj we have 

2 w oj w 

C" = 


-f- ■ * ■ -f- c cA f + A 
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where A = |&„ n |o and A' is the sum of the coaxial minors of A of 
order n— 1, etc. 

If n is odd then A = 0 and AVO, so that C" vanishes with u>. 

If n is even then A^O and C" vanishes with a>. 

It follows, therefore, that when cj = 0, all minors of C" down to 
those of order two vanish and when n is even the elements are individually 


zero. 

617. The actual representation of an orthogonant ir\ 
\n{n— 1) elements of a skew determinant with the ele 
may be found to be as follows: 

For n — 2 and 


terms of the 
lents ( ii ) = 1 


B = 


1 X 
-X 1 


C S 


1-X 2 
1 + X 2 
2X 

1 + X 2 


2X 


1 + X 2 
1 - X 2 

1 + x 2 


ior n = 3 and 


C - 


B = 


1 + v 2 - n 2 - X 2 
B 

2- - ± "Jt 

B 

a + \p 


1 

- X 


x — M 

1 v 

£1 — V 1 

X + Vfi 


1 + M 2 — - x 2 

B 

B 


H 

B 
v + 


B 

1 - i/ 2 + X 2 - M 2 
B 


for n = 4 and 


B = 


1 

— a 

— b 

— c 


a b c 

1 - h g 

h 1 ~ / 

& f 1 


C would be the same as in §613 with co= 1. 
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618. These representations fail for those orthogonants having both 
+ 1 and — 1 for latent roots. It is readily seen that for a determinant 
of order three, if we take 


B eee 


1 

- X 

— M 


X fi 

1 0 

0 1 


= 1 + M 2 + X 2 , 


and form the orthogonant as Cayley’s is formed we get 


X 2 - M 2 

2X 

2m 

B 

B 

B 

2X 

1 + M 2 - X 2 

2Xm 

B 

B 

” B 

2/x 

2X/x 

1 + X 2 - m : 

B 

~ £ 

B 


Let 


then 


0i + 1| 


01 = (0$ 


-1 0 

0 1 


0 0 1 


-©■ 


x 2 + m 2 

- X 

— M 

- X 

1 + M 2 

— X/x 

=1 

1 

4. 

1 

1 + X 2 


= 0 


-‘ I --® 1 


1 X IX 

X X 2 X)U 

M Xm IX 2 


= 0 


showing that 0i has both +1 and — 1 for latent roots. 

619. Cayley represented an orthogonant by 0 = (1 &)/ (1 ~ 0) where 

^ is a zero-axial skew determinant. If n is even then 
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If n is odd then 

|l+0| = -|0-l|=|l -fl l and | * | = + 1 . 

The orthogonant ^ is necessarily proper and an orthogonant which 
has —1 as a latent root cannot be put in this form. Frobenius*, 
however, showed that we could find a function, d p , whdse coefficients 
are rational functions of a parameter p of which one at l^east is infinite 
for p = 0, such that 

<fi = Lt (1 + 0 _1 (1 - *p) 

p=0 \ 

\ 

and where — 1 is a root of |<£ — x | =0. 

Any orthogonal substitution can be expressed as the product of a 
symmetric orthogonant and a Cayley orthogonant. That is 

4 > = 0 0 (1 + 0) -1 (l — 0) j 

where </> 0 is symmetric, 

<t> 2 = 4>o 2 1(1 + 0)-(l - 0)*] 2 

= [(1 + 0)-(l -0)] 2 , 


since 0 O 2 is equal to 1. 

It follows therefore that every orthogonal substitution which is 
the square of an orthogonal substitution can be expressed as the 
square of Cayley’s expression. 

The square of every improper orthogonal substitution is also the 
square of a proper orthogonal substitution. But every proper ortho- 
gonal substitution cannot be put equal to Cayley’s expression. 

Orthogonants may therefore be divided into two classes, first 
and second, according as they are or are not the square of an 
orthogonal substitution. 

Cipolla has made a classification by taking for 0 O a determinant 
whose every diagonal element is either +1 or —1 and every non 
diagonal element is zero and basing the distinction on the number 
of negative units in the diagonal of the multiplier. 

620. Besides Cayley’s there are other speciajized forms of orthog- 
onants as has been shown**. Thus 

* Crelle, vol. 84. 

** Muir, Proc. R.S.E., Vol. 38, Tart II, p. 146-153. 
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a 2 


O 4 

o 

a 

a 

a 

a 2 

a i 

o 4 

03 

a 

a 

cr 

cr 

#3 

#4 

#i 

02 

a 

a 

cr 

a 

(U 

#3 

a 2 

a l 

a 

a 

a 

a 


where a 2 = a* +a 2 2 -\-a£ +^ 4 2 , is a skew orthogonant as may readily 
be seen. 

In general: 

1) The determinant 

o n — 1 a 12 • ai,i 

a 2 1 « 2‘2 — 1 a2n 


Onl 


O n2 


a nn 


~ 1 


will be an orthogonant , if the (r, s)th element of | a nn | 
2b 1 b s /a y where cr = bi 2 -\~bf- + - + 6 n 2 . Thus 


be taken equal to 


2bi 2 

G 

2 bj)2 

2b\b n 

cr 

cr 

2W, 

2b 2 2 

a 

2b 2 b n 

a 

a 

2Mi 

2b n b 2 

2 b* 

cr 

cr 

a 


That this is an orthogonant may readily be verified. Concerning 
B three things may be noticed (1) It is axisymmetric, (2) It contains 
hut n arbitrary parameters, (3) It has the value 4-1 when n is odd 
aiul — 1 when n is even. 

2) The determinant 

tin — 1 a 12 ei\ n 

0 2 \ #22 1 ‘ #2u 

a n \ a n 2 a nn 1 
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will be an orthogonant , if the square of \a nn \ be equal elementally to its 
duplicant. That is if 

an + an a 12 + 021 ' ■ * 0in + a n \ 

an + 012 022 + 022 ‘ ‘ 02n + 0712 

0nn | £ ~ 


0n 1 + a i n a n 2 + 02n 


+ (0 71 


The truth of this theorem follows immediately from \ht definition. 

of 


That the orthogonant B of 1) satisfies the condition of 2) is readily 
seen. It is also true of Cayley’s form. \ 

621. The matrix of the ad jugate of a unit-axial skew aeterminant, 
A say, may be partitioned into n parts, the first containing the 
elements of A to the Oth degree, the second containing the elements 
to the 1st degree, the third containing the elements to the 2nd 
degree, and so on, ihe nth containing the elements to the (n— l)st 
degree. Muir has shown that the determinant of the third matrix 
containing the elements of the second degree, which we may denote 
by P , is such that, under certain conditions, its square is elementally 
tqual to a multiple of its duplicant. The rule for the formation of P 
is as follows: 



C/3 

1 

1 

r\r 2 ■ 

■ — r 1 r fi 


— r Y ri S — 

ri 

• — r 2 r n 

P E= 

— rtfa — 

rtf* 

■ — r 3 r n 


— rir n — 

rtfn • 

■ S — r 7 } 


where r h r k represents the product of the //th and Mh rows of Ao, 
where A 0 is what A becomes when the units along the principal 
diagonal are replaced by zeros, and where S is the sum of the squares 
of the elements on one side of the principal diagonal. 

The cases when n is odd and when n is even require separate con- 
sideration. 

First let n be even, =4, say. 

Let 


1 

012 

013 

0 14 

— 012 

1 

023 

024 

“ 013 

— 023 

1 

034 

— a 14 

““ 024 

— 034 

1 
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then 


0 

0 12 

013 

o 14 

— 012 

0 

023 

024 

“ 013 

— 023 

0 

034 

— 0i4 

— 024 

— 034 

0 


= (^12^34 — 013024 + 01402a) 2 - 


Forming P and denoting the (r, A*)th element of P by p ra we have 


puS — Ao 

pl2$ 

Pl3$ 

Pl4$ 

P 21 S 

0 

<x 

1 

°2, 

p2Z$ 

p24$ 

pnS 

P 3 2*5* 

pZ3$ — Ao 

PZ4$ 

pt iS 

P 42$ 

P 43$ 

P 44$ — Ao 

Ao 

P 11 7T 

o 

P 12 

PiZ 

P\4 

'p21 

Ao 

P 22 “T 

P‘2Z 

p24 

Pn 

P 32 

Ao 

p "~~s 

P 34 

p4l 

P 42 

P 43 

Ao 

pii ~ J 


which when A 0 = 0 may be put in the form 


P 2 


-( 4 )' 


2pu 

2pl2 

2p\3 

2pi4 

2pn 

2p22 

2pn 

2p24 

2p31 

2p32 

2pZ3 

2p34 

2pu 

2p42 

2pi3 

2p44 


showing that the square of P is equal to a multiple of its duplicant 
and therefore 


p\\ “ 

P 12 

P\z 

P 14 

p21 

P 22 — i-S 

P 23 

p24 

pzi 

PZ2 

pzz — 

PZ4 

p4l 

P 42 

pAZ 

P 44 72$ 


is an orthogonant. 
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Next let n be odd, =5, say, and let 



1 

012 

013 

014 

015 


— 012 

1 

023 

024 

025 

A = 

— 013 

— 0 23 

1 

034 

035 


— a id 

— 02 4 

“ 034 

1 

aA 


— 0 w> 

— 025 

— 03 5 

— 0 45 

1 


In this case, if we denote the coaxial pirmary minors of A 0 by 
An, A 22 , As a, A u, A b B, and using X 2 ** t0 represent t^e sum of the 
squares of all except A aa we have \ 

p n S — ( y^n) pi*S — A \\A 22 • pibS — AnA bb 
P21S — A 22A j i — ( ^22) ■ pafi — A22A&5 

r 2 = 

/> l*S — 11^1 55 Pb2^ ^22^55 ■ ■ p bb S ( y^5s) 

m 

which when A n = A 22 = A 33 = A u = A bb = 0, shows P 2 to be a multiple 
of its duplicant and therefore . 


pn — 2^ 

P 12 

P ™ 

P 21 

P 22 — 2^ 

P 25 

P §\ 

P 52 

P 5 5 — 


is an orthogonant. 

622. We may extend the idea of orthogonant by having the sum 
of the squares of the elements in a row equal to cr instead of 1. We 
may then speak of it as an orthogonant to the base <r. The value of 
such an orthogonant would obviously be <r n/? . 

It is apparent that the product of two r-by-n arrays formed by 
taking two sets of r rows of an orthogonant is always zero, unless 
the arrays be identical, in which case the product is <r r . 

623. The following theorems follow readily for this type of orthog- 
onant: 

1) If the hth row be replaced by the kth column the resulting determi- 
nant is equal to tW 2-1 (row/ t • colfc). 

2) The determinant got by replacing the hth row by the kth column is 
equal to the determinant got by replacing the kth column by the hth row. 
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3) If any column be multiplied by each of the rows , the yum of the 
squares of the resulting products is a 2 . 

4) The sum of the squares of the n determinants formed by replacing 
the hth column with all its rows in succession is equal to a 71 . 

5) The cofactor of any k-line minor is equal to said minor times 

Again 

1') Jf the hth and kth rows be replaced by the pth and qth columns , 
the resulting determinant is equal to 


row h 

col p | 

row k 

col q | 


2') The determinant got by replacing the hth and kth rows by the pth 
and qth columns is equal to that got by replacing the pth and qth columns- 
by the hth and kth rows. 

3') If any pair of columns be multiplied by each pair of rows, the 
nun of the squares of the resulting products is cr 4 . 

4') The suyn of the squares of the \n{n— 1) determinants formed by 
icplacing a fixed pair of columns by every possible pair of rows is a n . 

It will be apparent that there is a corresponding set of theorems 
where the number of replaced rows etc. is any number m. 

624. If each row of any determinant be multiplied by the corresponding 
column the sum of the resulting products is Saxm 2 — 2Saxm^ where 
Saxm r stands for the suyn of the coaxial minors of order r. 

The sum of the products in question is evidently 

a 2 ii + 2a 21012 4~ 2031013 + + 2a„i0u, 

4" 0" 22 4“ 2d 32023 + 2 a ri 20 2n 

+ ■ ■ - * 

+ CL 2 nri 


and the simultaneous addition and subtraction of 
2 (7 ] 10 22 -f“ 2011033 “b 4“ 20110™ 
4“ 20220;).'} 4” ■ "4” 20220/in 

+ 


gices 

b'n 4- 022 4- 


4 ~ 2074 — 1 , 71—10 tITl 
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Saxmi 2 - 2Saxm 2 . 

625. In an n-line orthogonant of base a the sum of the coaxial minors 
of order ( n — r ) is equal to the sum of the coaxial minors of order r times 
(r 2ln - T , or 

SaxM n ^ T = <j n,2 ~ T Saxm r . 

This is seen to be an immediate consequence of the relation between 
the complementary minors of an orthogonant. 

626. If the rows and columns of an orthogonant to \he base <r be 
denoted by 


ri,r 2 , - ■ * , r n 

Ol j C 2 ) ’ j 0 n 

and the rows and columns of its adjugate be denoted by 

RlyRlj • • ■ , Rn 

Ci,C 2j - ■ , C n 

then 

T,RiCi = a n ~ 2 (Saxm^ — 2 Saxmf) 

For 

A ia = a w/2-1 a rs 

and 

A rs A sr <r n 2 a rii a ii r 


and therefore 

E^iCi = <r n ~ 2 Enci 

= (x n ~ 2 (Saxnti 2 — 2Saxm 2 ) by §624. 

627. The sum of the n determinants formable from an n-line orthog- 
onant of base a by deleting a column and inserting the corresponding 
row is equal to 

<r n,2 ~ l (Saxm 2 — 2Saxm 2 ) 

By 1) §623 the sum in question is 

0.7i/2 1 (y > iCi + r 2 c 2 + ■ ■ ■ + r n c n ) 
which by §626 gives the desired result. 
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628. The sum of the \n(n— 1) determinants formed from an n-line 
ortho gonant with the base a by deleting every pair of columns and inserting 
in their places the corresponding rows is equal to a nl2 ~ 2 {Saxml — 2^ 
(minors of order two of second compound) } . 

By 1') §623 this sum is 


a n/ 2 -2^ 

r\ 


C\ 


r* 


C2 


= <r“ /2 - 2 Z 


= a "' 2 " 2 j 


+ 

+ 

+ 


a j ] a^ ■ * a jji 


0>\i Q2t ’ O'm ( i 'j 

\ . =1,2,' • , n\ 

a\j azj ■ ■ a n j ) 


( 12 2 

12 


13 


12 

14 

121 


In 

\ + 




+ 


+ ■ 

• ■ + 


| 12 

l 12 

13 


12 

14 

12 

In 



13 

12 


+ 


+ 


+ • ■ + 


In 

13 


In 

12 


= <r"' 2 - 2 j X 


= cr”!*-* 


-2£ 


12 

12 


+ 

+ 2E 
+ 2Z 
+ 2E 


13 

In 


+ 

13 

12 

13 

13 


In 

14 


14 

In 


+ - • ■ + 


In 

In 




12 

13 

12 

12 

13 

12 


13 

12 

12 

13 

13 

13 


] 


"■"■{I E I ! 2 2|}- 2 { Ea ‘ ,z 


123 

123 


~ £ 


1234 

1234 


}] 


When n = 4 this becomes 


Saxm£ — 2Saxm i 2 + 2<r 2 . 
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629. The sum of the three-line coaxial minors of the duplicant of a 
four-line orthogoiiant of base a is equal to 

ISaxnii {Saxm^ —2a). 

If the orthogonant be laiftyA | the first of the coaxial minors in 
question 


2«i 

<22 + Pi 

«3 + 7l 

j 

Pi + «2 

202 

03 + 72 

\ 

Tl + “3 

72 + 03 

273 

\ 

\ 


which is equal to 


1 

t*i 0i 


G£l 02 7l 


ai Pi 7i 

j 

2 | «10273 | + 2l 

1 

OL 2 02 0.1 

+ 

GJ 2 02 72 

+ 

P\ Pi 72 

1 

«.l 03 73 


O' 3 72 73 


7i Pj 73 


= 2 | a 1/3*273 I + 2 { «1 | 0273 \ — Oi‘> \ <*273 I + <X'l I «203 I — 01 I 0m I 
+ 02 I OL m | — 03 | <*103 I + 7l I 0172 I — 72 I «172 I + 73 I <*102 I 1 

“ 2 | Cl' 10 27 3 I + 2 { oo( | 0273 I + I «1^4 I ) + 0 2 ( I «173 | + | 0 2 0 4 1 ) 

+ 7a( | «102 I + I 7304 I ) I — 2 { Ofi I a]5 4 | + 0 2 | 020 4 | + 73 | 7304 | j 

— 2 ( (*2 2 73 + 0+02 + 01 2 73 + 03 2 «1 + 7J 2 02 + 72 2 } 

+ 2 { £* 2720:3 + «3«203 + 0 17103 + 0103«3 + 0 17172 + 7l720! 2 } 

= 2 | OJ10273 I + 2 j ai( | 0273 I + I G!i5 4 I ) + 0a( I 0073 I + I 0204 I ) 

+ 7s( I C*102 I + I 7304 I ) ) — 2 { (*l (a l 2 + 03 2 + 72 2 ) 

+ 02(a 3 2 + 04 2 + 7l 2 ) + 73(0+ + 01 2 + 74 2 ) +hW + P'l +73 2 } 
+ 2{a 4 (cci5i + a 4 5 4 ) + 0:3^272 + « 2^30 3 + ~ + 0 4 (0202 + 040 4 ) 
+ 030 i7i + — + 0iQf.i03 + 74(73^3 + 74<5 4 ) + “ + 720 i7i 
+ 71^272} + 2 | QL\(X\ + 0204 2 + 737 4 2 + 0 4 04 2 } 

— 25 4 (a 4 2 + 0 4 2 + 7 4 2 + 0 4 2 ). 

The other minors are obtained from this by performing simul- 
taneously the substitutions 


0,7,0 — > 0,7,0, « 
1,2, 3, 4^2, 3, 4,1. 
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Making these substitutions and summing we have from: 
the first terms, + 2Saxm 3 = 2aSaxm L (by §625) 

the second terms, +2SaxnhSaxni2 
the third terms, — baSaxmi 
the fourth terms, 0 
the fifth terms, + 2aSaxm x 
the sixth terms, — 2aSaxmi. 

The sum of all is therefore 

2 S a xm x (S a xm 2 — 2a) . 

Concerning the fourth term we readily see that it divides itself 
into 3 parts as follows: 

(1) a 4 (o!i5] + 0:464) + 0i<*303 + 72/3 i7i 

(2) 04(02^2 + 0464) + <*27271 + <*3«272 

( 3 ) 74(7363 + 7464) 4 " <*2<*303 + 030l7l- 

Each of these parts vanishes separately when summed cyclically. 
Since every term such as 0ia 3 0 3 after four substitutions returns to 
itself it is apparent that we may replace it by any of those terms into 
which it is transformed. We may therefore write 

(1) a 4 (o:i 5 j + <2262 + <*363 + <*464) 

which shows that it is zero. 

The same thing may be done with the third and other terms. 

630 . The sum of the six determinants formable from a four-line 
ortho gonant oj base a by deleting a pair of columns and inserting in 
iheir place the corresponding rows is equal to 

Saxmi — 2Saxm\ + 2a 2 . 

If the rows be denoted by 1234 and the columns by 1'2'3'4' then 
the sum in question is 

! 1'2'34 | + | 1'23'4 | + | 1'234'| + | 12'3'4 | + | 12'34'| + | 123'4' 
which by 1') §623 is ’ 

OLi Of 2 <*3 CH4 Oil 0i 7i 61 

01 02 03 04 Oi2 02 72 62 

7 1 72 73 74 <*3 03 73 ^3 

61 62 63 S4 <*4. 04 74 64 





594 


THEORY OF DETERMINANTS 


= | <*ij3 2 | 2 + | <*103 | ' | <*172 | + ' ' +| <*304 | ■ | 7l5 2 | 

+ | <*172 | ' | <*]03 | + | <*l73 | 2 + 1 * ‘ + | <*374 | | 71^3 

+ ' 

+ I 71^2 | ■ | <*304 | + I 7^3 | ■ | <*374 I + ■ ‘ + I 73^4 | 2 

= X | <*102 | 2 + 2 X{ I <*103 I ‘ I <*lT2 I 

= { X) I <*102 | } 2 “ 2 X { I <*102 I ■ <*173 | 

<*102 | | <*103 

<*172 I I <*173 

= Saxm 2 2 — 2a(a — Saxmi 2 ) . 

631. If we use {Dup} r to denote the duplicant of an r-line orthog^ 
onant with base <r, then 

[Dup)$ — 2a* 12 + 2 a 1,2 (Saxm 1 2 — 2Saxm 2 ) 

— 2a lf2 [a + Saxmi 2 — 2a } ,2 Saxmi] 

— 2 a ],2 (a 112 — Saxmi) 2 . 

Again 

[Dup\ i = 2cr 2 + 2a(Saxm 2 — 2Saxm 2 ) 

+ (Saxm 2 — 2aSaxm 2 + 2a- 2 ) 

= 4a 2 — 4 Saxm 2 cr + Saxm 2 
= (2a — Saxm 2 ) 2 . 

632. Let A = | a nn |, and B= \ b nn |, be w-line orthogonants of bases 
ai and a 2 respectively. Denote the columns of A by 1, 2, 3, ■ - ■ , w 
and of B by 1', 2 n'. If we multiply the determinant C formed 
by the first n — 1 columns of A and the ^>th column of B by A we get 


= { L I 1 } 2 - 2 E 



c a = 


0-1 

0 ■ . ■ 

0 

0 

cri ■ • ■ 

0 

p'A 

■P'- 2 p 



where p'i denotes the product of the pth column of B by the ith 
column of A . Therefore 


C-ai TLj 2 = a\ n ~ l (p r ■ n) 
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* nl2 ~ l (p'n). 

If instead of the last column of A we had replaced the qth then we 
would have had the theorem: 

(1) If the qth column of A be replaced by the pth column of B , the 
resulting determinant is equal to <r n/2_1 (/>'- q). 

Similarly if the pth column of B be replaced by the qth column of A, 
the resulting determinant is equal to a 2 n/2 ~ 1 (q p'). 

The ratio of the two determinants is therefore 


( 2 ) 



n/2-1 


633. If any column of A be multiplied by each column of B } the sum 
of the squares of the resulting products is ■ cr 2 . 

Let the selected column of A be the p th then 

pi' = a lp bn + # 2^21 + ■ • ■ + etnpbni 
P 2' = ai p bi2 + 02p&22 + ■ + Unpbn 2 


p-n' — aipbin + a 2pb2n +■■■-+- O'npbnn 

Squaring and summing we get on the right-hand side 

]Ca 2 lp(&ll 2 + &12 Z + ’ ’ ■ + bin 1 ) 

4" 2 ^^ 1 ^^ 2^(611621 + 612622 + ■ *4" binbtn) 

— ^2 Cl ' 2 lP 0 '2 “t“ 0 = a l a 2- 

634. The sum of the squares of the n determinants formed from A by 
interchanging its pth column with all of the columns of B in succession 
is equal to ctT 1 * -1 ■ <r 2 . 

For the sum in question is by (1) §632 equal to 

o-i"- 2 {(l ' PY + (2 ' py+ ■ + ( n' p ) 2 } 

= cri w ~ 2 -cri <r 2 6y§633 
= ai n ~ l ■ cr 2 . 

If we replace the pih and ^th columns of A by the hth and kih 
columns of B, the resulting determinant is equal to 

Ch 
Ck 


Vl 


n / 2-2 
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This is proven in precisely the same manner as in §632 by multiply, 
ing the resulting determinant by A and dividing out by ai n,2 ~ l . 

Interchanging A and B in this proposition gives a determinant 
whose value is 


a nl2-2 

Ch 


Cv 


Ck 


Ci! 


The ratio of the two is (ai/a 2 ) nl2 ~ 2 . 

635. If any pair of columns of A be multiplied by each hair of columns 
of B the sum of the squares of the resulting products is equal <ti 2 ■ . 

Let the selected columns of A be the pih and gth, thfen 


611622 | 
611623 I 


Cp 


Cl 

— ^ 1 | CtlpO^q | 

Cq 


C‘2 


c p 


Cl 

— ^ | aipOoq | 

Cq 

I 

cf 


-II 1 

1 c 

{n- 1)' I 

1 1 _ _ 1 


b n — 1 ,n—\bn 


Squaring and adding we have on the right 

El OlpOtA I I *11*22 | 2 + | * 11*23 | 2 + +| b n - l , n - lb nn \ 2 j 

+ 2 D | • | ai p a 3ll \ { | * 11 * 22 1 • | &n&3 2 | + • ' ' } 

= <12 2 I «1 pOiQ | 2 + 0 , 

= (72 s ' (Ti 2 , 

since { M 22 1 • 1 611632 1 + • ■ } is the product of 


611 612 6 in 


b 11 612 ■ ■ ■ 6 in 


a 2 0 

621 b 22 ■ b 2 n 


631 b 32 ’ ' b'in 


0 0 


636. The sum of the squares of the \n{n — 1) determinants formed from 
A by replacing a fixed pair of its columns by every possible pair of 
columns of B is equal to 


Let the fixed pair of columns be the At h and Ath, then the sum in 
question is by §634 equal to 
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( II c » II 

Ch II ) 2 

<ri n “ 4 

l 1 cS II ' 

J} • 

a?-* 


II Ch II i 

II C. L II ( 


(Ji 2 a 2 

by §635 

<Tl "- 2 

'<*£ . 




637. In general we may formulate corresponding theorems where 
the number of columns replaced or interchanged is r. This leads to 
the following theorem: 

If there he two n-line orthogonants A and B whose bases are <ri and 02 , 
and from their 2n columns every possible set of n columns be taken , the 
sum of the squares of the determinants so formable is equal to (o'i + o- 2 ) n . 

The number of determinants in question is (2 11 ) n and may be par- 
titioned into 

( n(n — 1) ) 2 

l 2 + { \ + + « 2 + l 2 - 

l 1 2 j 

The first l 2 corresponding to A and the n 2 to those formed from A 
by replacing each column by a column from B , the { n{n — 1 ) / 1 ■ 2 } 2 
to those formed from A by replacing each pair of columns by a pair 
from B, etc. 

but we know that 

A 2 = 0 ? ; 

that the sum of the squares of those obtained from .1 by replacing 
a single column is 

02 , 

that the sum of the squares of those obtained by replacing two 
columns is 

n(n — 1) 

q y— 2 

12 

and so on. The total is therefore 


n(n — 1) 

a i v + n a i #i ~ 1 o’ 2 H <J\ "w + 

1 2 


(ffl + (T 2 ) 1 


038. If | a„ n | and |/>„„ | be such that the product of tiny two rows of 
the one is equal to the product of the corresponding two rows of the other, 
then |a„„ | = + |fc„„ | . 

For \a nn | 2 = \b Hn | 2 by hypothesis hence the theorem. 
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639. If \a nn \ be such that the sum of the squares of the elements ij 
any line is equal to a. and the sum of the products of corresponding 
elements in any two parallel lines zs then the determinant zs equal fojjl 

{ (or — /3) "“’(a+M— -10) } 1/2 - 1 

For squaring \a nn | we get a determinant with a’s for elements along J 
the principal diagonal and /3’s for all the other elements, which by the? 
operations c y -c 2} c, 2 -c^ - - ■ , r„_i-c n , taking outl(<*-/3) from n-li 
columns and then adding the sum of all the rowfe above it to the? 
(»— l)st and [a+{n- 1)|8} will be the result. ^ | 

640. Using the notation of matrices and being gi^en \ 

(ji'fcX'ii j X t2 j j X n f X %2 j ‘ j j I 

where A stands for the matrix 

(. .) 


an 

012 ■ 

a \n 

a 2 \ 

&22 ■ 

■ a 2n 

a-n 1 r^n2 ■ 

* 

ann 


whose determinant is orthogonal, then it follows that | 

| *»„ | 2 = | x nn 1 2 l 

and that if multiplication is row-by-row the determinant resulting l 
from squaring are identical element for element. J 

641. A = | a nn | is an orthogonant which has all its elements functions' 
of one and the same variable x and if B = \b nn |, where b iy - is the derivative; 
of a tJ with respect to x } then B is equal to zero or the square of a Pfaffi^an | 
according as n is odd or even. 

Starting with the relations 


2 2 * 
eZrl H“ a r2 -J- I ^rn = 1 > 

a r ia s \ + a r2 a s2 + ■ + a rn a Hn = 0 , 

we have by differentiation 

O'ribri + a r2 b 2 + ■ - ■ + a rn b Tn = 0 

{(tribal + a T2 b a2 + ■ ■ + &rnb 8n ) + {a 8 \b r i + a s2 b T Z + ' ’ ■ Qenbrn) ~ ^ 

hows that if \p nn \==P=A B, then p rr = 0 and p r .+P.r = 0- 
Let the fjerminant P or B is therefore skew-symmetric and hence 
question is k ^ the theorem. 
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Exercises : 

1. Show that P 2 and B 2 are element-by-element identical. 

2. If A — | a nn | is an orthogonant and if 


how that 


Gift*!, *2, 

} 

•£») 

= X 1 ,x 2 , ■ ■ 

• , Jf, 

(A\yi ,y 2 , 

j 

y«) 

II 

• , Y n 

(A\wi,w t , • 

■■,»») 

= Wi,W t , ■ 

• ■ , w 

Xi X 2 ' ‘ 


2 

Xi x 2 ■ 

■ X n 

yi y* • 


= 

Y i F, • ■ 

■ Y n 

Wl U»2 ■ ■ 

■ 


W i 14V 

■ • w n 


642. If 0i, 02, ■ • ■ , 0 n be junctions of jci, x 2i ■ ■ ■ , x n + r the <j>’s will 
e mutually independent if 


d0i 

d<t> l 

d4> i 

d*i 

dx 2 

d #7i+r 

a? 

■©- 

3 

Qj 

3 

d0 n 

1 dx\ 

d# 2 



not evanescent . 

!H Take the case where n = 6 and r = 3, and let the equations be 


w\i + Wu + ^13 1 

WnW 2 l + ^ 12^22 + ^ 13^23 = 0 

WnWsi + ^>12^32 + Wi 3 7£>33 = 0 
2 2 2 

W 2 l + ^22 + ^23 = 1 

^ 21^31 + WmWvi + ^ 23^33 = 0 
2 2 2 

1^31 + W32 + ^33 = 1 
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then 


Wn 

2^12 

2w j3 

0 

0 

0 

0 

0 

0 

W 2 1 

W‘22 

w 23 

Wn 

W\2 

^13 

0 

0 

0 

Wai 

w 32 

Wn 3 

0 

0 

0 

Wn 

W 12 

Wu 

0 

0 

0 

2^21 

2w 2 2 

2*^23 

0 

|o 

0 

0 

0 

0 

w 3l 

W 3 2 

W 3 3 

W 21 

W 22 

W 23 

0 

0 

0 

0 

0 

0 

2wzi 

2 W32 

2^33 


when multiplied by itself gives 



It follows therefore that all minors of order 6 of the array are not 
zero. 

643. If in the expression (§215) 


I "Aomir' = x> XM^rx; 0 + 


1 rn J 


we consider Q to be an orthogonant, then 

M (m) = 1 and M'” 0 = 0, 

and therefore 

That is, if Q be an ortho gonant 'Und P any other deterrninant of the 
same order then the sum of the in-line coaxial minors of QPQ is the same 
as the sum of the m-line coaxial minors of P. 

644. If two general determinants D\ and D 2 be multiplied row-wise 
by one and the same orthogonant P y and the first product thus obtained 
be multiplied row-wise by the second the resulting determinant is equal 
to the product of D\ and I) 2 . 

For 

{lXP'){D>>Py = {DtP'KPDJ) = DiPPW = DyDJ 
where D' stands for the conjugate of D. 
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645. A determinant whose elements are complex and which is such 
that its complex conjugate is its determinantal reciprocal is called a 
hyper or thogonant. Thus if the product row-by-row of 

OL i <* 2 OL 3 Ot ] 0-2 &3 

Pi P 2 p3 Pi Pi P:i 

7i 72 73 7i 72 73 

where a t is the conjugate of a ly then \a 1 p 273 1 is a hyperorthogonant. 

646. The following theorems concerning hyperorthogonants are 
readily proved. 

1) If H be a hyper orthogonal and II its complex conjugate , then the 
product of any element of H by II is equal to the cofactor of the correspond- 
ing element in H . 

2) The product of II and H row-wise gives the same result as if 
taken column-wise . 

3) The product of any minor of II by II is equal to the cofactor of the 
corresponding minor in II. 

4) Jf II C C A—B, then H r c B = A , where A is any determinant and 
11 c c A means multiplication col-by-col. 

5) 7/ (a^n) stands for the array consisting of k rows of II and ( <x kn ) 
stands for the corresponding array of II , then 

(fl kn) (^A-n) = 1- 

6) If P is any determinant then the sum of the diagonal elements of 
the prodtict HP II is the same as the corresponding sum in J P. 

Exercises. Set XXXI 

1. If the elements of the determinant 

1 #01 #02"' # 0 n 

1 #J1 #J2" # 1 7 1 

A = 

1 #71 1 #71 2 #7171 

^>e such that the square of each row is equal to 2, then show that for a 
maximum value of A we have 

2 1-1 fn - 1-1 fn 

1 — \/n 2 T — 1 jn 

A 2 = 



1 — 1 jn 1 — 1 jn 


2 



602 


THEORY OF DETERMINANTS 




(Borsch) 


and hence 

(n+ 

n n 

2. Show that the basic for transforming ^xx into itself where x 
is the conjugate complex of x is obtained by adding to Cayley's basic 
matrix the product of (— l) iy2 and an arbitrary axisynjmetric matrix. 

3. If the square of \uiv 2 w 3 \ got by column-by-colutnn multiplica- 
tion be identical in elements with the square of |xiyiz 3 | got in the 
same way, then 


X! V 2 W 3 | 
Ui X 2 W [ 1 | 
ttj V 2 x 3 I 


y\ d 2 w 3 1 

Ui y 2 | 

Ui d 2 y 3 1 


Zl 1)2 W 3 | 
Ui Z 2 W 3 | 
Ui 1)2 Z 3 I 


is an orthogonant whose basic constant is \uiv 2 w 3 | 2 . 

4. If the determinant which is the square of 





Ui Vi 

do 1 







u 2 v 2 

w 2 




be identical in elements with the determinant which is 




Xi y 1 

Zl 




then 



x 2 y* 

z 2 

} 





1 yi Z2\ 

1 Zi x 2 | 1 

Xi 

y*l 


1 *1 

w 2 | | III X2 | 

1 y* 1 1 

Ui 

Z-2 | 


| W 1 

| | Vi X 2 | 

1 "1 y*l 1 

1)1 

S 2 | 


| Ml 

^ 2 1 I Wi x 2 1 

1 y* 1 1 

W\ 

Z 2 1 

is an orthogonant whose constant base is 







Ui Ui- 

UV 1 

2 






U 2 V2 

w 2 




5. If |ax/3 2 1 is 

a positive unit orthogonant then 




Ot 1 2 

2 l,2 (XiCt2 

«2 2 





2 ,/2 a 1 /3i 

+ 

OL 2 P 1 

2 ll2 a 2 fi 2 





2 1 ' 2 /?i/3 2 

w 




is also a positive unit orthogonant. 

6. If A be an w-line and B an w-line orthogonant then the Zehfuss 
determinant equal to A n B m (§168) is an orthogonant also. 



CHAPTER XV 


Determinantal Equations 

647. If we subtract (or add) a variable x from each of the diagonal 
elements of a determinant of the nth order we have a polynomial 
in x of the nth degree, which equated to zero has n roots and is called 
a determinantal equation. If the determinant of the nth order is 
|fln«|=4, then \A — x|=0 may be used to represent the equation. 
The equation \A~ x|= 0, is sometimes called the characteristic 
equation , and \A— x \ is called the latent Junction. Let gi, g 2 , ■ ■ ■ , g n 
represent the roots which are known as latent roots. 

648. If A ( m ) denotes the mth compound of A and \A( VX ) — x|=0 the 
equation formed by subtracting xfrom each of the diagonal elements, then 
the roots of \A( m )— x | =0 are the products of the g’s taken m at a time. 

Let 

p ■ Xot | a a 2 ^'2 1 * I a an x n (oj 1,2, j ^) 

be a system of n equations with arbitrary coefficients — the a’s. 

The condition that these equations are simultaneously true for 
values of the x’s other than all zero is that 


an — p 

Oi2 ’ ‘ 

din 


d2l 

d22 — p 

d2n 

© 

li 

III 

dm 

d n 2 ‘ - 

dun P 



But this is an equation of the nth degree in p and in general has n 
distinct roots. For each value of p there is a value system 

#/91jX02] ’ ' j x 0n 

so that we may write 

PpXfla = d a 1^/31 + da2 x p2 + * * ’ + d an Xp n , = 1,2, * * * , w) . 

Let 


Xu 

Xu ’ 

x ln 


X 22 ‘ 

X% n 

%nl 

X n 2 • ’ 

Xrin 


A = 
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Of this determinant we may observe (1) It is not zero, for no two 
rows can be proportional since no two values of p are alike, (2) Not 
all the x’s in any row are zero. 

Let X u , X i2 , • ■ , {n) m \ be the minors of order m of the 

matrix 

*t,l *i,2 ' ' *i,n 

*i 2 l *t 2 2 ' ' ' *i 2 n 

X Lm 1 Xl m* ’ ‘ ' 

so that 



■k'lfrl 

*1 j/ri2 

■ *M*m 

tj/l 1 

A j 2 A, 2 




^ 7 m /£ m 


Now Xi/c?±Q for some values of i and k , otherwise A would be zero. 
Let the ji minors of order m of the matrix 


be represented by 


then 


Cll, 1 

(Ha 

flk x n 


aka 

Q A 2 7l 

<D m 1 

Q lc rn 2 



A (m) k\ y A (m) K2 ) j A ( 7 n ) Ln y 


\Xa + A ( m) h2S\ A T ' ' ' T (m) ifi 
G/,,1 ’ ‘ (1 f: j n 

a km l a km* L 


i2 + ' ’ 

• + A ( 7J 

*i,l ■ 

*t,n 

■ 



'^ f (^k 1 1 *? 

1 

.l 

• lX m i 


l 1 a ,l in 1 ** ’ 

L 2 1 


P j , * j ! A: , 

Phn Xl m^ i 



P 1 1 * 1 1 /cm 

Pim X hnk m 




— Pii Pi 2 ' ' 
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Now since 

Pi l Pt 2 ■ 1 Pi m X ik = A ( Tn )kiX l i + • ■ + A (k = 1 , 2, - * * , p) 

or 

p f Xik = A( m )k iXii + ■ ■ + A {„ i)ipX tll 

for all values of i and k from 1 to p and not all the X’s vanish, it 
follows that 

A {now — p' A ( m ) 12 '1(w)1m 

- = 0 . 

A {m)n 1 A (m)n 2 ’ A {m)nn P 

This equation in p is precisely similar to that in p and the values 
of p are the products of the p’s taken m at a time. 

If the original set of equations had multiple roots we would take 
our p, X l l from those equations corresponding to m distinct roots and 
proceed as before, the principal of continuity showing the theorem 
still true even though there are multiple roots. 

649. Denoting the roots of \A( m ) — % | =0, by a h <*■>, * * , we have 

just seen that the a ’ s are the products of the gs taken m at a time. 
From this relation and from the fact that symmetric functions of the 
tf’s are expressible in terms of the coefficients fi u p> iy • , p n in 

\A — x | =0, that is in terms of the sums of coaxial minors of A ; and 
also from the fact that the sums of coaxial minors of A( m ) are expres- 
sible as symmetric functions of the a’s and hence as symmetric func- 
tions of the g’s, it follows that if we had symmetric function tables* 
giving the values of functions of the a’s in terms of the p ' s we could 
write down the value of the sum of the coaxial minors of order k of 
the wth compound of A. That is we would have 

(m)fcn ^1 ^ j A km “F *^2 ^ ^^4 f-rn — 1 H - 

+ Xh ^2/Ah-l ^2/ A km—h+l + ‘ 

where is the sum of the coaxial minors of order k of the wth 

compound of A , and where T ~^A r is the sum of the coaxial minors of 
order r of A. The coefficients xi, x 2 , • • • , are to be found from the 
tables in question. Thus from the table which gives symmetric func- 

* Such tables for weights up to sixteen were given in a paper “Some New Sym- 
metric Function Tables” by W. II. Metzler — Trans. Royal Soc., Canada, 3rd series, 
vol. II, 1908-1909. 
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tions of the a’s, which are the products of the g’s two at a time, in 
terms of the p’s 



9 

81 

72 

712 

63 

621 

54 

531 

52 2 

4 2 1 

432 

3 3 

3 

3 

-3 

-3 

3 

6 

-3 

-3 

-3 

3 

3 

-3 

1 

21 

-3 

3 

3 

-3 

-8 

3 

3 

5 

-3 

-M 

I 

1 

0 

l 3 

1 

-1 

-1 

1 

3 

-1 

-1 

-2 

1 

\» 

0 

0 


we may write down at once 

7^ — E a “ E^8 — E^2 E^7 + V E^3 E^< 

— ^4^5" E a ™ E^' E 7 ^ — 2 E a ™ E 7 ^ E^6 

+ ( I>J 2 E 7 ^ + ( E^O* I>S + EM E^4) 2 . 

From the expansion for E^l r»,un it should be observed that it will 
vanish when the sums of coaxial minors of A of order higher than m 
vanish. The case where k = 2 should be noted. It is 

E^ (»02u = ^ y A m—1 ^ ^ A m-\-l ^ j A m— 2 ^ wM-2 H - 

+ (- l ) m - 2 £<*,* + (- i )” -1 

650. If from the set of equations 

X • Xj = Guffl + #12#2 + #13#3 

(1) X ■ %2 — #21#1 T #22^2 + #23#3 
X- X3 = (H 1 X 1 + a :i 2X2 + # 33*3 

we eliminate the x’s we get 

#11 — X #12 #13 

(2) #21 #22 — X #23 = 0 

#31 #32 #33 — X 

Multiply the equations (1) by X and substituting in the results for 
\xi, X# 2 , X #3 their values from (1) we get 

A 2 #l = #l(#ll 2 + #12#21 ~\~ #13#3l) “1“ ^2(#11#12 T" #12#22 ”1“ #13#32) 

+ #3(#11#13 “1“ #12# 23 + #13#3s) 

X 2 -X2 = AJi(#21#ll T" #22#21 T #23#3l) “1” #2(#21#12 #22 2 "T #23#32) 

+ £3(#21#13 “I" #22#23 + #23#33^ 
X 2 ' X3 = #l(#31#ll + #32#21 + #33#3l) + #2(#31#12 + #32#22 + #33#32) 

#3(#31#13 + #32#23 "I” #33 2 ) 
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or 





X 9 (2) 

. (2 > 

. (2) 


X 2 ■ A'l = Xi an 

+ x 2 a l2 

+ Xzdis 


A 9 (2) 

, (2) 

(2) 

(3) 

X 2 - %2 = X\d21 

+ x 2 a 22 

— ^3^23 


X 9 (2) 

. (2) 

i (2) 


X 2 - x 3 = Xidai 

~r x 2 d^2 

+ #3fl.l3 


Eliminating as before we have 


say. 


(4) 


(2) 

(2) 

(2) 

flu — X“ 

fl] 2 

fl 13 

(2) 

(2 > x9 

(2) 

a 2 \ 

fl 22 — X 2 

fl 23 

(2) 

(2) 

(2) 

a-n 

A 32 

^33 


X 2 


In (4) we have an equation of precisely the same form as (2), 
whose roots are the squares of the roots of (2). It is to be observed 
that the elements a{/ 2) = a»iai, + a l2 a 2 j+a ^as Jf that is the determinant 
of the a (2) ’s is the square of the determinant of the a’s where the 
multiplication is row by column. It is also to be observed that (4) 
may be written 

| a — X | | iX — X | = 0 , 

where |a — X| denotes the determinant of the a’s with X subtracted 
from the elements along the principal diagonal, and where multiplica- 
tion of the two determinants \a — X | and |a+X | is row by column. 

Multiplying equations (3) by X and using (1) for the values 
X^i, Xx 2 , Xn '3 as before we get 


(5) 


where 


X 3 - 


(3) 


+ 

(3) 

+ 

(3) 

Xi = 

flu 

*1 

fl 12 X 2 

fl 13 X-3 

X 3 


(3) 


+ 

(3) 

+ 

(3) 

X 2 = 

fl 2 ] 

Xi 

fl 22 X'2 

fl 23 ^'3 

X 3 


(3) 


+ 

(3) 

+ 

(3) 

#3 = 

fl3l 

Xi 

fl 32 X 2 

fl 33 Xu 


(3) (2) (2) (2) 

O'U ~ j + A t’2^2j “T ■ 

The eliminant of (5) is 


(3) _ , 

(3) 

(3) 

All — X 3 

fll2 

fl 13 

(3) 

(3) , 

(3) 

fl21 

fl 2 2 — X 3 

fl-23 

(3) 

(3) 

(3) 

fl31 

fl'32 

fl33 


X 3 


( 0 ) 


= 0 . 
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The roots of (6) are the cubes of the roots of (2). Continuing this 
process we get a set of equations whose eliminant is 


(p) \ „ 

(p) 

ip) 

On ~ 

Cl 12 

c*n 

(p) 

ip) \ „ 

iv) 

0‘1\ 

a 22 — 

ti23 

ip) 

(p) 

ip) 

0[U 

0;i'2 

o-n 


and whose roots are the pth powers of the roots of (2). \ 

For convenience we have used three variables and three equations 
but the reasoning is obviously just as applicable to n Equations in n 
variables. \ 

If the determinant of the a’s |a nn |=yl is axisymmetric then 
multiplication row-by-row is the same as row-by-column and we have 
the theorem. 


[Ill [12] • 

[ 21 ] [ 22 ]- 


denotes the pth power of the axisymmetric determinant 

11 12 
21 22 ■ - 


then 


|H]-* [12] • 

[211 [ 22 ]-*-- 


= 0 


has for its roots the pth powers of the roots of 


11 - x 12 
21 22 — x ■ * 


= 0 


651. If the roots of the resultant of the original set of n equations 
are gx , g 2 , * ■ ■ , gn , when Qtb Of srj we have 
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or 


S p = 


(p) 

11 


From the law of formation we have 


( r +0 (»') (*) 
Oij = 2 (Lfc) 


(P) , (r) <*»-*) 

fl w = Z^ka kl a kt 


and hence can have any one of p— 1 expressions got from 


±k ±kaXalr' 

1 1 

by giving r the values 1, 2, — 1). 

It has been seen (§447) that the determinant 


A = 


so Sy 

Si S 2 

^2 *3 

$n— 1 $n 


* -V-i 
s,. 

S n -\-l 

$2tt—2 


is equal to the squared differences of the roots. 

If now we agree to call a (0 \/ 1 or 0, according as i is the same or 
different from j, then it is seen that A is the square of the array 


(0) 

(0) 

(0) 

(0) 

(0) 

(0) 

(0) 

an 

fll2 

flln 

fl21 

fl22 

• fl 2 n 

Ann 

(i) 

(D 

(1) 

(1) 

(1) 

(1) 

(1) 

flu 

A 12 

’ Ain 

fl'2 1 

fl22 

’ ’ fl 2 n 

O’Tin 

(71-1) 

(7i—l) 

( 71' — 1 ) 

(71—1) 

(n — 1) 

(ti— 1) 

(71-1) 

flu 

fll2 

a In 

fl21 

fl22 

‘ fl 2 » 

fl/m 


and is therefore equal to a sum of squares and consequently positive. 
We thus have a proof of the reality of the g’s, the roots of the equation 
(2), §650 which is known as Lagrange's equation. 

652. Given two sets of linear homogeneous equations in and n z 
variables respectively 

n i 

(j) YjgafgXp = pay, (/ = 1,2, • ■ • , n i) 
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(2) '%2ib hl y l = a y h (h = 1 , 2 , - ■ ■ , w 2 ) 

i 

and let us form from them another set by multiplying every equation 
of (1) by every equation of (2). Thus 

n ) w 2 ' 

„• ^ib, ll y 1 = p-v x f y h 

i i 


or 


W) 


i—7in y=n ] 

»=1 0—1 


X w/h, 


I f= 1,2, 

l A = 1,2, 


where 


,\»i 
, » 2 


pafiyS ^ciry 36 j ' 3^/3 j and X p CT . 

This set (vl) of n — ni equations is linear and homogeneous in 
the n variables w. It is of the same form as sets (1) and, (2) and the 
determinant of it equated to zero is a determinantal equation in X 
which has for its roots the products of the roots of the determinantal 
equations in p and a formed from equating to zero the determinants 
of (1) and (2) respectively. If now we take another set of n 3 linear 
homogenous equations 


W .1 

(3) ^ ^ jck iZ i = t Zj c ( k = 1,2, , Ws) 

i 


and form from (1), (2) and (3) a new set by multiplying in all 
possible ways, taking one equation from each set. Then 

n i n 2 n 3 

(B) x o' m*b hl 3V = p (T T x f y h ‘Zk 


or 


2=1 


E 

i=i o=i 


QfhkgLjW i/i] 


X ' 0 )fhk • 


where 


QaPy&tii ' bp t ' ^yif > ^apy X a ' y $ Zy , and X — p • (T ‘ T . 

This set ( B ) of n = ni ■ n 2 - n 3 equations is linear and homogeneous in 
the n variables w. It is of the same form as (1), (2), and (3) and the 
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determinant of the set equated to zero is a determinantal equation in 
X which has for its roots the products of the roots of the determinantal 
equations of (1), (2) and (3). 

Continuing in this manner we may form a new set of equations (C) 
from k linear homogeneous sets (1), (2), ■ ■ , ( k ) in n h ;i 2 , ■ ■ ■ , n k 

variables respectively. This new set will contain n = )i i ■ « 2 • - ni 

equations in the same number of variables and the determinant of 
this set equated to zero is a determinantal equation in X whose roots 
are the products of the roots of the determinantal equations of the 
sets (1), (2), ■ ■ ■ , (. k ). 

If we denote the determinants on the left-hand sides of (1), 
(2), ■ ■ ■ , (k), by A y B, • ■ ■ , K, respectively and that of the left- 
hand side of (C) by R y then R is the eliminant of the equations (C) when 
X is zero and it is known that 

(I) R = A n/n i ■ K n/nk by §168 

If it] =7t‘z= ■ ■ ■ =n k = m , then 

(II) R = ■■ K mk ~' 

If further, all the sets become alike, except that the variables may 
or may not be made alike, then 

(III) R = A k mk ~\ 

In this case when the variables are alike, the terms in any one 
equation of the set (C) are not all distinct and if we bring together all 
terms having the same variables there will remain as many distinct 
terms as there are terms in the expansion of the multinomial of m 
terms raised to the &th power namely, (m+k — 1) \/k\(m— 1) !. 
There will also be the same numbers of distinct equations which we 
shall denote by ( D ) and for the eliminant* in this case we have 

(IV) R = A v j where v = {m + k — l) m . 

If, when the sets all become alike, we use different variables for 
each set, then it appears that from the way the equations ( D ) are 
formed the roots of the X-equation are the various terms without 
the multinomial coefficients, of (gi+£ 2 + - ■ ■ +gm)*, where gi , 
Si, ■ ■ ■ , gm are the roots of the X-equation of (^4). For if we set the 
roots gi, g 2 , ’ • ' , gm down k times forming k groups we see that the 
values of X are the products of the g’s taken one and but one from 
each group. For example if the two sets (1) and (2) become alike, 

* Muir, South African Assoc. Adv. Sci., vol. 1 (1903). 
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then the determinantal equation of (C) has for its roots the squares of 
the g’s and their products two at a time, each repeated. The roots of 
the determinantal equation of (D) are the squares of the g’s and their 
products, two at a time, without repetitions. 

653. Another simple proof that the roots in this last case are the 
squares and unrepeated products of the g } s is furnished by starting 
with |C„, — X | , where |C, t — X | = 0 is the determinantal equation of 
(C), and by easy combinations of rows and columns break it up into 
the factors \D IX — \| and |j 4 (2)ii — \|, where A w l] is the element in 
the ith row and yth column of the second compound oA the determi- 
nant A. The roots of |^4(-) )u — X | =0 are the products of the g’s two 
at a time (§648), and it follows, therefore, that the roots of | Z> ia . — X | 
are the squares and unrepeated products, two at a time, of the g’s. 
Thus for the case m = 3 and k = 2, we have for the determinantal 
equation of (C) 


2 . 
A 11 — A 

2 

A 12 

2 . 
(1 22 — A 

2 

An 

011012 

011013 

012013 

A11A12 

A11A13 

012013 

2 

023 

A 21 A22 

A21A23 

022023 

A 21 A 22 

021023 

, 0220 23 

2 

031 

A 32 

2 -V 

Ajj — A 

03] 032 

AJ1A33 

A32A33 

AJ1^J2 

031033 

032033 

All'll 

012022 

0-13023 

011022 — 

X A 11^23 

A12A23 

A] 2 A 21 

013021 

013022 

All A 31 

012032 

013033 

All 032 

A 11 A 33 — 

X A 12 A 33 

A12A31 

013031 

013032 

0210,11 

022032 

0230, 'M 

021032 

A21A33 

022033 — 

X A22A31 

023 A 31 

023032 

0210J1 

^22^12 

023013 

A21A12 

A 21 A 1 J 

023013 

A22A11 — 

X 023011 

023012 

031 All 

032012 

033013 

AaiAn 

A3lA]3 

A32A13 

A32A] 1 

033011 ~ 

■X 0,13012 

a 31^21 

032022 

A 33 A 23 

A 0 IA 22 

0,11023 

0320 2 J 

A32A21 

033021 

0JJ022 — 


which by performing the following operations 

Col. 4 4- col. 7 ; col. 5 + col . 8 ; col. 6 + col. 9 ; 

then 

Row 7 — row 4 ; row 8 — row 5 ; row 9 — row 6 ; 
gives the result 

\D lt - x| ■ \A Wli — X | = 0, 

and since the roots of | ^4 c2) — X | =0 are gig 2 , gig 3 , g 2 g 3 it follows that 
the roots of |Z>,.-X | = 0 are g-, 2 , g 2 2 , g/, gig 2 , g,g a , g 2 g 3 . 

If we denote the square of A (row-by-column) by A 2 and if 
| A 2 U X | =0 denotes the determinantal equation formed by subtract- 
ing X from the elements along the principal diagonal of A 2 , then 
since the roots of |^4 2 „ — X | =0, are gi , gi , g 3 2 (§650) it follows that 

I D„ - X| = | A\i - X| - \A U - X| 
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654. If A stands for |a nn | and A for its recpirocal the equation 
whose roots are A times the reciprocals of the roots of the equation 
| A — x | = 0 is 

/In X A 12 A in 

A 21 A 22 “ X A ‘ 2n , , 

= 0 or I A — v | = 0 , say . 

A n i A n 2 A tm x 

Starting with 

(111 — X tl 12 0 1 71 

I , I «21 022 — X - 0 2n 

| A - x \ = = 0 , 

On 1 O tl 2 O nn — X 


and substituting Ajy for x and expanding as a power series in A/y 
we have 



which proves our theorem. 

655. If we transform ^a 18 x r x s into \v 2 by the orthogonal 
transformation 


x r = w rl y 1 + Wr2V2 + ■ + W rn y rlj 


t^en to determine the A’s we have 


y r = WirXi + W 2r X2 + ■ 


+ WnrXn , 
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which gives 

a r& = AiWrlW Hl + A 2 Wr 2 W s2 + ■ ■ ■ + A n w Tn w an 
Placing in this s= 1, 2, • , n and using as multipliers 

W [s j W 2a , W n s > 

drlWu + a r 2W2s + ■ ■ ■ + CLm^nx = A 

whence putting r= 1, 2, we get 

an — A a a 12 ■ ■ ■ a in 

021 022 — -rl* ■ • (l2n 

Onl 0«2 ' ^nn A s 

656. Let A |a nn | in which a rs = a srj then the product 
| a + x | | a — x | = \ q ~ x 2 \ , 



where 


Qra Url&la H - 0r202s “I - * ’ ’ “h (Jrn^ns 

and therefore \q nn | — A 2 . 

Expanding \q — x 2 1 as a power series in x 2 we have 

(- l) n [(x 2 ) 71 — c l (x 2 ) n - 1 + r 2 (x 2 )"' 2 - - - - 

where c i, c 2 , ■ , being the squares of rectangular arrays, are seen 

to be the sums of squares and consequently the values of x 2 in 
|</ — x 1 1 =0 are all positive, and therefore the values of x are not pure 
imaginary. 

To show that the equation has not a root of the form a+jtff, put 
an — a = a' n, a 22 — <x — a 22 , etc. Then 


a' n — x 

0 12 

0Jn 

021 

0^22 — X ■ 

0'2n 

a n \ 

a n 2 m ■ 

a nn x 


cannot have a root of the form (3i and therefore \ A —x \ =0 cannot haw 
any but real roots , as already seen in §651. 

Still another proof of this fact is obtained as follows: 

Let A = | a nn | be an axisymmetric determinant and let 
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an + x 

#12 

# In 


#21 

# 22 H~ X 

# 2n 


a n\ 

a n 2 ■ ■ 

* #rm + X 


#11 + x 

#12 

#1,71-1 

a 21 

#22 + X ■ 

# 2 , 71—1 

#11-1,1 

#71-1,2 ’ ' 

- #7L — 1 ,n — 1 + X 


• , A] = | #u + x | , A 0 = 1 . 

be polynomials in .v of degree n , n— 1, ,1,0 respectively and 

where A,_i is obtained by deleting the last row and column of A r . 
We have seen §383 that A fl _, and A M _, _o have opposite signs when 
A„_ r _i vanishes. 

When +oo is substituted in the series of polynomials in x the signs 
are all positive and when — °o is substituted the signs are alternately 
positive and negative (beginning with A 0 ). If .v be regarded as in- 
creasing continuously, n changes of sign must be lost from — °o to 
It follows that the vanishing of any function A#(A„ and A 0 
excluded) will cause A, +i and A fi ^i to have opposite signs. A 0 has the 
same sign throughout. It follows therefore that a change of sign can 
never be lost except when .v passes through a real root of A n = (). 
This equation must therefore have n real roots in order to have that 
many changes of sign lost in .v passing from — oo to +oo . 

It follows that every equation A s = 0 has all its roots real since it is 
of the same form as A ri = 0. 

The roots of A,_, = 0 lie between those of A |S = 0, for in order that a 
change of sign be lost between A s and A s _i at the passage of each of 
two consecutive roots of A a , the value of A*.-] must change sign 
between these two values of x. 

From this it is seen that the roots of each equation of the series 
A„ = 0, Ah- 1 = 0, Ai = 0 

lie between the roots of the equation immediately preceding it. 

If A n = 0 has r roots equal to a, then 

A n „~i = 0 has r— 1 roots equal to a, 

A n _ 2 = 0 has r—2 roots equal to a etc. 
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In the foregoing proof A„ = 0 was supposed to have all its roots 
distinct. In case of equal roots we can give a small increment e to 
one of the coefficients a™ and as e can be made as small as we please 
without the theorem ceasing to be valid, the validity would remain 
at the limit 0 for e. 

Since we might have deleted the rth row and riji column of A„ 
instead of the n\}\ row and nth column what is tru4 of the roots of 
A n _i is also true of any of the principal coaxial minors. That is if 
A n = 0 has r roots equal to a, then a will be a root (r-\l) times of the 
equations A (/l _] )ll = 0 (z = l, 2, • - n ), that is of \the equations 
obtained by equating each of the principal coaxial manors equal to 
zero. Similarly it will be a root (r— 2) times of the equations obtained 
by equating each of the coaxial minors of order (« — 2) equal to zero, 
and so on. 

Again 

Ai M _i)nA( M i )jj — A( u _i) W A( # 1 _d^ = A„A (n— s) ij.ij 

and if (x — <x) r is a factor of A„, then by what we have just seen 
(x — a) r ~ l is a factor of A (ri _i )u and A (w _i );jJ and (x — a) r_2 is a factor 
of A (w _ 2 ) 0 . 0 - Tt follows, therefore, that (x — a) r_1 is a factor of 
A fn . i )M and of all minors of order (n— 1). Similar reasoning will show 
that (x — a) T ~' 1 is a factor of all minors of order (n — 2) and in general 
{x — a) r ~ k Avill be a factor of all minors of order 

(n-k) (£=1,2, ■ - r—1) 

657. With the help of the foregoing the problem to determine the 
equation whose roots give the maxima and minima of the homo- 
geneous function of the second degree 

s — d + -1 vu}‘~ ~\~ Azz% L + + 2 A xy xy + 2^1 X2 xz + ■ , 

where the coefficients are real and the variables limited by the con- 
dition 

x 2 + y 2 + s 2 + =1 

is easily obtained. 

For these values we have the equations 


ds 

ds 

ds 

ds ds 

— 

— 

— 

x 1- y 1- 

dx 

dy 

dz 

dx dy 

X 

y 

Z 

x 2 + y 2 + z 2 H 


= 2a* 
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that is 


or 


1 

2 


ds 


dx 


= sx , 


1 ds 

= sy, 

2 dy 


(A xx *0 x A xy y “I - A xz% Hh — 0 

A vx x + (A vy — s)y + A vz z + ■ ■ • = 0 

A zx x “h A zv y “I - (A zz .y)z “I - • = 0 


from which 



Exercise: Find the values of x T) y T} z r , ■ ■ ■ , corresponding to the 
root sv of S — 0. 

658. If the roots of 5 = 0, denoted by Si, s 2l • • ■ , s mi are all distinct 

it follows that x r x s +y r ya+ ■ ■ ■ =0, where x ry y T , ■ ■ , are the values 

of the variables corresponding to the root s r . 

Exercise: If we have 

x = Xi£ + x 2 y + x a f + ■ ■ ■ 

y = y if + y*n + y*t + ■ ■ ■ 

z = Zi£ + ZiV + + ' ■ ■ 

"bow that 

(1) ** + y* + «* + • ■ • = ? + ^ + f 2 + 

(2) S = iii 2 + + stf* + ■ ■ ■ . 

659. The necessary and sufficient condition that a is a root r times of 

^n = 0is that all minors of order n — r+ 1 vanish when x is put equal to a. 
For if the minors of order n — r + 1 vanish then the minors of all higher 
orders will vanish under the same conditions and — O 

(A= 1, 2, ■ • • , (r— 1)) where is a coaxial minor of A n of 

order n — h. It follows that (x— a) r must be a factor of A n . 
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Exercise: If A^|am| where a Ta = a Br and where the elements 
are integral functions of x with real coefficients, then show that the 
series of functions A, Ai, A 2 , ■ ■ ■ , A n , where A h is the minor of A 
complementary to the product aua^a^ ■ ■ ■ cihh, is a Sturm’s series 
for the equation A = 0, under the conditions 

(1) None of the functions vanish for all values ofjx. 

(2) The sum 


y ^ i r A is ^ — 1 j 2 , 



shall not vanish in the interval a to b (Hazzidakis). \ 

660. Since a symmetric determinant remains symmetric when the 
&th row and £th columns are multiplied by the same quantity, we 
see that 


A = 


an + hfx a 12 a 13 - ■ ■ 

0-21 + ^ 2 2 X #23 ' ‘ 

a 3 i a 32 ct[\ 3 + h 2 x • 


where the /z’s are real, is axisymmetric if a Ta = a ST and the roots of 
A = 0 are real. 

Changing x into its reciprocal obviously does not affect the reality 
of the roots, so the roots of 


anx + /zi 2 
a 2 \X 

an* 


a 12 x 

& 22 X h 2 
Cl 32 X 


onx 

a 2 zx 

ClS3X + /Za 2 


= 0 


are also real. In particular the roots of the continuant 


Onx + h? cmx • ■ * 

O 21 X a 22 x -f- h 2 o 2 aX ’ ■ ■ 
a 32 x a^x + /z 3 2 ■ ■ ■ 


= 0 


are real. 

Since we may replace a TS and a Br by ( a rs a sr ) 1/2 without altering the I 
continuant and thereby make it axisymmetric it follows that the 
roots are real when a TB 9^a 6T as long as they have the same sign. 
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From the foregoing it follows that the roots of 
h\ Xai 2 • ■ • ■ 

021 Xfl23 ' ' ' 

032 k‘i 2 ■ ■ ■ 

are 

(1) Real and positive if <z r ,r+i and a r + i, r have the same signs 

(2) Real and negative if a r , r +i and 0 r +i, r have opposite signs. 

Exercises. 1. The determinant 

hi 2 xa u ■ 

h 2 2 * 

a si h} 

042 ■ A 4 2 


which has a row of zeros lying between the main diagonal and each 
of the minor diagonals, is a continuant which has the same properties 
as that just considered. 

2. If A = \a-i n | is axisymmetric and we multiply the rows in order 
by Mi, M2, - - , Mn and the columns in order by vi, v 2) • ■ ■ , v ny where 

the ju’s and v’s are any real positive magnitudes, then show that the 
latent roots of the resulting determinant are all real (Quintilli- 
Nicoletti). 

661. The roots of the equation 

X 012 013 

— 012 X 023 

— 013 — 023 X 

or/U) = 0 say , are all pure imaginary. 

Expanding as a power series in x we have 

x n _|_ l( Cl ) -f X n ~ 2 (c 2 ) + ' ‘ + X(c n _ j) + A = 0 , 

wnere A is the determinant of the 0 ’s. The coefficients ci, cz, ■ * ■ , 
a te all zero being sums of zero-axial skew determinants of odd order, 
ar ^d C 2 , C 4 , ■ ■ ■ 9 are all positive being the sums of zero-axial skew 
determinants of even orders, and therefore sums of squares. 
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If n is odd A = 0 and one root at least is zero, the others are seen to 
be pure imaginary, and if n is even all roots are pure imaginary. 
For suppose f(x)=x r f'(x), then f f (x) in either case is the sum of a 
series of positive terms whether x is positive or negative. 

The roots of the equation f(x+a) = 0 are readily seen to be complex 
since x-\-ct must be of the form fii and therefore x=i 3i. 

662. The equation \A — ff|=0, where ^4=[ai n |i will have all its 
roots real , if in the case of every pair /x, v of t)te (n— 1) indices 
2, 3, * ■ ■ , n } we have \ 

\ 

a ’ a i ip Oy i — i ■ a up a iv y y 

and ai^ a^i positive. 

Form the product 

1^4 — a:|-|^4H-ac|=|Q — ae 2 | , 

where 

q r » = a r \ 0 \ a + a r 2 d 2 s ■ ■ * “l - a Tn a n8) 

0 

and Q= \qi n | then the given relations lead to 
I flxji a^ v - a v \ = ■ a vfl ■ 0 \ v , 

where X, /x, v are any three of the indices 1, 2, • * ■ , n and 


II 


d r * 

a ar 

= constant for 5 = 1,2, 

dp a 

dap 

d rS 


Multiplying 


and 


— constant for r = 1,2, 

d r p 
d 'or 


q rs — dy^au + a r2 d 2 a + 


q sr — a s \di r + a a 2 d 2 r + * ■ ■ . 
by a„ and a r8 respectively we get 


qradsr — d\ B a ar a r \ -(- d2ad ar a r 2 “ 1 " 
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and 

f/sr ' ^lr^rs^al “1“ ^2r^rs^a2 +" 

From I we see that q r a ‘ & 8T q st ’ a ia and this and II show that any 
minor of |@ — x 2 ] is equal to the conjugate minor multiplied by a 
positive constant. It follows therefore that every coefficient of every 
power of x 2 in | Q — x 2 1 is positive and the values of * 2 in |Q — x 2 | =0 
are all positive and hence the values of x are all real. 

663. The equation \A~~x | =0 or / (x) =0 will have all its roots pure 
imaginary if X, n, v arc any three of the indices 1 , 2, • • • , n and wc have 

' ^v\ = a v p a^p , 

a^-a^ is negative and a flfl = 0. 

The proof of this proceeds in a precisely similar manner to that of 
the last article. 

664, Let 



a\\X i + ^12^2 + • 

■ + a i „x„ + 6 u3», + b v ,y-i ■ 

■ + bii i y/ c = \xi 


a n \Xi+a ni x 2 + 

■ ■ +a, in x„+bniyi+b n2 y2+ ■ 

■ -\-b n / c yk = \x n 

(1) 

^11^1+^21^2+ * 

+ b n i x n 


= 0 


. bxkXi + bikXi-lr - 

1 bnkX n 


= 0 

where 

a ra = a 

„ r , and the 

x’s and y’s may be complex ; 



and let 

a\\ — X 

&12 ■ - ■ a\ n bw • • 

■ bn 




#21 

a 22 — X ■ a* n b'i\ ■ * 

■ b 2k 




n?u 

a n 2 ■ ■ ■ a nn X b n i 

b nk 




bn 

b‘2l ' bnl 0 ■ • 

■ 0 




b\k 

b'lk ■ b n fc d 

0 



be denoted by /(X), then /(X) =0 has all its roots real. 

If Xi = a+j3i could be a root then = a — must also be a root, 
bet x' r and y' r be x r and y r when — i is put for i and let 

x r = z T + izr , and xl = z, — izi (r = 1,2,--, n) ; 
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and form a set of equations (2) by replacing art, x 2 , ■ ■ ■ , a„, 
yi, y 2 , ■ ■ ■ ,yx in (1) by x{ , xi , ■ • , x,[ , y{ , ■ ■ , yl and let X, 
be the value of X which goes with the primes to satisfy equations (2). 
Multiply equations (1) by xi , xi , * ■ ■ , xi , y { , - ■ , y{ respectively 

and add using equations (2) to simplify the coefficients and we get 

Xl(A2#l ) ~\~ X20^2X2 ) "b ■ ~b ^n(A2^n) = Xi(x!l£i + ' ■ ■ ) 

(Xj — X 2 )(xiXi + X 2 X2 + ■ • ) = 0, \ 

ButX) xix/ =^zi 2 +X) s i /2 an d therefore is not zero unless the z’s and 
s'’s are all zero in which case the x's would be all zero 'and we suppose 
this not the case. It follows therefore that Ai = X 2 or /3 = v and the roots 

+ ainXn = ^(^11^1 + &12^2 + * + &i n X n ) 

+ tf'2 tiXn = ^(^21^1 + ^22^2 ~b ’ 1 + &2n^n) 

' ~b @nnX'n = k(b n i% 1 “b b n2 %2 “b ' * H - b nn X n ) 

where a, h = a hr and b 1s = b s1 , be n equations in n variables, the x’s, 
the a ’ s and b' s being all real. The condition that they are consistent 
for values of the x’s not all zero is 

\A - kB\= J(k) = 0. 

If possible let f(k) = 0 have the imaginary root k—a+fii and if so 

it must have a second k' = a — p i. If x ]} .v 2 , ■ ■ ■ , .r n go with k to sat- 
isfy equations (1), let xi , xi , ■ • , xi (the results of replacing +/ 

by — i in xi, x 2} ■ • , .r„) go with k' to satisfy equations (2), which 

are obtained from (1) by substituting for x\, x 2j - ■ , x n the accented 
x’s. 

Multiply equations (1) by xi , x{ , ■ ■ , xi , respectively and adding 

using equations (2) to simplify the coefficients w'e get* 

(3) (k' — k ) [^brrXrXi + ]£b r6 (x r X a ' + X t X* r ) ] = 0, 

If 


of /(X) =0 are all real. 
665. Let 

{ (lnX\ + 012*2 + ’ 

(1) "b #22*2 “b ’ 

G/il*! + 0 n 2 X 2 + 


and 


x r — z T ~b izi 
xi = z r — izi 


(r = 1,2, n) 


Tf we had eliminated the b's instead of the a’s the result would have been 

(k* — £)( ^OrrXjXr' + 2 a r *(XrX*' + ')\ = 0 
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then 

x r Xr = z 2 + %i 2 , and x,x' + x s x{ = 2(z r z s + z'z') 
and equation (3) becomes 

[ h' - £)[( JLhrZ, 2 + 2 J^br.ZrZ,) + ( J^ft,,*/ 2 + 2 J^b rli z'z')\ = 0, 

which shows that if ^b^z, 2 + 2^ ft, ,z 7 z, is always of one sign and never 
vanishes for real values , not all zero } of the z’s, then k ; must equal k or 
/j — 0 and equations f{x) = 0 has all its roots real. 

It is to be observed the roots are also real if the restrictions are 
placed upon the a’s instead of the ft’s. 

The theorem of §656 may be considered a special case of this where 
&,,= 0 (rp*s), and ft r , = 1. 

666. The restriction that ^b^z, 2 + 2ft rs z,Zs, or ^,a ri z 2 +2a r& z r z li 
must never be zero for real values of the z's may be removed leaving 
I lie condition that it must always be of one sign when not zero. 

To the quadratic form ^b ]r z, 2 + 2b rs z r z s add e times a sufficient 
number of squares of linearly independent functions of the z’s to 
insure that the quadratic form thus altered is not zero. Let the 
altered form be ^bfz 2 -h25\b' rs z,z A and if we take e real and of the 
same sign as the given form, then by making e small each accented b 
may be made to differ from the corresponding unaccented ft by a 
small quantity. The result of replacing in the determinantal equation 
the unaccented by the accented ft’s is 

f(k) +:e<h(k) + e 2 0 2(&) + - ■ - + £ n <f>n(h) = 0, 

where the coefficients in </> r (£) are finite, and where none of these 
functions of k are of a degree greater than n. This altered equation 
| has real roots by what has been proven, and it remains true, however 
small we make e. Now if f(k) =0 have an imaginary root we might 
take c small enough to make the altered equation to have an imaginary 
| root. Hence f(k) =0 has only real roots. The only exception is when 
I f{k) = 0 is an identity satisfied by all values of k . The final result is 
therefore, that f(k) = 0 can have an imaginary root only when 

(1) Tt is an identity satisfied by all values of k or 

(2) Both the quadratic forms 

^fa rr z 2 d - 2 ^ y J a r sZrZs » 

^ \ brrZ 2 *T" 2 ^ ft ra 2f r Z a 

C(lfl assume both signs for real values of the z’s. 
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For real roots there may be linear relations between the left-hand 
or right-hand members of equations (I) as long as the equations are 
linearly independent. 

667. The necessary and sufficient condition that the equations 

612X2 + 613X3 + ■ ■ ■ + 6 ln X n = — k(a n Xi + aife#2+ ' ■ ■ + ainXn) 

^ -612X1+623X3+ ■ ■ ■ +b 2 n x n = — k(a 2 ixi + a 2 \x2+ ■ ■ > + a 2 n x n ) 

b\ n Xy b 2n x 2 b$ n x 3 ■ ■ k(^a n iXi~\~ a n2 ^~\~ • • ’+fl nn x n ) f 

\ 

where a rs = a sr , be consistent for values of the x’s not all zero is that 


kan 

kdi 2 + 6 12 

■ ka i n ■+ bi n 

ku 2 \ — 612 

ka 2 2 

* ka 2n + b 2n 

= 0 

ka n x bi n 

ka 12 — b 2n 

ka n 

or f(k) =0, say. 


0 


Suppose there is a real root of f(k) = 0, then equations (1) with 
this real value of k are satisfied by real values of xi, x 2 , * ■ ■ , x n . 

Multiply equations (1) by these real values of x\, x 2 , ■ ■ • , x n , 
respectively and add and we get 

k | ^ 'j drrXr “J - 2 ^Q rs X r X s | 0 

If now the second factor on the left does not change sign and is 
not zero for every set of real x’s, not all zero, it follows that & = 0, 
and/(&) =0 has no non-vanishing real root. 

Let & =ct+/3z be an imaginary root of /(&) =0, and let xi, x 2 , ■ • • , x n 
go with it. The conjugate imaginary, k' = a — 0i must also be a root 
and let x{ , x { , ■ ■ , x,[ (which are the results of replacing +i by —i 

in xi, x 2 , ■ ■ , x n ) go with it. 

Multiplying equations (1) by x { , x 2 , ■ , x n ' respectively and 

adding we get* 

( k + k ) [ ^ j d/ r X T A r + ^ \ 0'rs(x r X s + X s X r ) J 0, 
which, when x T = z 1 + iz' 1 and x' r = z r — iz' r becomes 
( k + k f )[( ^fl rr Z r 2 + 2 T,arsZ r Zs) + ( ^ArrZj 2 + 2 ^OraZ/z/)] = 0. 

* If the a’s instead of the b } s had been eliminated we would have 

(£+£') [2&„(jr,a-, ' — X s Xr ') ] = 0 
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If now ^2 a T T Zr + 2^a rs z r z s does not change sign nor vanish for all 

i real values of the z’ s, it follows that k+k' = Q oro: = 0. The equation 
f(k) = 0, is therefore of the form 

k n ~ 2m (k* + ax 2 )^ 2 + a 2 2 ) ■ ■ ■ (£ 2 + aj) = 0. 

It is to be noted here that the fact that there is no non-zero real 
root does not depend on the determinant of the a’s being axisym- 
melric provided y^a Tr x? +^2(a r8 +a BT )XrX s does not change sign or 
vanish. Similar observations may be made in §665. 

In a manner similar to that used in §666 we may remove the re- 
striction that the quadratic form y ^a rr z? + 2y^g rw z r z J , be incapable of 
vanishing. 

It follows, therefore, that when the equations (1) are linearly inde- 
pendent the roots of f(k) = 0 are zero or pure imaginary as long as either 
-\-2^a r8 z r z s does not change sign or y 'b r » (z r zj —z s zl) does not 
vanish for all real values of the z’s. 

The theorem of §661 may be considered a special case of this when 
(h* = 0 and a ri = 1 

668. If in the foregoing article we divide by k n and put k = \/k 
then it is seen that there can be no real finite root of the equation 


#11 #12 + kbi?, ■ * #in + kb | n 

#12 kb\2 #22 #2n I kb 2n 


= 0 ; 


#1 n kb\ n #2n kb'in 


#nn 


and when^a rr z? +2^2a Ts z r z s does not vanish or change sign for real 
values of the z’s not all zero it is of the form 

(ai 2 k 2 + l)(a2 2 k 2 +!)•■■ (dm k 2 + 1) = 0 


(r- + (3i 2 )(k i + /3j 2 ) • • • (k 2 + PJ) = 0 , 

where 2m ? n and all roots are pure imaginary. 

The very form of the equation shows that for every root a there is 
root — oc. 

069. Since subtracting (or adding) x from the principal diagonal 
elements of a centro symmetric determinant does not destroy the 
eentrosymmetry it follows that the latent roots of 
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abed 

K c f h 
k f e g 

d c b a 

are the latent roots of 

a + d b + c a 

and 

g + h e + f g 

Exercises. 1. Show that the absolute value of aqy latent root ol 
ain | is not greater than n times the greatest in absolute value of the 
elements a rs (Hirsch). 

2. Show that the real part of any latent root of a\ n | lies between 
the greatest and least roots of the determinant \\{a r& ~\~ a ar ) | n ; and 
the imaginary part is in absolute value not greater than \/n(n- l)jl 
times the greatest of the quantities ±(a r « + a fi? ) (Benedixen). 

670. If A = |tf ]n | be an orthogonant , then* \A — x | =0, or f(x) =0, u 
a reciprocal equation , that is, for every root a there is a root 1/a. 

Il is readily seen that the product 

A- fix) = (- , 

from which form the truth of the theorem appears. 

This relation may be written in the form 



from which we see that 

I. If ^1 = +1, then /(+ 1) = (— l) 7 '/( + 1), and hence /(+1)~0 
when #= + l and n is odd. 

It is seen therefore that + 1 is a root of f(x) when A is a proper ortho g- 
onant of odd order. 

II. If A=-l, then 

/(— 1) = ( — 1 ) 2n ~ l f(— 1) = — /(— 1) = 0, when x = — 

/(+1) = — /(+1) =0, when # = + 1, and n is even. 

These show that when A is improper — 1 is a root of /(#) = 0, 
that -T 1 is a root when n is even. 
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| 671. The product 

I 1 

! x 012 — 021 • ■ ' 01n — 0 n 1 

X 

t 

; l 

t y( x ) f( — x) m &21 — ai2 a2n ~~ fln2 = F(Z) say 


1 

dn\ — O'ln #n2 — ^2 n ‘ X 

X 

, where Z = 1/x — x. 

Expanding as a power series in Z we have 

j F(Z) = Z” + CiZ »- 1 + C 2 Z - 2 + ■ ■ ■ + C n> 

but as we have seen c ly c 3 , * ■ ■ , are all zero and c 2 , e 4 , ■ ■ * , are sums 
: of squares. 

Therefore 

F(Z ) = Z" + CaZ 71 " 2 + C 4 Z 71 - 4 + ■ ■ 

= Z(Z n_1 + C 2 Z n “ 3 + CTx 71-5 + ■ - ■ ) when w is odd and A = ± 1 


= Z 2 (Z n 2 + C 2 Z” 4 + - - ) when w is even and A = — 1. 

For the case when w is even and yl = — 1 we have seen that both 
f[x) and /( — x) were zero when x= ± 1. It follows therefore, that , 
d is cm even-ordered improper orthogonant , zero-axial skew determi- 

nant formed by subtracting from each element of A its conjugate element 
is zero, or \A — A | =0, where A is the conjugate of A. 

672. Multiplying /(x) by itself we get 

{/(*)} 2 =<K:v)- 2 »(-i)"* n , 

where 



a 12 Ar a '21 a ln + O'nl 


a n — y 


a 12 "T &21 ^271 T" #u 2 

— T“ ** - y — 


ain + a n i 02n + #n 2 


a<nn y 


X 2 + 1 

and y = 

7 2x 
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From this we see that y has the same value for every pair of re- 
ciprocal roots. Therefore for n even and A = + 1, <t>(y) is the square 
of a polynomial in y. That is <f>(y) = (y — yi) 2 (y — y 2 ) 2 ■ • • (y — ^) 2 , 
where k = n/ 2, and where y r is the root of </>(y) = 0, corresponding to 
the rth pair of reciprocal roots of /(#)=0. It follows, therefore , that 
for each of its double roots <j>{y) and its principal codxial minors vanish 
and consenquently all minors of order n— 1 vanish. \ 

In the case of generalized orthogonants, that ia, ^2$a 2 Ta = m, and 
A 2 = m n , the product of two reciprocal roots would pe m instead of 1 
and the real roots of f(x) = 0 would be ± \/ m instead of ± 1 . Similar 
changes throughout §§670, 671 would give the corresponding results 
for this type of orthogonant. 

Exercises. 1. Show that if A is a Cayley’s orthogonant then 
\A — x | =0, has its roots occurring in pairs of reciprocal imaginaries 
except when n is odd in which case there is a single real root 1. 

2. If 


A = 


a h g ' 
h b f 
S f c 


is an orthogonant obtain the discriminant of \A —x | = 0 as the sum 
of 7, 10, 13 and 15 squares. 

673. If A=\ai n \ be a generalized orthogonant with the value 
m n/2 , let D\ represent the determinant 


011 — p 

012 

01 n 

Ui 

Vi 

W\ - ■ • 

021 

022 — p 

0'2n 


v 2 

w 2 ■ ■ • 

071 1 

0n2 ' ' 

' 0/ in P 

> U n 

V n 

Wn ‘ * ■ 

hi 

e7 2 • • 

• Un 

0 

0 

0 • ■ 

Vi 

v 2 

v n 

0 

0 

0 ■ ■ 

W i 

W 2 

Wn 

0 

0 

0 ■ ■ ■ 


obtained by bordering \A — p | = </>(p), say, by k additional rows and 
columns of arbitrary constants and a square of zeros k on a side to fill 
out the right-hand lower corner. 

In the expansion of D x in terms of minors of order k from each of 
the borders the factors from </>(p) would be of order n—k . Forming 
the product of A and D x we have 
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\a n -p' ■ 


flnl 

mi 

Vl 

W 1 


«ln 

'£a li U l ’ 

nn P 

^ 1 i ’ 

U n 

0 

0 

Vn 

0 

0 

W n 

0 

0 


where p' = m/p. 

If now we multiply the first column by Ui the second by 7/ 2 , etc. 
and subtract the sum from the (w+l)st column, similarly for the 
| (w+2)nd using Vi, V 2 , ■ ■ ■ , and so on, we get 


011“” p ' ' 

0 Iti 


p’Uy 

pTi • ■ ■ 

0n 1 

07171 

P' 

p'U n 

p'V n ■ ■ 

Ui 

M n 


- 2>f7 - 

J^uV 

Vi 



- - 

• ■ • 

W 1 

Wn 


- - 

• ■ 

011 p' ' 


01n 

t/. K, 

Wi ■ ■ ■ 

0fl 1 

' ■ 07171 — 

p' Un Vn 

Wn' ■ 

«1 


I/71 

0 0 

0 

Vi 


V n 

0 0 

0 • ■ 

Wi 


W n 

0 0 

0 ■ ■ 


+ (- 1 )n-fc p n-*(_ 1 ) k <t>(p , )(u)(V), 

where ( u)(U ) stands for the product of the two arrays used in border- 
ing- 

We may"write this relation thus 

| (1) D r A = (- I)-"* P n ~ k p' k Di + (- 1 )V“W)(«)(^)- 
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Where Z> 2 is A with p' in the place of p and with (u) and ({/) 
interchanged. ___ 

When £ = 0, that is when ( u ) and (U) do not exist, then (1) takes 
the form 


( 2 ) 


D l A = (- 1)"p"(<Kp')) 

/ m\ 

(_ 1)V*( 7 ) 


<K#>) = 


+ (w 1/2 ) n 

This shows the reciprocal nature of the roots of <£(p) 4o. 

If D{ is A with +p in the place of — p we have in place of (1) 


I 


(!') D{ A = p n - k -p' k 'D{ + (- 1)V>(- p')M(U). 


In the place of (2) we have 


(20 0(- P) = 



± (m 1/2 ) n 


If A = — {y/m) n then (2) shows that </>( — \A»)= 0 whether n is 
odd or even, </>(+\/ m) =0, when n is even. 

If A = + (\/m) n , then (2) gives </>( + \/m) =0, when n is odd. 

We see therefore that 

(a) y/m is a root of </>(p) = 0, when n is odd and .4 = + (\/ m) n also 
when w is even and A = — (\/ m ) n 

(b) —\/m is a root of <£(p) = 0, when n is odd or even and 
A — — (y/'m) n . 

674. If the determinants of order k formed from ( u ) and (Z7) be 
denoted by pi, p 2 , , px and v 1} v 2j ■ ■ ■ , respectively, where 

X = then since ( u ) and (77) are arbitrary the coefficient of pr^i 
on the one side of (1) §673 must be the same as that on the other side. 

We have therefore 


(1) 0(n— A) u(p) ' A = (- l) n ~V“ fc -p'*-0 (n-*)„(p') + (- l) n p n ’W). 

where <j>^ n -k)u(p) denotes a coaxial minor of </>(p) of order n — k. 

This shows that all coaxial minors of order n — k are equal when 
P = p'- 

If a is a root of </>(p) =0, then m/a. is also a root and (1) becomes 
0(n-fc)ii(«) ’A = ( - 1 ) n - k a n - 2k m*<t>( n „ k)li 


I 
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nr 


(2) 


$(n— fc)n(^) 


( - 1 )n- 

± (w 1 '*)"-** 


"(t)' 


This equation (2) shows the reciprocal nature of the roots of the 
coaxial minors of <j>(p). 

If p = p', then (1) becomes 


(3) 


4>(n-k)n(p) = 


(~ l) w p w " fc »(p) 
A - (- l) n ~V 


, Similarly the coefficients of p t Vj on the two sides of (1) §673 must 
be the same giving us 

: (4) *(_*)„(, oM = (- p , *-* (i _») J ,(pO + (- i) n P n -W). 


} (5) <#>(n-*)t;(«) = 


± (m 1 ' 2 )"- 2 * 


I The relation (5) shows the reciprocal nature of the roots of non- 
| coaxial minors. 

|| I. When A = + (\/m) n , then 

i<« 

from (3), 


(- 1 )" 4 > 0 1/2 ) 

i _ (_ !)«-* } ' 


<p{ni l/ 2 ) 

2 (w 1/2 ) 

when w is even and & is odd, 

= 0 

when n is odd and k even since 0(\/ m) = 0, 

0 
0 

when n is odd and k is odd, 


oo 
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when n is even and k is even. 


( 7 ) 


0 (n— k) n( " W ^ ) 


(- 1 )*</>(- m 112 ) 

- (- 1 )*} 
— 0(— W 1 /2 ) 

2(w 1/2 ) * 


when £ is odd, 


when k is even since </>( — \/m) f^O. 
From (4) we have when w is odd 


(8) * ( n_*)i,(w 1/2 ) = (- l)-^ (n _, )n (m^ 2 ) 


since =0, 

when k is odd, 

when k is even. 


= <fM),t(w 1/2 ) 

9 

= — <#>(n-*),x (m' n ) 


(- 1) 4 «(- m 1 ' 2 ) 

(9) <hn-k)i,(- m in ) = (- l)V(n-t)„(- w 1/2 ) H 

(w 1/2 )* 

From (6) and (8) we .see //za/ when A = (\/ m) 71 the odd-ordered 
compounds of <£(\/m) are all zero-axial skew determinants and therefore 
vanish 

II. When A = — (\/ m) n we have 


( 10 ) 


0(«~-fc)n(m 1/2 ) 


(- l) n 0(w 1/2 ) 

(»U*)*{l + (- 1)"“*} 


</>(m 1/2 ) 

~ — 2(w 1/2 ) k 

when n is odd and k is odd, 

= 00 

when n is odd and k is even, 

= 0 
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when n is even and k is even, 

0 

0 


when n is even and k is odd. 


(11) W l/2 ) 


(- 1 ) k <t>(- m 1/2 ) 
(w 1,J )*{ 1 + (- 1)*} 


when k is even, 


0 

0 


when k is odd. 

(12) </>(n-*)ij(w 1/2 ) 


— (— l) n k <t>(n-k) ,;(W 1/2 ) 

- (- l)"-V(n-*), t (w 1/2 ) 


( — l) n 0(w l/2 ) 

— (w i/2 7~ 


when » is even, 

when n is even and k is even, 

— 0(n-Jb)ji(w l/2 ) 

when n is even and £ is odd. 

FVaw (11) and (12) w see J/ra/ w>/*en ^4 is an improper orthogonant 
of even order , aJ/ /Ae even-order etfcompounds of — m) are zero-axial 
skew and therefore are perfect squares . 

675. Since 


4>(n-k)ii(p)<t>(n~k)ij{p) 0(»-*)»i(p)0(»-fc)jt(p) 

|| where the terms of £ contain minors of order higher than n—k, and 
therefore E vanishes where such minors vanish it follows that, when 
A — (\/m) n , n odd , and all minors of order greater than n-^k vanish , 
then <t>(n~k)ij(\/m) = 0 for all values of i andj. 

For 

</>(»-*) u(p)0(n-A)jj(p) + {^(n— *)*y(p) } 2 "" 0 
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and 0(n-fc)n(\/w) = 0 when n is odd and k is even and must also vanish 
when n is odd and k is odd, for then the first term is a perfect square. 
We have therefore the theorem: when A is an odd-ordered orthogonant 
of value (w l/2 ) n and all minors of of order greater than n—k 

vanish , then all minors of order n — k will vanish also.. 

This is the same as saying that if the orthogonant 
odd order and if all minors of order 2r+l and greater 
minors of order 2 r will vanish also. 

Again since (t>( n — k)ii(\/m) = 0 and </>( n — k)i 3 {y/ m) — 
when A = — (\/m) n and both n and k even, we have^ the following 
theorem : 


A = (V m ) n is of 
Ir vanish then all 


\ 


If all minors of <jf>(VW) of order greater than n — k vanish , then all 
minors of order n — k will vanish also. 

This is the same as saying that if the orthogonant A = —(\/m) n is 
of even order and all minors of ) of order 2 r+ 1 and greater vanish , 

then all minors of order 2 r will vanish also. 


Exercise: If the c’s are real and the members of the sequence 


Co Ci 

1 I (Co,Cl, , cf) , ‘ ■ , P(co,Ci, , C271+2) 

Cl Cl 


are positive show that all the roots of the equation 
Co + cix + ■ ■ ■ + c 2n £ 2n = 0 
and all but one of the roots of the equation 

Co + C\X + • • ■ + C2n+l# 2n+1 = 0 

are imaginary. 
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Jacobians 

676. If there be n functions all of the same n variables, the determi- 

nant which in every case has the element in its rth row and 5 th column 
equal to the differential coefficient of the rth function with respect 
to the 5th variable is called the Jacobian of the set of functions with 
respect to the said variables. Thus the Jacobian of vi, y% • • , y n 

with respect to x h x 2 , • • ■ , x n is 

dyi dy 2 dy n . p dy x 

■ * or (X] ii J if a^j — 

dxi dx 2 dx n dx 3 

It is usually denoted by J(yiy 2 ■ ■ ■ y n ) where there is no possibility 
of ambiguity in regard to the independent variables. 

677. If the variables x h x 2f ■ ■ • , x n simultaneously receive the 
increments A r Xi, A r x 2 , ■ ■ ■ , A r x n respectively and in consequence of 
this simultaneous change the functions yi, y 2 , ■ * - , y n receive the 
increments A r y h A r y 2 , • • ■ , A r y n respectively, then, as in the case 
of a single function, the limiting value of* 

| Aiyj Aiyt ■ ■ A n y n | 4- | Ai*i A t x 2 ■ ■ ■ A n x n \ 

when the elements of the latter determinant are indefinitely dimin- 
ished is equal to 

dy x dy 2 dy n 

dxi dx 2 dx n 

The product 

dyi dy 2 dy n . , _ , n 

dxi dx 2 dx n 

where 


dy r dy r d y r 

Qr» = A a Xi H A a #2 + ’ ‘ H AgXn = A 9 y r 

dxi dx 2 d*n 


| Cm I =| AiyiA 2 y 2 ■ ■ * A B y n | 

*That is when there is a definite limiting value; vide Peano, Giornaie di Mat*, 
Wii, p p . 226-228. 



636 


THEORY OF DETERMINANTS 


The limiting value of the quotient might have been taken as the 
definition of the Jacobian and the relations between Jacobians 
present close resemblance to the formulae of differential calculus. 
The notation 


d(yiy t ■ ■ ■ y n ) d(yiy 2 ■ ■•?») 


or 


■ • ■ X n ) \ 


d(x\x 2 • • ■ x n ) d(xix 2 

for the Jacobian is valuable as exhibiting this relation. 

678. If ym+ij y m +2 ■ ■ ■ y n be constant with respect to\x i, x 2} ■ ■ 
or yi, y*, ■ - ‘ , ym be constant with respect to x m +i, ■ • ■ \ x n then 

d(yi ■ • * y m ym+i ■ * ‘ y n ) d(y x ■ ■ ■ y m ) d(y m + 1 


d^X i ' • ' Xm.Xm+1 ' ’ ' 3Tn) d(^X x ' ' X m ) d(x m + 1 


yrd 

X n ) 


and in particular 

d(yi ■ * ■ y rnXm+i ■ * ■ Xn) _ d(y x ■ ■ ■ y m ) 

d(x 1 ■ • ■ X m Xm+ 1 ■ ■ - x n ) d(jCi ■ ■ ■ X m ) > 


The truth of this is apparent from §108. 

679. If yiy 2 - • y n be functions of V\y 2 - - ■ v n and ViV 2 ■ ■ ■ v n be 

functions of X\% 2 - x ny then 

d(yiy 2 : ■ ■ y n ) _ d(y x y 2 ■ * ■ y n ) d(v iv 2 ■ ■ ■ v n ) 
d(x ix 2 ■ ■ ■ x n ) d(v iv 2 ■ ■ • v n ) d(x ix 2 • ■ ■ x n ) 


Multiplying row-by-row the two Jacobians on the right we get a 
determinant \X ln \ where 


therefore 


dy r dvi dy r dv 2 dy T 

Xrs = 1 h ’ ' ■ + “ — 

dv\ dx„ dv 2 dx a ov n 


dv n 

dx a 


dy r 

dx e 


x ln 


dy 1 dy 2 dy n 

dxi dx 2 dx n 


as was to be proved. 

In like manner if yiy 2 • ■ ■ y m are functions of V\V 2 * ■ ■ && 

ViV 2 ■ ■ v n are functions of x\x 2 ■ ■ • x m we see that 

d(yiy 2 - y m ) 

— = 0 

d(x ix 2 ■ ■ x m ) 
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if m>n, 

_ ^^_ yi ' ' ' ?«*) d(v a V 0 ■ ■ ■ Vy) 

d(v a v fi • ■ ■ Vy) d(^X\X 2 • ■ ■ X m ) 

if m<n where a, /?, ■ • , arc a jc* 0/ w numbers selected from 

i, 2, ■ • • , 

680. // 3/13/2 ■ ■ ■ y« independent functions of x x x 2 ■ ■ ■ 

Jacobian of 3/13/2 ■■•>/» with respect to X\X 2 ■ ■ ■ t„ is the reciprocal of 
the Jacobian of X\X 2 • • • x n with respect to 3/13/2 • * y n . 

This follows at once from the theorem of the preceding article. 
For £1*2 ■ ■ • %n are independent functions of 3/, y 2 ■ ■ ■ y n and the 
product of the two Jacobians gives 

d(x ix 2 ■ ■ • x n ) 
d(xiX 2 ■ ■ ■ X n ) 

681 . If 3/1, 3/2, ■ ■ ■ , yn be given implicitly in terms of xi, x 2) ■ • , x n 

in the form 

F\(xi ■ ■ - x n y v ■ ■ ■ y n ) = 0 , 

^"2(^1 • ■ ■ x n yi ■ * ■ y n ) = 0, 


then 


F n (x 1 • - ■ x n y\ ■ • ■ 3/*) = 0 


■ ■ ■ 3'n) , <W 2 ■ • ■ F n ) d(FJ\ ■ - ■ F n ) 

= (- l) 71 t - - • 

d(x 1X2 ■ - ■ Xn) d{x 1X2 ■ ■ x n ) d{yiy 2 ■ ■ ■ y n ) 

This is readily seen to be a direct result of the multiplication 
theorem, and 


ctfV 

dyi 


dyi dF r dy 2 dF r dy n 

— 1 h ■ 1 • H 

dx a dy 2 dx 8 dy n dx 6 


OK 

dx a 


i 682 . The Jacobian of a set of n functions is always expressible as a 
l product of n differential coefficients ; namely 


<2(3/13/2 ■ ■ ■ y n ) d(pi d(f > 2 d(p n 

d(x 1X2 ■ ■ ■ X n ) dxi dx 2 dx n 

where </> r is a function of 3/13/2 ■ ■ ■ y r -\x T ■ ■ ■#«• 

Since we have 3/1 given as a function of x\x 2 ■ • ■ x n , it follows that 
x i is a function of y\x 2 ■ • ■ x nj and therefore also that y 2 is a function 
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of the latter set of variables. Again from this we have x 2 a function of 
yiy 2 x 3 • • • x n ; therefore also y 3 is a function of yiy 2 x 3 ■ ■ ■ x n . Similarly 
it is evident that y 4 is a function of yiy 2 y 3 x 4 * - • x n , and so on; so 
that we have 

yi — 4> \{xix 2 ■ ■ ■ x n ) = 0 
y2 — <t>2(yix 2 ■ x n ) = 0 

y 3 — <t>3(y\y 2 xz ■ ■ ■ x 7l ) = 0 

\ 

y« 0n(yi ■ ■ y n -iXn) b* 


Hence from §681 there results 




60 1 

60 i 

d<t> 1 



dx\ 

dx 2 


d(yiy 2 ■ 
d(x \x 2 ■ ■ 

- = <- .>• 
Xn) 

0 

602 

6x2 

dfa 

dX n 



0 

0 - 

d<t>n 

d x n 


1 

0 

0 ■ 

602 


0 

— 

1 

dyi 



d<t> a 

d<#>3 

1 

yi 


60„ 

a^„ 

d<f>n 

6yi 

dy 2 

dys 


60 1 60 2 60 n 

dxi 6x 2 dx n 


683. From §682 it follows that if the Jacobian vanishes one of the 
factors on the right is zero, say d<t> m /dx m = 0. Consequently 0 OT does 
not involve x m , that is y m is a function of y\ ■ • • y m - ix m _i ■ ■ ■ x n . But 
from this it follows that x m+ i is a function of yi ■ • ■ y w x TO + 2 ■ ' ’ Xn > 
hence y m + h which equals 0 m +i(yi ■ ■ ■ y m x m + 1 ■ ■ ■ x n ) is a function of 
y 1 * ■ * y m ^m +2 ■ ■ ■ x n . Similarly we may show that y m+2 is a function 
of yi ■ ■ ■ y m+\Xm +3 ■ x n , and finally that y n is a function of yi ■ • • y^ 1 

which is what was to be proved. 
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684. If ji ■ - y n be independent functions of .n ■ x n then 
d(yi ‘ ' ‘ >’n) d( x i • - x m ) _ d(y„ H i - y B ) 

<*(*i ■ • • x n ) d(yi ■ ■ ■ y m ) d(x m+1 • * n ) 

For the left-hand member 

d(yi ■ ■ ■ 3^n) d(x i * • ■ x 7l ) 

d(x i • ■ ■ x n ) i(yi ■ ■ • y m x m +i • ■ x„) 

d(yi • • ■ y TO y m+ i ■ ■ ■ y n ) 


^(yi ' * ym*m+ 1 ■ ■ * X n ) 

_ i(ym+l • • yn) 

d(x m _j_i ■ ■ #tj) 

685. If yi ■ ■ • y n fte functions of n+ 1 variables ac Jf - - 
a d(yi ■ ■ • y n ) d d(y x ■ ■ ■ y n ) 

dXl d(x 2 • • ■ Xn+i) dx 2 d(x 1 X 3 ■ ■ ■ aCnfl) 


(§678) 

(§679) 

(§678) 
x n +i, then 


+ (- 1 ) 


a d(y x - ■ y„) 

ax n+ i rf(#l k x n ) 


= 0. 


For each term on the left is expressible as the sum of n determinants 
and the n{n-\- 1) determinants so obtained vanish in pairs in virtue 
of the identity 

d 2 y m _ d 2 y m 

dx T dx„ dx 3 dXr 


686. If n functions of X\X 2 • x n be not independent , their Jacobian 
with respect to X\X 2 • • • x n vanishes. 

Let the n functions be yiy 2 • ■ y n , and the relation between them 

/(yiy* ■ • • y«) = o. 

differentiating with respect to the x’s in succession we have 


df dyi df dy 2 

dy 1 dxi dy 2 dxi 

df dyi df dy 2 

dyi dx 2 dy 2 dx 2 


+IL d Ji, 0 

dy n dx 1 


dj_ dyn = 
dy n dx 2 


df dyi df dy 2 df dv n 

dy 1 dx n dy 2 dx n dy n dx n 
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Eliminate 


dyi dy 2 


dy n 


and we have the Jacobian equal to zero. 

687 . If the functions yiy 2 - - ■ y n are fractions with the { same denomina- 
tor so that 


and 


then 


u k 

yic = — j 
v 

dyk duk 


d(yi 


d(xi 


y») 


Xu) f 2 


dxk 

V 


dx k 
0 


dv 

dxi- 


du\ dv 

U\ v — ■ — U\— 
dx x dx i 


du n dv 

U n V «n- 

dx\ dxi 


0 

dui 

V Ml 

d Xn d Xn 


dv 


du n dv 

v u n 

dx n d Xn 


which on simplifying gives 


^2n+l 


djyi 

d{x i ■ • 


y n ) 

x„) 


dv 

dv 

dx i 

v 

dx n 

dui 

dui 

dxi 

. . ^ 

d X n 


and finally 


du n 

du n 

v 

■ ■ v 

dx j 

dXn 




V 

dv 

dv 



dx i 

dx n 

d(yi ■ 
d(x i ■ 

• y«) _ l 

X n ) V n ' H 

U\ 

dii\ 

dx i 

du\ 

dx n 



Un 

du n 

du n 

rl -v . 
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The determinant on the right has been called the pre-Jacobian 
and is denoted by K(v, u\, u 2 , ■ ■ ■ , m„) so that the relation may be 
written 


/ 


( Ml « 2 M„\ 1 

— —-K(v,u lt u 2 , ■ ■ 

V V V / v 


If J vanishes then K will also vanish. 

688. If the functions y k y 2 ■ ■ • y n have a common factor so that 

yk = vu k 

then it is readily seen that 

d(yi ■ - ■ y n ) d(ui ■ ■ ■ u n ) 


= 2v n - 

d(^X i ' ' %n ) d^X l ' X n ) 


— v n ~ l K(v, ui, ■ • ■, u n ) 


J(vui,vu 2 , ■ ■ - , vu n ) = 2v n J(ui,u 2 , - - - 1 K(v -U ll u 2i - ■*,«„) 

Exercise: Show that the theorems of §683 and §686 are true for 
pre-Tacobians. 

689. If 

d(y\ ■ ■ ■ y n ) d(x i ■ ■ x n ) 

= ^ , — T = 


d(x i ■ ■ ■ s„) 


<*(?! ■ ■ ?») 


uwd if A iky B t k are the complementary minors of dyi/dxk and dxi/dy k in 
A and B respectively , then 

dx t dyi 

A— = A kt , B = B kl , 

dy k dx k 


and 


B 


^d(x i ■ • x m ) d(y m + i ■ * ■ y n ) 

d(y i • • ^m) d(x m +i • • ■ *«) 

d(y i ■ ■ ■ y m ) - • s»») 

d(xi ■ ■ x m ) d(y m+ 1 • • ■ ;y„) 


dx 2 dy t dx n 

+ +■-+— — = 0 or 1 

dx\ dy k dx 2 dy k dx n dy k 


according as iVfc or i = k. 
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Giving i the values 1, 2, ■ • ■ , n and multiplying these successive 
equations by A u , A 2 i, ■ ■ , A n % and adding gives 


Similarly 


From this it follows that 


dx % 

A = A kl . 

djk 



= B ki 


A ijB ra 


dXj 

A- B — - 
dy t 


dy a 

dx r 



dx } dy a 
dyi dx T 

since A - B = 1. 

Again 


i4ii 

^4 12 ■ 

A 1 m 



^21 

■d 22 ‘ 

■d 2m 

• 

d(y m +i 

- A m ~ 1 

■ yn) 

-d ml 

-dm2 

d OT T ,i 


• ^n) 


and substituting the value for A kx just found we have 
d(xi - • x m ) d(y m + i ■ • ■ y n ) 


A- 


Similarly 


B 


d(y i ■ • ■ y m ) 
d(yi ■ ■ ■ ym) 


d(Xm + 1 

d (^ x m -{- 1 


*n) 

X n) 


d(x 1 ■ ■ ■ x m ) d(y 


m- l-l 


yn) 


690. If all the functions depend upon a single variable t , then we 
have 


dA 

dt 


dA da 


rr = ( 


d /dy\ 


— E^4 iK 


dUik dt 
d*yt 




dtdxk 


= T,a 


d t \dxfj 
dxk d 2 y 


dyi dtdxjc 

. dx 1 dx2 \ 

— A 2_j ( 1 h ' ’ ■ ) 

\dtdx i dy x dtdx 2 dyi / 

dy A / 


(i, ft = 1,2, ■ • ■ , «) 
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Similarly 


log ,4 = £-(--) 

dyA at ) 

- B T.-(-\ 

t dxAatJ 


691. If Art ii> the cofactor of dyjdx k in the Jacobian 

d(y I • ■ ■ Jn) 

= A 5 

d(x 1 ■ ' Xn) 


Starting with 


dAn a A i2 a A in 

1 b ■ ■ + “ — = 0 

dxi dx 2 dx n 


~ = B. 

H dx l \dy k / 


and using the fact that A and B are reciprocals we have 


_ d /dx A 

+A E — ( — ) = o. 

dy k dxA ayj 


and therefore 


dA M ds t 

dy k dxt dy k 


Z—(a—) = 

dy k ) 


E (-4^0 = 0, 


which is the theorem. 
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692. If /i, /z, • ■ ■ ,fn are n-thics in x if x 2 , ■ ■ , x n which vanish , 
then the Jacobian d(fi • ■ ■ f n )/d(x i • • ■ x n )=<t>j and each of its dif- 
ferential coefficients will also vanish. 



which shows that values of the x’s which cause the functions to vanish 
will also make c /> vanish. Differentiating both sides with respect to X\ 
we have on the left xid(t>/dxi + 0 and on the right the sum of n de- 
terminants, the first of which is n 0 and all the others have f\, 
fat ■ • ,fn for the first column. It follows therefore that d<f>/dx\ will 

also vanish when the x’s are such as to make the fs to vanish. 

Combining the two we have the theorem that when n n-ary n-thics 
vanishy their Jacobian and each of its first differential-coefficients will 
vanish also. 


Exercises. Set XXXII 

1. Show that the necessary and sufficient condition that n functions 
in n+h variables shall be connected by an equation independent of 
said variables is that the Jacobian of the functions with respect to 
any n of the variables shall vanish. (Bertrand). 

2. Show that the Jacobian of a 2 +6 2 +c 2 , ax+by+cz, ff 2 +y 2 +z 2 } 
bx — cy y cx—aZy ay — bx y with respect to a, by c } x f y, z vanishes. 

3. If ui f « 2 , ■ ■ ■ , « n be homogeneous functions of X\x 2 ■ • ■ oc n) 
the first n — 1 of them being of the ptYi degree and the last of the ^tb 
degree, then 
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dJ d[/r] g 

*r— = P 1 J*C- 1- o + (q - p ) (u„[nr]) 

dXg 


dx B 

dJ 


dx s 

d[tr\ 


X T = p Y.U t 

d Xf d Xf 


+ (p — 1 )j + (q — p) (ttn [nr\) 

ax, 


where J stands for the Jacobians of the w’s with respect to the x’s, 
and | [l 1 ] [22] • • • [ nn ] | for the ad jugate of the Jacobian. 

4. The necessary and sufficient condition that the functions 
f/i u 2 ■ ■ ■ u n of the independent variables XiX 2 ■ ■ x n shall satisfy p 
relations independent of these variables is that the leading minor of 
the (n — p ) th order in the n-hy-m array 


dui 

dti\ 

dui 

dui 

du\ 

dxy 

dx 2 

d Xn — p 

d &n— -p-|-l 

dx m 

du 2 

du 2 

du 2 

du 2 

du 2 

dxi 

dx 2 

d x n — p 

jlH 1 

dx m 

du„.. p 

<9 Wji — p 

du n _p 


dU n - j 

dxi 

dx 2 

d Xn — p 

d x n —p+i 

d x m 

du n 

du n 

du n 

dll n 

du n 

dxi 

dx 2 

d X n — p 

d x n _p+i 

d x m 


shall not vanish, but all the minors of the (n — />+ l)th order obtained 
by bordering the said leading minor shall vanish. (Trzaska.) 

Note the special cases {p— 1, m = n + h ), (p — 1, m = n ) . 

5. If /, / 1 , / 2 , ■ • • , / n be functions of x } xi, x 2) ■ ■ ■ , and by le- 
gitimate operations the functions / 1 , /a, - ■ • , /» be introduced into 
the expression for / which thereby takes the form of <p, then 

dUJu ,fn ) d(<t>J l7 -- , /«) 

d(x,^i, ■ ■ ■ , # n ) d(x,Xi , , X#i) 

(Jacobi-Muir.) 

693. // A = |a ln | represents an axisymmetric determinant , then 

d{A\\A 22 • ■ ■ vl n7i ^4 n „i , n ' ' ' -^ 12 ) _ ^ ^ / 1 ^ ln I V 

■ ■ ■ a„„a n -i.n ■ ■ ^12) 'I a ' n \ ' 

where Ai 2 is the signed complementary minor of a t] in A. 
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For convenience sake in writing take n = 4, and 


then J or 


A = 


ai 

d2 

<*3 

a t 

a 2 

b 2 

ba 

64 

da 

b 3 

Ca 

c 4 

d 4 

64 

c 4 

<*4 


£ 3^4 — c 4 
b 2 d 4 — b 4 2 


d(A iB 2 0 aB) 4 C 4 B 4 BaA 4 A 3 A 2) 

d (fl] b 2 Cad\C^beJbad 463 a 2) 

62^4 — b 4 ■ ■ 
d\d 4 0 4 


didi — d 4 


d\b\ — d 2 d 4 


2(aJ>i d-^d i) 
C 4 — c^di 


say. 

Taking the product 



ai 2 

a? 

«3 2 

J 1^2 

A'- 

a 2 2 

bi 1 

W 

0 2^2 


2flifl 2 

2d 2 b 2 

2daba ‘ 

‘ d\b 2 + d 2 b\ 


we readily obtain 

diA 1 ■ b 2 B 2 ■ C3C3 • ■ • 2daA 3 • 2d^A 2 


A 


1 i 

1 

a i-4 1 


A 


1 1 

1 

b 2 B 2 

A 

1 1 

. 1 


2^2-4 2 


X 
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l But the second factor on the left is equal to A B by §170 and the 
) determinant on the right is equal to 

| f ^ a iA i + b 2 B 2 + • ■ + 2a 2 A 2 ) 

I d\Ai - b 2 B 2 ‘ 2d 2 A 2 l A J 

5 by §75 and therefore 
( J = A 6 (l - 4) . 


I The reasoning is true in general. 

I 694. The circulant has n distinct elements and if wc take the 


jjjacobian of the signed primary minors of the circulant corresponding 
£to these elements its value may readily be found by multiplying the 
| Jacobian by the circulant. Thus 

d>\ d \ > ■ ■ dji 

£ 

ji d(A iA 2 ■ ■ A n ) a 2 dz • • d\ 

If! d{d\d 2 ■ ■ ■ d n ) 

'( dn d\ ' d n — i 


gives 


» r 


(n - 

l)Ai 

An A n —i 

~~ A 2 


1 


(n - 

1 )A t 

— ^4i — A n 

■ — A 3 

by §493 

1 

I 

s 


(n - 

1 )A n 

A n — 1 A n — 2 

■ ■ - A 1 


iXherefore 







■A n ) 

■C(«1 • 

■ ■ O n ) 

= (- i)»(»-n/*( w - 

- 1){C(«, 

• • • 0„) } "- 1 

f 

1 

J(A 

1 , • 

, A„) - 

= (- i)» (*-»)/*(» - 

- 1) {C(oi 

’ ■ 0„)}" -2 


I 


I Exercises. Set XXXIII 

1. The square of the Jacobian of 2k binary quantics each of degree 
°t less than 2k is a homogeneous quadratic function of the quantics, 
,e coefficients of the function being sums of products of related 
£ovariants. (Paige.) 

The Jacobian of 2&+1 binary quantics each of degree not less 
than 2^+1 is a, homogeneous linear function of the quantics, the 
^efficients of the function being sums of products of related co- 
Variants. (Paige.) 



648 


THEORY OF DETERMINANTS 


3. Show that 



J(uxVx y u 2 v 2y 

j 

n-nV-f) 


Ui 



— Vx 




u 2 ■ 



—v 2 ■ • 

.1 . 

( 



■ Wn 



■ y~^n 

du x 

du 2 

du n 

dvi 

dv 2 

\vn 

dxi 

dxi 

dxi 

dx\ 

dxi 

~&xl 

du i 

du 2 

du n 

dvi 

dv 2 

dv n 

dx n 

d x n 

d x n 

dx n 

dx n 

dx„ 


4. If 

M r (flfr 0 H I - H ^rn-^n) (<*00 H f“ <*01 Xi I H t - <*0 n X n ) 

(r = 1,2, • , n) 

show that the Jacobian of the u’s is equal to 

| ffoO^ll Ann | («00 + <*01 Xl + ’ + <*0nXn) n+l - 

695. I f Ui , (i = l, 2, ■ ■ , w+1) are homogeneous functions of t> 

mth degree in x iy x 2y ■ ■ , x n , 


Ui 

du\ 

dui 

dxx 

dx n 

u 2 

du 2 

du 2 

dxi 

dx n 


du n +i 

dUji-\-\ 

Wn+ 1 

dxi 

dx n 


For by Euler’s theorem Xi col 2 +x 2 col 3 + 
If 


+ x n col„_i = m ■ coli- 



*>*=(“ l) 1 ■ • Wn+i), (* = 1,2, 

then (1) may be written 

( 2 ) UiVx + U 2 V 2 + ■ * + U n +\V n +\ = 0 * 
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Differentiating (2) with respect to the x’s we have 


3 ) 


«1 1- «2 h ■ • + Mn+r 

ox i dxi 

dvi dvz 

«i — h «2 — 1- ■ + «„ +1 - 

0X2 UX 2 


dxi 

dVn+l 

dx 2 


n+1 


dvi dv 2 dv 

Ul b U2 b + M n +] 

dx n dx n dx n 

^or the derivative with respect to x\ is 

dv h du h 

/ Mh b / ,Vk = 0 

dxi dxi 


0 

0 

0. 


ind the second sum is zero because it is the determinant in (1) with 
jne of the other columns put in the place of the first column. 

In (3) we have n homogeneous equations in «+ 1 u’ s and therefore 

' U t Wi 

; u k w k 

where the w' s are Jacobians formed from the v's as the ids are 
jacobians formed from the u’ s. 

i The general theorem may be stated as follows: If u\ u n + 1 , be 

homogeneous integral functions of the mth degree in the n variables 
£ 1*2 • x n ; and v\ • - ■ v n +i be the set of Jacobians formed from the 

p; and wi - • Wn+i be the set of Jacobians similarly formed from the v’s, 

fen the w's differ from the u's by a common factor only , that is 

W k = Mu k , (^ = 1,2, - , n + 1) 

,, 696. A similar theorem to that in the last article, when stated for 
|ur functions, is: If U\ , w 2 , u 3 , be homogeneous integral functions of 
9 mth degree in x, y , and 


d 2 u 2 

d 2 u 2 

d 2 U2 

dx 2 

dxdy 

dy 2 

d 2 u 3 

d 2 u$ 

dht 3 

dx 2 

dxdy 

dy 2 

d 2 Ui 

d 2 Ui 

d\u\ 

dx 2 

dxdy 

dy 2 


V\ = 


= R(u 2 usuf) say 
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v 2 = — R(uiU3U±) , v 3 = R(uiU 2 Ut) , = — R(uiU 2 Ua ) , 


then 


U\Vi + u 2 v 2 + Uav 3 + W4W4 = 0 . 


For this last equation is the same as 


= 0 


as is seen on observing that * 

x 2 col 2 + 2 xy C0I3 + y 2 col 4 = m(m — 1) coli. 
Exercises: Besides J^,UiVi = 0 establish the following 


d 2 Ui d 2 Ui d 2 Ui 


dx 2 

dxdy 

dy 2 

d 2 u 2 

d 2 u 2 %w 

d 2 u 2 

dx 2 

dxdy 

dy 2 

d 2 u 3 

d 2 u 3 

d 2 u 3 

dx 2 

dxdy 

dy 2 

d 2 U A 

d 2 U\ 

d 2 u± 


dx 2 dxdy dy 2 



dvi _ 
dx dx 


E 

E 

E 


wi- 


»r 




d«i 

dx 

8 2 Wi 

dz 2 

d 2 «i 

dy 2 


= 0 

= 0 

= 0 


— dui dv 1 ^ 
dy dy 


^ dz/i 

zZ w i = 0 


X w l- 


dx 
d 2 v 1 
dy 2 

d 2 i>j. 


2 ^i = o 


= 0 


^ 1 - 


dy 

d 2 Wi 

d#dy 


= 0 


_ dv 1 dMi 

= 0 2 0 

dy 2 dy d# 


dz>i 


wi- 


2«i 

E 


dy 
d 2 v 1 
dtfdy 

dfli d#i 

do; dy 


697. If the differential coefficients of yiy 2 ■ ■ * y n respect to- 

be proportional to the differential coefficients with respect to z, the comm 01 
ratio being R } and if the y’s be also functions of W\ } w 2) ■ ■ * , Wn, ^ 

d (d(yi ■ ■ ■ jO - ! d(yi ■ ■ ■ y n R ) 
dzl d(wi ■ ■ ■ w»)f d(wi ■ ■ ■ v>n s ) 


d ( djyi •■•>>„) 
dx \d(w-i ■ ■ • w n ) 
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To show this it will be sufficient to take n = 3 and the reasoning 
used will be applicable in general. 

The first term on the right is, on performing the differentiation 
indicated, equal to 

d(yiyzys) dR f \ 

d(wiW 2 Ws) dz dz \d{wiw 2 ws) J 

and the second term on the right is readily seen to be equal to 




dy 1 

dyi 

dyi 

dyi 



dWi 

dw 2 

dWi 

dz 



dy 2 

dy 2 

dy 2 

dy 2 

/ d(yiy 2 y 3 ) } 

dR 

dwi 

dw 2 

dw 3 

dz 

l d(W\W 2 Ws) j 

dz 

dys 

dy s 

dys 

dy 3 



dwi 

dw 2 

dws 

dz 



dR 

dR 

dR 




dw\ 

dw 2 

dw 3 



pThe right-hand side reduces therefore to 

: d ( d(v ) 

> R — \ > — A say. 

i dz { d(wiw 2 w$) ) 
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and substituting in the D’s we get 

dR dyi dyi 
dw i dz dw 2 
dR dy 2 dy 2 
dw\ dz dw 2 
dR dyz dya 
dwi dz dw 2 

The first term here is the same as the first term in 
hand side and the second here is seen to be condensable into the 
second on the right. 

The theorem is thus established. 

698. Jacobians occur in the problem of changing the variables in a 
multiple integral. Thus if in 



Ed x = R 'Ed, + £ 


/-///(», 


y n )dytdy 2 - ■ dy' n 


we wish to change to an integral with respect to x\x 2 ■ • ■ x ny where 
the y* s are functions of the x’s, the result will be found to be 


-If 


fix o 


d{y\ 


y n) 


d(xi • x n ) 


dx\dx 2 dx ni 


where f(x) is the result of substituting for the y’s in terms of x's in 
f(yi ■ ■ ■ yn). 

699. Jf 3' O ' 2 ■ ■ }’n are functions of the variables xix^ ■ ■ x„ and ij 

the variables are transformed by the substitution 

X t a t iZl ~ f"~ <^12^2 ~ I - ■ I a xn z n (t 1 7 2 y j 

and if y{ , y{ • ■ ■ y r [ be what y\y 2 ■ ■ y n become in consequence ) then 

d(y{ yl ■ - y n ') d^y x y 2 ■ ■ y n ) 

— - — a\ n | 

d(ziz 2 ■ ■ z n ) d(x 1 x 2 ■ ■ - x n 

where \a\ n | is the modulus of the substitution. 

For 

dyi dy t dx i dyi dx 2 dy x dx n 

— = + — + ■ ■ + 

dZk dxi dzk dx 2 dzu dx n dzu 

, . dy t 

— a ik~ r + (Ink 

dx i dx n 
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fend we see the truth of the theorem. Jacobians are thus seen to be 

fcovariants. 

If the / s are linear functions thus 

y t = anXi + a % 2 .r 2 + ■ + (ii n x n 


then obviously 


d{yi • ■ yn) 
d(x 1 ■ ■ • ac rt ) 


, Exercises. 1. If u y y, w, are functions of x, y , z, show that the 
[problems of determining 0(x, y , z ) so that J{0u, Ov, 6w) =0 a J(y, v, w) 
$is the same as solving 


dd dd dd 

p h Q— + R— = o. 

dx Oy dz 



dv 


dy 


dx\ 

d v 2 

d x n 


dui 


du\ 

2. If D(v\Ui 7 U'i ■ 

U \ 

«n) S d.Vi 

dx 2 

dx n 


dUyi ()Ur i 

du n 

U n 

■ 

d;Vi dx ? 

dX n 

i Show that D = K{vi t , u r ) — uJ{u\ ) • 

, and generalize 

Iwlien the y’s are m in number (Usai). 


I 3. If u and v are binary quadrics and J i their Jacobian then if the 

IJacobian of u and J\ is / 2 , and of v and J\ is / 2 ' 

and so on show that 


Jtlierc are but five, namely, u 7 v , J\ y / 2 , Jl independent numbers of 
|lhe series. (Hayashi.) 



CHAPTER XVII 


Hessians 

700. The Jacobian of the first differential coefficients of a function 
of n variables is called the Hessian of the functioJi; in symbols 


/ du du du\ 

XOXi dx% dXn/ 


d 2 u 

dxi 2 


d 2 u 

dXn 


On account of the relation 

d 2 u 


d 2 u 


dx t dXj dXjdx-i 

it is apparent that the Hessian is a symmetric determinant. 

It is also apparent that if the differential coefficients of u are not 
independent the Hessian vanishes. 

701. A Hessian is a covariant . For since it is the Jacobian oi 

du, du, ■ ■ du 

dxi dx2 dx n 

we have, if u' be the transformed function and 

X{ = a x \Z\ + a t 2Z2 + ■ ■ - + ai n z n {i = 1,2, ■ ■ , w) 


But 


BW) = 


/du' du'\ 

\dzi dzj 

d(Zi • * • Z n ) 


d d ~ d 

— = 0-h b du b ■ ■ ■ > 

dz x dx i dx 2 

d 2 d 2 

and = 

dXidZi dZidXi 

therefore 


H («) ■ | a ln 


( du du 1 

dxi dx n , 

d(xi ■ ■ Xn ) 



2 
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d(zi ■ • ■ z n ) 
= H{u'). 


702. If u is a function of Xix 2 ■ ■ x n and we use u T to denote du/dx r> 

and u r * to denote d 2 y/dx B dx r and if C\U\-\- c 2 u 2 -\~ ■ * * +c n « n = 0 where 
the c's are constant , then the Hessian of u vanishes and u may be trans- 
formed into a function with one less variable. 

That H(u ) vanishes under the conditions given follows from §686 
and from the substitution 

%k = akiyi + a^yi + ■ ■ ■ + ak,n-iy n -i + Cky n ■ 

Hence 

du du dxi du dx n 

dy n dxi dy n dx n dy n 

= CxUi + C 2 U 2 + ■ ■ ■ + C n U n = 0. 

That is u does not contain y n} but is a function of y\y 2 • ■ - y n ~ 1 only. 
It is similarly seen that if we have a second such equation with 
constant coefficients, namely 

diUi + d 2 u 2 + • ■ ■ d n u n = 0 

then n is transformable into a function with two fewer variables. 

Exercise: Show that if it is possible to transform u by a linear 
substitution into a function with one less variable then II (u) vanishes 
and if it is changed into a function with two less variables then H(u) 
and all its primary minors vanish. 

703. The theorem that if the Hessian of a function u vanish 
identically, then it is possible to transform u by a linear transforma- 
tion into a function with one less variable has been shown to be true 
only for binary, ternary, and quaternary quantics,* (Gordon- 

Nocther.) 

* The n- ary quadric might be included. 
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Thus for u a binary quantic we have 

#1^11 + X2U12 = (m — V)U\ 
XjU 2 l + X 2 U 22 = (m — 1 )u 2 
and if H(u) = 0, then 

u n U12 «i 
M 2 ] U 22 M2 

and consequently ciMi+c 2 m 2 = 0. 


704. From the equations \ 

X\U\ + x 2 u 2 + + x n u n = mu 

%lU\\ -f" X 2 U 2 \ + * + X n U n l — (W — l)Mi 

^lMi/j. | X 2 U 2 n H~ ' ~~ j“ X n U nn (w 1 ^)U n 

we get 

— {m — l):*r.x 2 : ■ -xw = II w \'.v 2 \ ■ - w n , 

= viiviiivu: - - - 


Vn-^ln , ^2n« “ '^nnj 

where H is the Hessian of u and the a’s are the cofactors of the cor- 
responding m’s in the resultant of the set of equations. 

From these we get 


and 



v T x a x r x a 

(m — 1) (m — l) 2 


These show that all the primary minors of the vanishing determinant 



m 

u 

m — 1 

Mi 

m 2 ■ ■ 

• U n 

A = 

Mi 

Mil 

M12 • ' 

■ Mi„ 


U n 

M„ 1 

M n2 ■ 

M nn 
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have the Hessian as a factor and consequently if the Hessian vanishes 
then all the primary minors vanish . 

705. If u be a homogeneous integral function of the mtk degree in r + 1 
variables x 0 xi • ■ ■ x Tf the Hessian of which with respect to these variables 
is H r + 1 and with respect to the variables x\x 2 ■ x r is II r) then the de- 
terminant which is the result of bordering H r by prefixing 

du du 

0 , j ■ ■ ■ j 

dxi dx T 


as a first row and as a first column is equal to 


m 


m — 1 

Since by Euler’s theorem 


u H T + 


x<f 


(m — l) 2 


-II 


T + 1 * 


(m — \)U) = XoUjO + XyU^ + ■ ■ + XrU ]T 
(m — 1 )Ui = x 0 Mo* + xiUn + + x T u r i 

the bordered determinant is seen to be equal to 




xqUq — mu 

Mi 

u 2 • 

■ • U T 

1 

XqUiu 

u n 

U \ 2 ■ 

■ ’ U\ T 

- 1 

X qMj-0 

Url 

Url ' 1 

Urr 


which is equal to 


m 


-u II, + 




m 


m 


- 1 


Uq 

Ml • 

U T 

U io 

u u • 

U\ T 

u r o 

Url ■ 

’ U rr 


m 


m — 1 


■ u ■ H r +' 


X[ f 


(m ~ 1 ) 2 


H 


r+l 


as required. 

If £o — 0 then the bordered Hessian is equal to — m/m—\U'H T . 
706. From the equations 

XiUu + X 2 U 2 i + ■ ■ ■ + X n U n i = (*» ~~ (l = 1,2, 
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we get on solving 

(1) Xi'.Xj = U TX \ U T j 

and 

( 2 ) xjl = (m — 1) { UnUi + ■ ■ + U in u n ,} 

which on differentiating both sides of (2) with resp 
gives 

dH ( dUa dU i2 

x x — (m — 1)< Mi 1- u 2 r ■ ■ ■ + * 

dx/c \ dxk dxk 

since Unu k i+ ■ * ■ + U in Ukn = 0 when k^i. Differentiating again with 
respect to h , where h^k^if we get 

d 2 H ( d*U x i d 2 U in ) 

x l = (m — lK u i (-••-+ u n ~ — : — / 

dXhdxh v dxhdxk dxhdxic ; 


ict to x k (k^i) 
\dU in \ 

'n\ f 

\dx k ) 


( dUii d U in I 

+ (tn — 1 )< U hx V *' ’ + U hrT- / 

l dx k dXk ) 


But if h^i we have 

UhlU \i + ■ ■ + UhnUin = 0 

which by differentiation gives 

dU tl dU in 

Uhl b ■ ■ + Uhn 

dx k dx k 




HESSIANS 


659 


where K is constant. Making this substitution in (3) we get 


d 2 H 

x t 

dXhdxu 


( i\iri dUkh . , 

— (w — l)K < XiX 1 !-■“• + XiXn > 

V dxi dx n ) 

— (m — 1 )Kxi{m — 2)ukh 


whence 


d 2 H 

dx h dxk 


(m — 1 ){m — 2 )K ■ 


d 2 u 

dxkdxh 


We have then the theorem: // the first differential-quotients of a 
homogeneous rational integral function all vanish , the elements of the 
Hessian of the function are proportional to the elements of the Hessian 
of the Hessian. 


Exercises. Set XXXIV 

1. If w 3 3 is a ternary cubic show that 

H\H{u^z)\ = 35 3 w 3a — 27 H(um) 

where S and T are the two invariants of the ternary cubic. 

2. If 

m 2 4 = ax 4 + 4 bx 3 y + 6 cx 2 y 2 + 4 dxy 3 + ey 4 

then 

= 12 3 { 432 / m 24 — Jff(u 2 4)} 

where 

I — ace “h 2hcd — ad 2 eb 2 c^ , 

J = ae + 3c 2 + 4 M. 

3. Show that the adjugate of A §704 vanishes independently of the 
value of the Hessian. 

4. If the ternary cubic W33 is such that Um/H(um) is a constant, 
then show that flX«3 3 ) is resolvable into linear factors. 

5. Show that if an integral function of n variables be divisible by 
the mth power of a function of the same variables the Hessian of the 
former is divisible by the n(m— l)th power of the latter. 

Also show that if a function of n variables be divisible by a function 
of M of these variables, the Hessian of the former is divisible by the 
(w— 2/x)th power of the latter. (Casorati.) 
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6. If u be a binary w-thic show that if u have p roots each equal 
to a, the Hessian must have 2(^—1) roots equal to a. 

7. If aia 2 ■ ■ • a n be the roots of a binary quantic, its Hessian is an 
arithmetical multiple of 

— ~ a 2 ) 2 (* “ a z) Z ( x ~ a *) 2 ••■(*— an) 2 

i 

and hence if m of the roots of the quantic be identical and all the rest 
different, the number of imaginary roots of the Hessian is 2 (n — m— 1). 

8. If 

« = ^2(x r x a ) 2 ^ = 1 , 2 , 

and 

o = | ^x? 0 = 1,2, 

show that 

H(u) = cr n (cr — X\ ) (cr — x 2 2 ) ■ (a — 

9. If Mi, m 2 , , u n be linear functions of XiX 2 - • x n show that 

( d(uiU 2 • ■ u n ) ) 2 

//(l0gMiM 2 ' U n ) = C~ 1 ) U \— («1*2 ' ’ «n)" 2 

{d(xix 2 ■ ■ ■ x n ) ; 

10. If 

u r = a r 1X1 + a r 2 x 2 + ■ + a-rkXk (r = 1 , 2 , ■ , w) 

then 

H(uiu 2 ■ 'U n ) = {—\) k - x (n—\)(uiu 2 • ■m 7 i) a_2 ^{ |flu|«fc+l ' ■ w n ) 2 

11. If 0(m, XiX 2 £ n ) = 0 then the Hessian of u with respect to 
the x’s is 


w 

} n r ^ V J 


■, n). 


( 2 Xi 2 ) 

I + T e 7^} 


4>o n+2 


000 

001 

1 0On 

00 

010 

011 ‘ 

■ 01n 


0nO 

<£nl ’ 

0nn 

<t>n 

00 

<t> 1 ■ 

0n 



where the suffixes 0, 1, 2, ■ , n denote differentiation with respect 

to u, x\ ■ # n respectively. 
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707 . Besides the Hessian II (tt) bordered by the differential- 
quotients «i, u 2) ■ ■ , we may have an additional border. Thus for 


«11 

tin 

tin 

«1 

OLl 

till 

till 

th 3 

ti'2 

a 2 

ti-u 

ihi 

tin 

th 

a-i 

Ui 

ti‘> 

Hi 

0 

0 

ai 

OLl 

OLi 

f) 

0 


if we perform the operations 

(n — 1) col 4 — Xi cob — colo — .r 3 col (1 , 

followed by 

(n — 1) row 4 — X] rowj — x 2 row 2 — .V3 rowa, 

we get 

Similarly for further bordering. 



7^11 

tin 

HU 

Oil 

1: 

u 

Hu 

tin 

Un 

Oil 

n — 1 

Un 

ti 3 2 

tin 

OLi 



CHAPTER XVIII 


Wronskians 

708. If there be n functions of one and the same variable the 
determinant which has in every case the element in fts rth row and 5 th 
column, the (r — l)st differential coefficient of the 5th function may be 
called the Wronskian of the functions with respect to x. Thus the 
Wronskian of y i, yz, y$ is ^ 

, „ ... , \ 


y i 

y°. 

y a 

dy i 

dyi 

dy 3 

dx 

dx 

dx 

d 2 y i 

d 2 y. 

d 2 y 3 

dx 1 

dx 2 

dx 2 


which we will denote by W x (yiy 2 y&) . 

709. It is apparent that the only non-vanishing term in the dif- 
ferential coefficient of a Wronskian is the one got by differentiating 
each element of the last row. Thus if y r(s) denotes the 5th differential 
coefficient of y T , then 

w x {yi yi • • y„) = | y\yni)y im ■ ■ ■ y„(»_i) | 
and 

d 

— W x (yiyi ■ ■ y„) = | >»i3»2(i) • • ■ y„_ u „_ 2) y n („)| 

710. If yi, y' 2 , ■ • • , y n be functions of x and x be a function of t, then 

( d A nCn-l)/2 

— j Wt(y iy2 ■ ■ ■ y n ). 

If we change the independent variables in each element of the 
left-hand member we readily obtain the result on the right by the 
application of §§39, 57. 

711. By the use of §§39, 57 it is readily seen that 

W(yy u yyi, ■ ■ ■ . yyj) = ■ ■ ■ v~) . 



WRONSKIANS 


663 


This may also be seen by using for y n the determinant 


y 



y' 

y 


y" 

2 y' y 


y ( n 1 ) 

(n — l)y( n - 2 ) — 1 ){n — 2)y (n_3) - ■ 

• y 


and multiplying row-by-column fashion. 

If in the theorem we put y = \/yi and observe that 

d y h _ W(y x yd 

dx y i yi 2 

then it becomes 

W(y 1 yt • • • yn) = -^—W{W{ yi y 2 ),W{y,y,) - ■ ■ 1 V{ yi y n )\. 

yi n ~ 2 


Exercise: Show that 


W 





1 

= — W(y iy 2 • • 

z n 


■ 3V). 


712. If yi f y 2 , ■ ■ , y n be functions of one and the same variable , then 


W{yi,yn, ■ • • , y m , ■ ■ ■ , y n ) 

= W{W(y i ■ ■ ■ ymym+i) ,W{yi ■ ■ ■ y m ,ym + 2 ), ■ • , 

W{yi • ■ y m y„)} W(yi ■ ■ ■ 

This is obviously an example of Sylvester’s theorem §197 obtained 
by bordering the minor |yiy 2 (i) ■ ■ ■ y»«(m- 1 > | in all possible ways with 
one of the remaining rows and columns . 

As a particular case we have when m = n— 2 

w bi y* ■•■?») = w{w( yi ■ ■ ■ y„- 2 yn-i), 

W{y i ■ • ■ yn-s y«)} ■ ■ • y—») 

or as we may write it 

• ■ ■ y„)IE(y l • • • yk-iyk+i • • ■ y») 

■ • • yO,iF(y,yi ■ ■ ■ y*-iyw-i ■ • - y»)} 
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This is equivalent to 

W(y,y i, • ■ ■ , y n )W(y i, • • , y k -i,y k +i, ■ ■ , y n ) 

= W{yi, ■ - , y„)W'(y,yi, ■ ■ , y k -i,y k +\ ■ ■ ■ yj 

- W'(yi, ■ ■ , y n )W(y,yi, ■ ■ ■ , y k - U y Hl , ■ , y n ) 


>r 

W(y,y i, 

, yn) IV (yi, 

• • > yi— i , yn i > ' 

\ - , y«) 

W(y i, ■ 

) Jn) 

W(yi, ■ , y n ) 

\ 



d W(y,y i y k -iy k +\ ■ 3>„) 

dx IV (y i, , y«) 


713. If a set of n functions of the same variable be connected by a 
linear relation with coefficients which are constant with respect to the 
variable the W r on skian of the functions vanishes. 

Let the relation be 

c\y\ + c 2 V2 + ■ ■ + c n y n = 0. 

Differentiating (n— 1) times we have in all n equations from which 
to eliminate the c’ s. The result of elimination gives 

W(y lt y a , ■ , y„ ) = 0. 

It is here assumed that each of the functions has a finite derivative 
of each of the first (n— 1) orders at every point of the interval over 
which x ranges. 

714. If the n functions y\, y 2} , y n of a real variable x each have , 

at every point of the interval I over which x ranges, finite derivatives of 
the first 7i—l orders, it is a sufficient condition for their linear dependence 
that the Wronskian vanishes identically, provided that at least one set of 
n— 1 of the functums can be so selected that their Wronskian and its 
first derivative do not vanish together at any point of the interval I. 

Let D], D 2 , , D n be the cofactors of the elements in the last 

row of the Wronskian and let Ej, E 2 , , E n be the cofactors of the 

elements of the second last row of Tl 7 . 

It is readily seen that 

Di = — E l (i = 1,2, * - , n) 


and 

( 1 ) 


Diyi + D 2 }'2 + ■ ■ + D n y n = 0. 
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Since by hypothesis W = 0, and not all the D's vanish we have 
K ] -En 

Tr d> d„ 

Therefore 

D{ _Di__ gjgj + D * D * +---+DU 

~D,~ lh~ ~ D? +~dJ+" + AJ 


If A/ represents the matrix of the first n— 1 rows of IT, then 
/V + W + ■ ■ • + W = M 2 9* 0, 


and 


Hence 


DiDt + D{D t + ■ ■ + £>„'!>„ = MM'. 


Di Di 


D„ M' 


MD{ - M'D X 


M 2 


= 0 (i = 1,2, • • • , n) 


from which we get 


/DA D, 

( — 1 = 0 or — = 
\M/ M 


d^/D; 
dx 


c, ■ 


Substituting in (1) we get on dividing out the M 
Ciyi ~b Cijt -b -b Cnyn = 0 
where the c’s cannot all be zero. 

715. Various forms of the test for linear dependence of the y s have 
been given by Peano, Vivanti, Bocher, Curtiss and others. 

Curtiss’ statement is: If yi, y 2) 1 ■ , y n be functions (non-analytic) 

j|l of x which at every point of the interval I have finite derivatives of 
|the first k orders (kWn-l) while the (n- l)-line determinants of the 
l*-l)-by-(/fe+l) Wronskian array do not all vanish at any point of 
m; and if W (yi, y 2 , • , y n ) be identically zero, then the y’s are linearly 

fependent. 
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Martinotte’s statement is that if the y’s are developable by Taylor 
series the vanishing of the Wronskian is the necessary and sufficient 
condition that the y’ s be linearly dependent. 

Pascal has shown that the condition W = 0 is equivalent to the con- 
dition 


yi J* W( i)dx — y 2 J W( 2 )dx +*' + (— 1 ) M l j^n J* W( n )dX = 


where W (r ) stands for the Wronskian of all the y’s except y r . 

716. We have assumed in the foregoing theorems that x was real, 
but similar theorems are true when x is complex. Thus for the theorem 
of §714 we have: The identical vanishing of the Wronskian of n analytic 
functions of a complex variable is a necessary and sufficient condition 
for their linear dependence. 

717. If we have the differential equation 


y'" + + by r + cy = 0 , 

0 

where the accents represent differentiations, and if pi, p 2 , p 3 are 
particular integrals, then 

p\ n + apl r + bpl + cpi = 0, 

Pl n + aP" + bp<z + cp2 = 0 , 

pi 1 + <ipi f + bpi + cp$ = 0, 


from which and the given equation we may eliminate a , b, c and obtain 
the Wronskian 


| \ = 0 or W(y,pi,pi,p3 ) = 0 

showing that in linear differential equations the Wronskian is the 
analogue of the alternant in ordinary algebraic equations. 

718. Jf the Wronskian, W say , of yi, y 2 , ■ • ■ , y n be a known function 
of the independent variable x, then any one of the y’s, y r say, can be 
expressed in terms of the others and W. 

For 


y 1 y 2 ■ • ■ yn 

yi(D yzd) ■ ■ y«(i> 


yi(n-l) y 2(n-l) * ■ ■ yn(n-l) 
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and if we denote the cofactor of y t{k) by and that of the minor 


yj{k ) 

^fcfc+i) y 3 (k+ 1) 

then we have, observing that 


by dj, 


d 

—Yuk) = I\(Jfc-]), 
dx 


^ (Yg{n— 1)\ f r(n— 1)F 8 ( n _2) "1“ F a ( n _i) F r ( n _2) 

^Ur(n-l)/ F 2 r ( n _i) 

^ W‘ F( n _i) B ,f n _2)r 
" _ 


Integrating both sides with respect to x we have 

W ' Y ( 7 i_i ) 8 , (n— 2 )r 


Y g (n— 1 ) — Y r (n — 1 ) ^ ' 


Y\(n- 1) 


dx = /« say, 


where j may take any of the values from 1 to w except r. We have 
then but to substitute in the identity 

yiFi (n _i) + yiYi ( n _i) + • ■ + ynF n („_i) = 0 


and get 

yih + yd* + ■ * * + y r + 

which is the theorem. 

719. The Wronskian 



1 (1)' 0) 



‘ + yn/n — 

0 

(uiy 

i*-ir 

( v \ 




\ uf 

\ U/ 

( w \ 

( w \” 


[ u —) 


V u / 

(-)' 

(-)" 

V u / 

(t)' 

\u / 
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Treating the resulting two line determinant in a similar fashion we get 



Similar procedure would lead to 

■ ■ ,fn) 

where 



, n — 1 


720. The determinant 




y i y* - ■ • y n 

yid) ^d) ■ ■ y'( i) 

^K2) y 2(2) • • ■ y n ( 2) 

yi (n— 2) y2 (n-2) ' ’ ^n(n-2) 

y HM ^(X) • • ‘ ^nCX) 

is obviously zero for X<w — 1 and is equal to W(yi • ■ • y„)forX = w — 1. 
Developing in terms of elements in the last row we have 


yi(X)Zl + y2(X)Z2 + • • ' + y«(A)Zn 


(0 \i \ < n — n 
1 1 if X = w — if 


(X = 0,1, ■ , n - 1) 


where 

, , W(y i ■ y*-i,:y*+i ■ • • yn) 

z* = (- 1)-+* r ' 

(y i • • ?->) 

and where }'t(o) is the same as v a , that is, the first equation of the 
series is 

yizi + y 2 z 2 + ■ ■ ■ + y n z n = 0. 

Differentiating this we have 

yiZl(l) + >2^2(1) + ■ ■ ■ + ynZn( 1) = 0 . 
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Similarly 

>121(2) + >222(2) + ' ■ + >»2 n ( 2) = 0, 
>l2l( 3 ) + >222(3) + ■ ‘ + >«Zn(3) = 0, 


>lZl(n-2) + >2S2(n-2) + ' ’ * + >nZ n (n_2) = 0, 

> l2 1 (n— 1 ) + >2Z2(n-l) + + >T»2n( n -l) = (~ 

From these we get 

/ , W ( Zl Zk-l,Z k+1 - Zn) 

>* = (- lr l 

W(Zi ■ ■ Z n ) 

By use of the multiplication theorem we see that 

W(yi • ■ ■ y n )-W(z k+1 * • ■ z n ) = W{y x • - y k ) 
which when £=0 is 

W(yi y n )W(zi - ■ z n ) = 1 . 

The functions z have been termed the adjunct junctions of the y 
721. If D^y denotes the persy mmetric determinant 


> 

>1 

>2 

>3 

>1 

>2 

>3 

>4 

>2 

>3 

>4 

>5 

>3 

>1 

>5 

>6 


where y r stands for d r y/dx r then it is easy to see that 

> 


0 = 

dx 


and therefore 


> 

>1 

v 2 

d 2 

>1 

>2 

>3 


>3 

>4 

>6 



xi y 3 


>1 >2 >4 
>3 >4 >6 


Dzy 


d 

-tf>i>) 

dx 

d 2 


— W » y ) — p ^ y ) 

dx dx 

If at is Diip^y) is a minor of the adjugate of D^y and hence 
D 2 {Diy) — DiyDny. 


s. 
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For the general case this is 

Di(Dmy) = D m -iyD m +iy 

722. Extensions have been made where a more general operator 
than d/dx has been used. Thus if 

dy dy 

dy stands for U\ (- u 2 h ^ 

dxi dx 2 

d 2 y stands for d(dy) 

d 3 y stands for d(d 2 y) 

and the u’ s are any magnitudes whatever. The determinant 


y i 

y 2 * ■ 

yn 

dy i 

dy-i ■ ■ 

• dy n 

d n ~ i y i 

d n ~ 1 y 2 ■ 

■ d n ~ l y n 


has been considered by Pasch. 

Rosanes considered the determinant 


d 2 Ui 

d 2 Ui 

d 2 Ui 

dx 2 

dxdy 

dy 2 

d 2 u 2 

d 2 u 2 

d 2 u 2 

dx 2 

dxdy 

dy 2 

d 2 u 3 

d 2 U 3 

d 2 u 3 


I dx 2 dxdy dy 2 | 

where the u’s are binary quantics, and Pasch showed that 


d^Ui 

d n ~ l Ui ■ ■ 

■ d" _1 Mi 

da:"- 1 

dx n ~ 2 dy 

dy" -1 

d n ~ x u 2 

d" -1 «2 

d n ~ l U 2 

da:" -1 

dx n ~ 2 dy 

dy n_1 

d n ~ l U n 

d n_ 1 w n 

d 

da:” -1 

dx n ~ 2 dy 

dy n_1 



WRONSKIANS 


671 


m(m — l) 1 ^ — 2) 2 * ■ ■ {m — n + l) 71 ' 1 

yn(n-l)l2 


■ W(u iy u 2 , - ■ , u n ) 


where the w’s are binary w-thics. 

In connection with these generalized determinants Bortolotti has 
shown that if 0 1 , 0 2 , • ■ ■ , 0 n be analytic functions having a common 
domain of convergence, and 0 be a functional operation that is dis- 
tributive and uniquely determinate, the necessary and sufficient 
condition for the functions being connected by a linear homogeneous 
relation with coefficients constant with respect to 0 is 

| 0i O0 2 O 2 0 3 ■ ■ O n - 1 0 7l | = 0. 

723. The determinant represented by \fofrf«dx \ or G(a, b), where 
the element in the place (rs) is JafJsdx, and where / is the conjugate 
of / has been called by some the Gramian. 

If we denote the Wronskian of the /’s by W(x), then Meader has 
shown that 

d “ 2 

—rG(a,b) = NW{d), 

db n 


where 


N = 


(» 2 ) ! 


1 2 2 2 ■ ■ ■ (n - l) 2 n n (n + l)*" 1 ■ - ■ (2n - l) 1 


Exercises. Set XXXV 

1 . Show that if W(yi ■ - • y n ) = 0, then every minor of order n 
formed from the array 


Al _ 

dy 1 

d*y 1 

yi 

dx 

d * 2 


dyt 

d 2 yi 

y 2 

dx 

t lx 2 


dx n 

d 2 y n 

S n 

dx 

dx 2 


vanishes. (Pasch.) 
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2. When X\, x%, ■ , x n have the common value x, show that 

| <t> i(*i) 4 > 2O2) ■ 4 >n(x „) I _ I (a:) - - | 

| lAi(aei) ^2(^2) >An(a-„)| .. |^i(*)lK (*0 ■ • ^» (n-1) (*) I 


3. Show that the necessary and sufficient condition for yiy 2 ■ ■ y n 
being connected by a linear homogeneous relation with constant 
coefficients is \ 


y 1 y* ■ ■ ■ yn 

Ayi Ay 2 ■ ■ ■ Ay n 


A" l y\ A n_1 y 2 • ■ * A n_1 y^ 


where the A’s are difference operators. 

4. If yi, y 2j , y n - 1 be functions of x which at every point of an 

interval 1 have continuous derivatives of the first n orders, and if 
the Wronskian of y Jf y 2 , ■ ■ , y n vanish identically then the Wronskian 

of yij y 2 , , y n -i likewise vanishes identically. (B ocher) see Pasch 

Ex. 1 . 

5. Show that 


d n x 

dy n 


W 


(tPy 

\dx 2 ’ 


d*y"- 

dx? 


d^y 71— 1 \ 

dx 2 / 


1!2! • ■ ■ (« - 1)! 


X 


1 


/dy\ n(n_1) 

\dx) 


/ 2 


(Mina.) 
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Bordered Determinants 

724. Bordered determinants may be of the type indicated in §200 
where the determinant \ai m | may be looked upon as bordered by r 
rows and columns or it may be of the type where the d ) s are all zeros. 

Of both types we have had numerous examples. 

The theorem of §254 may be extended so as to have the product 
bordered by r rows and r columns. Thus if 


011 

012 * 

■ 016 

(03,0) = 021 

022 ■ 

■ 026 

031 

032 ' 

■ 036 

611 

6l2 ’ 

■ bu 

(^3 ,g) — £>21 

bn ■ 

’ £>26 

£>31 

£>32 ’ 

‘ £>30 


and if 

Cll = O-ii&ii + 012&12 + 013&13 + 014&14 
Ci 2 = etc. 

then 


Cll 

Cn 


015 

016 


011 

012 

013 

014 015 

016 


^21 

C 22 

C 23 

025 

026 


021 

022 

023 

024 026 

026 


^31 

£32 

C 33 

035 

036 

= 

031 

032 

033 

034 036 

036 


bn 

626 

bn 








1 


bn 

626 

bn 









1 

bn 

b 12 

b 13 

&14 



£>16 

£>16 





bn 

£>22 

623 

£>24 



£>25 

£>26 





b&i 

bn 

633 

£>34 

1 

1 

£>35 

£>36 


| 0156 | “ 

| fil66 | 



H“ | 0266 | | £>256 | + | ^356 | ' | ^356 | H" | 0466 | ' | ^468 | 

where |ai 6 6 1 denotes the minor of (03 ,e) formed by taking the 1st, 5th, 
6th columns, etc. 

The same reasoning will apply in general. 



674 


THEORY OF DETERMINANTS 


725. Let (a. a, P) represent any determinant lai*! bordered 
horizontally by a h a 2} - ■ , a n and vertically by ft, ft, * ■ ■ , ft and 

more generally let (a. a ft 7 5) represent the determinant |ai n | 
bordered horizontally by a h a 2 , ■ * ■ , ot n and ft, ft, ■ ■ ■ , ft; and 
vertically by 71 , 72 , ■ ■ ■ , 7 n and 5i, 5 2 , ■ ■ ■ , ft. When no ambiguity 
can arise the V part of this symbol may be omitted. 

Let ( u . a, P) represent the Hessian H(u) bordered vertically by 
ft, ft, ft, • ■ ■ , ft and horizontally by a h a 2 , • • • , W. Then using 
the theorem concerning the two-line minor of tne adjugate of 
(w. ay, P&) we have \ 

(1) (u.a,P)(u. 7 , 5 ) — (u.a,b)(u.y ,P) = H(u)(u .ay ,P8) . 

Inserting in this £ and e for P and 7 respectively a similar result is 
obtained and from these tw r o by eliminating ( u . a, 5) we get 

(2) ( u.a,P)(u.y,8)(u.e,£ ) — (u . y ,0)(u .e ,S)(u. a ,£) 

= ff(w) {(«.*,£)(«. <* 7 , 05)' — . 

If in this we make cyclical substitutions on a, y, e and ft 8, £ simul- 
taneously the left-hand side is not altered and therefore it follows 
that the three cofactors of II (u) in the three results obtained must be 
equal and therefore 

(■ u.e,£)(u.ay,pd ) - (u.y ,p)(u.ae,£8) 

(3) = (u.a,P)(u.ye,8g) — ( u.e,5)(u.ya,P £ ) 

= (u.y J 8)(u.€a,ZP) ~ (u.a,£)(u.ty ,8P) . 

If in ( 2 ) we make the cyclical substitution a, 7 , e alone then the 
three cofactors of II(u) have a vanishing sum, since the sum of the 
other sides is zero. That is 

(w.£,£)(tt.cry ,P8) - (u.y ,5)(w.<xc,£6) 

+ ( u '<x,£)(u-ye,P8) — (u.e,8)(u.ya,£8) 

+ ( w • 7 , £) (w . €a , /35) — (u.a,8)(u.ey ,ij8) = 0. 

Again if in (1) we perform the cyclic substitution on ft 8, £ there is 
obtained another triad of equalities, and if on these we use the 
multipliers ( u . e, £), («. e, ft), (u. e, 5 ) and thereafter add, there 
results 
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H (u) {(«. e ,£)(«. cry , /3S) + (u.e,l3)(u.ay ,5£) + (M.e,S)(w.a7,#3)} 
(u.a,0) ( u.a,d ) («.£*,£) 

= ( m - 7 ,/ 3 ) (u.y,S) («. 7 ,£) 

(«.e,0) (w.t,8) («■«,£) 


These four results are important in connection with the generaliza- 
tion of Pascal's theorem. 

726. If we multiply the determinant 


ai 


<*3 

a 4 

mi 


1 

■/l 1 

-4 2 

■4. 3 

yl 4 

bi 

1)2 

*3 

64 


n 2 


£1 

b 2 


lh ■ ■ 

Cl 

C 2 

C 3 

c 4 

w. 3 

n 3 

by 

C, 

c. 

c 3 

c 4 ■ ■ 

di 

d 2 

d. 

d^ 

m 4 

w 4 

£>1 


£>3 

Z>4 • • 

r\ 

f 2 

f 3 

r 4 







1 

Sl 

S 2 

S 3 

S 4 







1 


where A \ is the complementary minor of ai in A= \a\b 2 c 3 d 4 |, etc. we 
have 



A 




mi 

ni 



A 



m 2 

n 2 

V • I aib 2 Csd 4 1 3 = 



A 


niz 

n* 




A 

m 4 

Ui 


'ErA 

£r5 

X>c 

£rl> 






E^c 

£50 




Multiplying the 5th and 6th rows by A and then dividing A from the 
first four columns we get 


1 




mi 




1 



m 2 

«2 





L 

m 3 

n s 






1 w 4 

n 4 


HrA 

£>25 

E* 

£r£> ■ 



£ji4 

2>a 

E*c 

£>z? • 



mi m 2 

W3 w 4 



E r -^ E r5 

v r c 

til ^2 

w 3 n 4 



£>4 £>5 

£sC 




V -A = 
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a l 

a 2 

03 

a 4 

m i 


ai 

a 2 

as 

ai 

Mi 

b l 

h 

bs 

b 4 

m 2 


bi 

b 2 

bs 

bi 

n 2 

Cl 

Cl 

c 3 

c 4 

ms 


Cl 

c 2 

cs 

C i 

n 3 

di 

d 2 

di 

d 4 

W 4 


di 

d 2 

ds 

di 

Hi 

r\ 

T 2 

r 3 

r 4 



r i 

“T 2 

r 3 

r 4 


ai 

a 2 

a 3 

CL 4 

mi 


ai 

a 2 

as 

\a 4 

Mi 

h 

b 2 

bs 

b 4 

m 2 


bi 

b 2 

bs 

\b 4 

n 2 

Cl 

C'i. 

Cs 

c 4 

ms 


Cl 

c 2 

Cs 

V 

ns 

di 

d 2 

ds 

d 4 

mi 


di 

d 2 

ds 

di 

ni 

Sl 

s 2 

S 3 

*4 



Sl 

S2 

ss 

Si 



Exercise: If in the bordered determinant ( a . x , y) the x } $ be 
transformed by a linear substitution with modulus M , and the y’s be 
similarly transformed by a substitution whose modulus is N show that 

(a. x } y ) = M A ■ N , where A = | a\ n | 

727. If in §705 we used a bilinear function for u, that is if 


X i 

*2 ’ ' 

■ 

flu 

012 ' 

’ ' 0171 

021 

022 ’ 

■ ' 02n 

071 1 

071 2 

07171 


and if now u tJ denotes the second derivative of u with respect to x x 
and y 3 and therefore \ui n | = \<h n | ; and if we use (a. u X} u v ) to denote 
the determinant formed by bordering the determinant |a in | by 

du du du ^ du du du 

dx\ dx 2 dx n dyi dy 2 dy n 

then 

(a.u x ,u v ) = — u \ ai n | . 

The proof of this would follow as in the Hessian. 

Similarly 

(■ A.x } y ) = - u\a ln \ n “ 2 , 

where (A. x y y) denotes the adjugate of \a\ n | bordered by the x’s and 
y’s. That is the product of a bipartite of degree-order (3, n) by tkefn — 2)th 
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power of the determinant of its square array is expressible as a bordered 
determinant of the (n-\-\)tk order. 

728. If the quaternary quadric 



Xi x 2 

F — 

*3 

X 4 




a e 

/ 

g 

X\ 



e b 

h 

k 

x 2 



f h 

c 

l 

X3 


vanishes, and if 

g k 

l 

d 

Xa 


1 dF 

di = , 

2 dxi 

1 dF 

80 = ) 

2 dx 2 

8 

3 = 

1 dF 

2 d x 3 

fell 

- 1 « 

11 

*0 

/>iXi + h 2 x 2 + 63X3 

+ 84X4 = 0, 


Cl*i 

+ c 2 x 2 + 

C3X3 + C4X4 = 0, 


and M r represents the cofactor of m r in | , then, as an example, 

we see that 

a e f 8 V bi c\ 

e b h 5 2 b>2 c 2 

f h c 8-t 63 fs 

8 1 8 3 

b\ b 2 bs 

Ci C 2 C3 

which after performing the operations 

coli — x 1 col] — x 2 col 2 — x 3 col 3 , 
row 4 ~ X'i row] — x 2 row 2 — Xa row 3 , 

becomes 

a e f g hi ci 

e b h k b 2 c 2 

f he 1 63 

g k 1 d b 4 C4 

b 1 b‘> b 3 b 4 

Ci C 2 C 3 C 4 

Similarly we may show that 

M 3 2 = - x 3 2 A, M 2 2 = - *2 2 A, 2 = - Xi 2 A 



x 4 2 = — x 4 2 A, say. 
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and hence 

| tni8 2 b 3 CA | = (miXi + m 2 x 2 + m$x 3 + m 4 x 4 )(— A) 1/2 . 

The same reasoning applies in general. 

Exercises: 1. Show that the two values of x/y that satisfy the 
equations | 

ax 2 + by 2 + cz 2 + 2 fyz + 2 gzx + 'Ihxy = 0 


are given by 


px + qy +\ rz = 0 


A H x 
H B y |=0 

x y 

H ± ( II 2 - AB ) 1 ' 2 
B 


where the ad jugate of 


a 

h 

g 

P 


A m 

II 

G 

P 

h 

b 

f 

<1 

is 

H 

B 

F 

Q 

g 

f 

C 

r 


G 

F 

C 

R 

P 


r 



P 

Q 

R 



Similarly for y/z and z/x, 

2. If A = |fl] n | be axisymmetric and bordered with p rows and 
columns of n elements each then in order to have this bordered de- 
terminant identically zero A must have a nullity of (p + 1). 
(Darboux.) 


3. Show that 
a h g 
b 

s 

Pi 
02 


h 

g 

Oil 

at 2 


f 

c 

71 

72 


0i 

7i 


a 2 

02 

72 


0172 I 


7i<*2 I 


«102 | 


a 

h 


h 

b 

f 


g 

f 

c 


0172 I 
7l“2 I 
a 102 | 


a 

Ofl 

a 2 


h 

ai 

OL2 


g 

Ot\ 

a 2 

h 

0i 

02 


b 

01 

02 


f 

01 

02 

g 

7i 

72 


f 

7i 

72 


C 

7i 

72 


«i 



01 



7i 



Oto 



8o 



T2 




CHAPTER XX 


Determinants whose Elements are Combinatory Numbers 
729. By using the formula 




— (x — l) t = (x — 

l)*-i 

on 

the determinant 




i 

(c + m) 1 

(c + m + 1) 2 ■ ■ ■ 

(c + 2m — l) m 


1 

(c + m + l)i 

(c + m + 2)2 ■ ■ ■ 

(c + 2m) m 


i 

(c + 2m) i 

(c + 2m + 1) 2 ■ • • 

(c + 3m - l) m 


it is readily seen that its value is 1, and is, therefore, independent of 
c and m. 

730. In a similar manner the determinant 


(c + m) m 

(c + m + l) m ■ 

(c + 2m) m 

(c + m + 1) m 

(c + m + 2) m * 

■ (c + 2m + l) m 

(c + 2 m) m 

(c + 2m + 1),„ ■ 

(c “I - 3wt) m 


is seen to have the value (— i)(«+o/* i 
It may be observed that this is an illustration of the theorem of 
§463. 

731. The determinant 



(d) 1 

(d)i ■ ■ 

■ (d)r 

D = 

(2d), 

(2d), ■ ■ 

• (2d), 


Mi 

(rd), ■ ■ 

• (rd ) , 


is readily seen to be equal to 

1 (d - l)i • ■ ■ (d - 1),_1 

d-2d-3d-rd 1 (2d - l)i ■ ■ • (2d - l),_i 
23 ••• r 


1 (rd - 1), ■ - ■ (rd - l)r— i I 
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If now we perform on this last determinant the operations 
col* — col (*__]), where k — 2 , 3, ■ , r, we get 

1 (d) i • (rf) r -i 

r 7 1 (2d), ■ ■ (2 A-! 

D = d r = d r D, {rid)l say. 

( 

i (^)i ■ ■ M) r _i \ 

If now we multiply by unity in the form\ 

(- d ) o 0 0 \ 

( — ^)j ( — 0 


( — d) r — 1 ( — 2 ( — ^)o 


we get 


= d r 


from which we get 


Therefore 


D {ltd) = d'-'d'-* dD { 
= d r ^ r ~ i)l 2 . 


D = ^r(rH-l)/2 


732. By taking common factors from the rows and columns of the 
determinant 


A (m , p ,r ,d) — 


(m) p (m) v -i (m)p- T 

(m + d) p (m + d) p -i (m + d) P ^ T 


(m + rd) v (m + rd) v +, ■ (m + rd.) p+r \ r +i 


we have 


m(m + d) • ■ (m + r</) 

^(m.P-r.d) = T i / ! \ A(m~ 1 ,p— 1 ,r ,d) 

pip + 1 ) - - (p + r) 

which used upon itself yields 

^ (m)p(m | d) p (th | Td)p ^ 

^(m,p,r,d) = 77 77 7 ^ A( m _ Pi0 ,r,d) ■ 

(P)p(P + 1 )p ’ (P + r )v 
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If now we multiply A (m _ p by unity in the form 


( P — m) o 0 • 0 

(p — tn)i (p — tn) o • •• 0 


I ( p — m) r ( p — m) r _ i •■•(/> — m )o 

we get 



1 

0 • 

0 


1 

(d) i • 

• (d)r 

^(m— p,0,r,d) — 

1 

(2<f)i ■ 

■ (2d) r 


1 

M)i ■ 

• ' (rd) r 


Therefore 


Mm ,p ,r , d) 


= ^r(r+I )/2 

(m) p (m + d) p - ■ ■ (tn + rd) v 
(P)p(P + 1 ) P ' (p + r)p 


dr(r+l)l2 m 


When p = 0 and d= 1 the value of the determinant is seen to be 
1, or 


A( TO( o.r,l) = 1 ■ 

733. If we treat the determinant 

(m + rd - p + l) r _ M ■ (m + rd — p + l)r+ p 
_ (*» + rd — /> + 2) r+ i ■ ■ • (r + rd — P + 2) r + P 

i (m,r+l lPl d) 


(w + rd)r+i {m + rd)r+p 

in a similar way we get 

^ (m ,r+l ,p ,d) 


(w + rd) • • • (tn + rd — p + 1) (m + rd — 1) ■ • (m + rd — p) 
(r + 1) ■ ■ • (r + p) (r) ■ ■ ■ (r + p — 1) 

(»» + — r + 1) • • • (tn + — p — f + 2) 


2 ■■■(* + 1) 

(tn + rrf — r) ■ ■ ■ (tn + rd — ^ — r + 1) 


1 - P 


" * ^(m— r— 1 ,0 ,p ,d) 
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(m + rd) T+ i(m + rd — l) r +i ■ ■ ■ (w + rd — p + l) r +i ^ 

= ; ~ ; " A( m _ r _i ,o,p t d) 

(r + l)r+l(r + 2)r+l ■•■(»'+ p)r+l 

(m + rd) p (m + rd — l)p • • (m + rd — r) p ^ 

— 7 v A ( m _r— 1 , 0 , p , <2 ) 

(r + p) p {r + p — 1) P • ■ • ( P) P 

But 

A( m _ r _i .o.p.d) !■ 

Therefore 

(m + rd ) r+ 1 ■ ■ (m + rd p + l)r+i 

A (m ,r+l ,p ,d) = ~ “ — 7 T” Vr 

(r + l) r +i ■ ■ ■ (r + ^)r+i 

(m + rd) p ■ - (m + rd — r) p 

( r + /Op 1 ‘ ‘ (/Op 

When d= 1 this last result is the same as that given in §732 for 
A*™,*,,,-.*) when d= 1. We see therefore that 


A( m ,p t r,l) A ( m fT _|_i , p ' l) . 

By repeated use of the formula in §729 we readily see that the 
determinant 



0»)p 

(m)p+i ' 

( w )p+r 


> 

? 

■a 

III 

(m)„_ i 

(m)p 

(fil) p^-r—l 



(pi) p — r 

(m) p -r+i ■ 

■ (w)p 

r+1 


is the equivalent of 



If p= 1, then 

Wi 

(»«) 2 ■ 

■ <»r+l 


(»t)o 

(*») i ■ 

■ (w). 

A (m.l.r.l) ~ 

0 

0 • 

■ (w)i 


= O + r)r+ 1. 

By repeated use of the formula of §729 we may also see that the 
determinant 




(m + l)p + i 

'■(*» + ^*) p-fr 

a" — 

^ (wi.p.r.l) — 

(*» + 1) P 

(m + 2) p+ i 

■ (w + r + Dp+r 


(m + r) p 

(m + r + 1) p+i ' 

■ (w + 2r)p +r 


is equivalent to A (miPiril) of §732. 
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(m,p ,r ,1) = 


(w + r) p (tn + r- 1-1),+, • • ( m + 2 r) p+r 

(m + r- l) p _i (m + r) p • (w+2r-l) J)+f _ 1 

(w)p_ r (w + l ) p _ r+1 ■ (w + r)p 

is also seen to be equivalent to 0 f §732. 

734. By making use of the formula 




(m) p (m - p) t 

(P + e)e 


the determinant 




(m) P 

(m) p+e 

' ■ ' («)j+r, 


D 


(m + 1) P 

(m + 1)^, 

■ ■ ■ (w + l)*+ rfl 




O + r) p 

{m + r) p+e 

•■■(»+ Oj-H-r. 

r +l 

s seen to be equal to 






{m) p {m + 1),, • 

(w + r) p 




( P + e )e(p + 2e) 2e - 

•■(/>+ rc) re 



1 

{m 

~P)e 

(m — r) 2e 

• • • (w - /Or. 


X 

1 

(m 

~ P+ l)e 

{m — p + l) 2e . • { m — p + l) re 


1 

(m 

— P + r)e 

(m - p + r 

■)2. ■ (»» — />+ Or. 



(m)p ■ ■ • 

{m + r) P 





(P + e) „ ■ • 

■ {p + re) T „ 

(m— p , e ,r+l) j Say . 



subtracting rows we have 


p ( e , r _j.i) — 

{m — p) e -i ■ • ■ {m — p) re _! 

(m — p + l),_j ... ( m — p 4. i) re _j 

F 

i 

V-/ 

T 

(m — p + r — l)._i • • • {m — p + r - l) r ._i 
■ • (m - p + r - !)„_! 


(2e {re - l) (r _i )e 
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1 (m — p — e+1) «••■(»» — p — e + l) (r _ m 
1 {m - p — e + 2) e ■ ■ (m — r — e + 2) (r _ 1)e 


I 1 (m — p - e + r) e ■ ■ ■ (m — p — e + r) (r _ 1)c | 

_ (m — />)«-!•■• (m — p + r — 1)«_! | 

(2e - ■ • • (re - 1) e — i 'Y' r) 

_ (m — p) e -i • ■ Qw — /> + r — l), _i ^ 

(2e - 1) e_. • • • (re - l) e _, \ 

(m — p — e + 1)„_ i ■■■(m — p — e + r — l) e _j 

(2e - 1) e—i ■■■ (r - l e - l) e _i 

(m — p — r — 2-e + r — 2) e -i(w — p — r — 2 - e -\- r — 1) P _ 

_ _ _ (2c - J)e-1 ~ ~ _ ~ 

{m — p — r — 1 - e + r — 1) e _i 

# 

1 

P(w — p } r — \)P{m — p — e + 1 ,r — 2) - - ■ P(m — — r — 1 e, 1 

_ f(27~ l)e-l} r -’ {(3e - 1) e — 1 } r ^ ■ • • {(« - lTZT} 7 

where P(m — p , r— 1) = (m — p) e _i ■ ■ ■ (m — + r — l) e _i, etc. For th< 
value of D we have, therefore, 

_ + 1 )y • ■ ■ (w + r) p 

(/> + ®)«(£ + 2e) Zc '■■(/> + rc) re 

P(w — ^>,r — 1) ■ ■ P(m — p — r — 1 e,l) 

Vie - 1 ) « — i } ^ ~ • { (re - 

If in D we put p= 1, e—2, r — m — 1 we get 
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If in D we put e= 1, we get 

(m) p («)„ +l • • ■ (m) p+r 

(m + l) p (m + l)p+i •■•(»»+ l)„ +r 

(m + r)„ (m + r) P+1 ■ ■ ■ (m + r) lHr H1 
- 0”)p( w +l) t " (m + r) p 

(P + l)i {P + 2) 2 • - (/> + r) T 
If in D we put p=l and e= 1 we get 


(m) i (m)t 

• • (w)r+l 


(m + 1)! ( m + 1) 2 ■ 

* * (m + l)r-t 1 

m(w + 1) ■ ■ • (w + r) 
(2) 1 ( 3)2 ■ ■ • (r + l) r 

(m + r), (m + r) 2 • 

• • (w + r), + i 

= (m + Or+l. 

The two results (b) and (c) of this article might have been obtained 
fiom A im, P ,r,d) of §732 by putting d= 1 to get (b) and d = 1 and p~ 1 
to get (c). 

The determinant 

(•'»)* 

(w) p+t • • 

(m)p+r r 

in 

Q 

1 ( w )p4-e-l 

(w) p-\-r K—l 

(w) 

(w) -r 

(m) p+ll ..r 

by the use of the formula of §729 may be 
the determinant D of this article. 

735. The determinant 

seen to be equivalent to 

(m)o 

0»)i 

■ • (m)r 

O + l)o 

(m + l)i 

(m + 1), 

(m + A) 0 

(m + 7/)i 

(m + h) T 

(w + h + k)o (m h k) 1 

(m + h + k) r 


(m + r + k — 1) 0 (w + r + k — 1)] ■ - ■ (m+r-j-k — l) r r+i 
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where the base increases by 1 down the columns except at one point 
where it increases by k , if multiplied by unity in the form 

(m) o 0 0 * ■ 

— (m) i (w) o 0 


{m + 1) 2 — (m) 1 

— (w + 2)3 (tn + 1)2 



gives a result which readily reduces to \ 

( h + (h + k) h+k 0 V ■ 

(h+k+i)h+i - ■ (h+k+l)h+k k-\- 1 - * • 


(?+ 1 ) a+j 


■ (r-\-k — (r + k — 

{r + 1)/h-i ■ ( r + k — l)/ l+ i 

(H1W • -(h-hk - 1) M , 


- (r+&-l) r 


r~h 


1 (by §732; 


when k = l (by §734 (b)). 
736. The determinant 



Wp 

(m)p+i 

(m) p+r 


(w + l) p 

(« + 

(m + l) p+r 

A = 

(»w + /?)„ 

(w + h) p+i 

(m + h) p± T 


(w + h + &)p (w + Zf + ^) P+ 1 ■ • 

(in + h + k)p+ r 


(m + k + r — 

l)p (w+ £ + r — 1) P+ 1 ■ ■ ■ 

(m + k + r — ljp+r r 

_ 0)„(w+ 1)„ ■ 

* 1 (w + A) v (m + h + /e) p ■ • 

’(iw+^ + r— l)p 

■ A 



(/* + l)r(^ + 2) r •(/> + 

Or 

where 



A' = 

(m — p) a {m 

- /» + l)i ■ (w — p + h) h 


(m — p h + k)h+i ' ■ (m — p + k + r) T | r+ 

But this by §735 is equal to 

( r + 1 )a+i ■ ■ - (r + k — 1)a+i 


(* + ■■(*+*- l)*+i 
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Therefore 

(m) p (m + l) p • • (m + h) v (m + h + k) p ■ ■ ■ (m + r + k — l)p 

( P + l)i(/> + 2) 2 •■(/> + Or 

(r + 1)a+i - (r + k — 1)a+i 

X (h + lW ■ ■ ■ (h + k — l), l+1 ~ r)r+U 


when p = 1 and k = 1 . 

737. By using the formula of §729 the determinant 


(nt) 0 • ■ 


(w)p+ 9 ' ’ 

(m) r+Q -i 


(m + l)o 

■ (m + 1) P 

(w “h l)p+g 

(m + l) r+9 _i 


(m + p— l)o • • 

■ (m+p+ l) p 

(m-\-p+ l)p+9 ■ • 

■ (w+^+l) r+fi _i 


(m + r) 0 

• (w + r)„ 

(m + r) p+v ■ ■ 

( m + r) r+q _i 

r+ 1 


may readily be reduced to the determinant 


(m + 1) 9 

{vt "f" f)r+g— p— 1 

(m + r - p) Q ■ 

• ‘ (m + r — p) r + q -p^i 


which by (b) §734 is 

(m + l)q(m + 2 ) q ■ • (m + r — p) q 

(.q + l ) Q (q + 2), •••(*• + ?-/>- i)„ 

If q = m then 

A = (m + r — p) m 

738. The determinant 


(a 1)0 

(012)0 ■ 

{&rn) 

(“1)1 

(“2)1 ' 

(°Lm) 

(ai)m 

( a 2 ) m ■ 

(Q!m) 


D = 
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after taking out the factors 

1 1 jL 

1 ! 2 ! m\ 

is easily seen to be a simple alternant and equajl to f 1/2 (of 1 a 2 
Therefore 


D = 


f 1/2 («l ■ ‘ ■ am) 


2 !3! • - m\ 

739. The determinant 



am). 



(ai)p 

(“2 )j. 

(a?n+l)p 

D s 

(<*i)p+i 

(“2)p+l ' 

(<*m+l) jH 1 


(oi) p-fm 

(^ 2 ) p+m 

(a m _j_i)p^_ m 


m+1 


on removing (ai) p , (0:2)7, ■ ■ ■ from the columns gives 

( a i) p(a 2 ) p ' ' (o m ^_i) p 


D = 


(P)p(P+1)p * ’ ' (P+w)p 

_ (ai)j> ■ - - (p^m+Qp 

" (P)p(P+ 1), ■ • ■ (f + w)p 2 m_1 3* 


(«1 — p)o (0L2 — P) 1 ■ • * (o m+ l — />) 
f 1/2 (oi0 2 ■ ■ ■ am+O 


(m— l) 2 ^ 1 


(by §738) 


740. If in the determinant | (m) 0 (w+l)i ■ - ■ (w+r) r | we sub- 
stitute for the last column x n , (x+l) n , ■ ■ , (x+r) n and then expand 

in terms of the elements in the last column we get 

(x + r) n — (#0r-i(* + r — l) n + (r) r _ 2 (x + r - 2) n - ■ ■ = S ny say. 

The coefficient of (x+r — q) n in this expansion is given by §735 to 
be (r) r - <*- It is known from algebra that 


S r = r \ , S T +i = (h r + x)(r + 1)! and S k = 0 for k < r. 


Exercise: If we substitute x n , (x4-l) n , ■ ■ ■ , (x+r) n for the last 
column of \(m)i (m+l) 2 ■ ■ ■ (m-\-r) T+ 1 1 show that the result is 

(— l) r (x — m) n when n r. 

741. By making use of the formula 

(a + b) a = ( a) s + (a) 8 -i(b)i + (a) a ^ z (b ) 2 + • • ■ + (k)« 
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it is readily seen that the determinant 


(m + m') r 

[m + n') T ■ 

■ (m + p') r ( m + q')r 

(« + m') T 

( n + n') T ■ 

■ (n + p') r {n + q') r 

ip + m') r 

ip + n') r ■ 

■ ‘ (P + P')r (p + q')r 

iq + m') r 

iq + n') r 

■ ■ (? + p’)r (q + q')r 


is equal to the product 


(m) o 

(w)i ■ 

■ int)r 


(w')r (w')r-l • 

• (#*')o 

00 o 

00 1 ■ 

■ 0)r 


(»')r ' 

■ (Oo 

ip) 0 

0). ■ 

■ ■ 0)r 


ip f )r (P')r-l ■ 

• ■ (/>')o 

iq) o 

( 9)1 ■ 

• • (?), 


(q')r (q')r - 1 

• • («')« 


which gives 

f 1/2 (w,«, ■ ■ • , P > n ' y ■ ' . P' >9 0 _ 

A { l r_1 2 r_2 • ■ • (r - l) 1 ) 2 

742. determinant formed by multiplying each element of 


1 

Wp 

0»)j>+i 

(m) p+r 

J> 

? 

*3 

'1 

III 

im + 1) P 

(w + l) p+ i ■ • 

’ (w + l)p-J-r 


im + r)„ 

(m + r ) p+ 1 ■ 

■ • (m + OlHr 

by the corresponding element of the array 


im — p) 

a 0 ■ • 

P 

(m - 

- p + 1) « 

+ 1 0+ 1 ■ 

‘ P + 1 


{m — p + r) a + r /3 + r ■ • ■ p + r 

is equal to the original determinant multiplied by 

{m — p)(rn — p + 1) ■ ■ (w — p + r) 

and is therefore independent of a, fi, ■ • ■ , p. 

To show the truth of this we remove 

(m - />)(»„, (w - p + 1 )(» + ■••,(»-* + 00» + Oj- 
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from the rows and 

11 1 12 1-2 ■ • • (r— 1) 

7' p+i’ “7+77+2) ; (p+ikp+2)(p+3) ‘ ■' 7+i) ■ ■ ■ (p+o 

from the columns. What is left is , 

1 a p(tn—p— l)i y(m—p — 1) 2 ■ -I- p(w — p— l) r _i 

1 a+1 (/3+l)(w — /Oi (7+1 )(nt—p)i ■ V (p + l)(m — p) r -\ 

1 a+r (/9+r)(f»— /»+r— J)i {'y-\-r)(m—p-\-r— l) a • • > (p-|-r)(»*— /-fir— l) r -i 

Subtracting each row of Z) from the one following it and repeating 
this process on the result we get 

2 7+2(w—/>)i ' ' ■ p(w— /> — l) r _ a -f2(w — />)r-2 

2 t+1H-2(w— )i ■ ■ ■ (p + l)(w— />) 7 _ 3 +2 (w— p-\-\) r -2 

2 ( 7 +r— 2) + 2 («z— — 2)i • ■ ■ (p+r — 2)(#» — p-\-r — 3),_ 3 +2(w— />+r — 2) r -s 

Taking out the factor 2 and repeating the process we get finally r! 
as the value of D . It follows, therefore, that the theorem as stated 
is true. 

743. If each element of the determinant 

W* Wp WiH-l ■ ■ (»f»)pfr-l 

(w + 1 ) & (w + l) y (+ + l) p+ i ■ ( m + \) p+r _x 


{m + r) k (m + r) v (m + r)p+i • (m + r) p + r _i | r+1 

where k has any value from p to pf-r — 1 inclusive , multiplied by 

the corresponding element of the array 

1 a P-- p 

1 a+ 1 0+ 1 ■ ■ ■ p + 1 





1 a + r /3 + r ■ • p + 


the resulting determinant is equal to 

a-t + m t- p + 2)- + + 

(P)p(P + 1)p ■■■(/> + r — 1 ) p (^)p 

{m — p — a) (m — p — (3 — l)(m — p — y — 2) ■ • ■ , 
where the number of factors following the fraction is k — p. 
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The modified determinant is 

(m) k a(m) p • • • p(m) P+ r _i 

(m+1)* (a+l)(w+l) p (^+1 )(ot+1) p+ i ■ (p+l)(»j+l 

D 

(m + r) k ( a+r)(m+r) p (P+r)(m + r) P+1 ■ ■ ■ (p+r)(m+r)j>+r_i 

and if we take from the rows the factors (m) P} (m+\) p * ■ - (w+r) p 
and from the columns the factors 

111 1 
(k) p ( p + 1)^ ( p + 2) p (p + r — l) p 

what remains is 

( tn—p)k-r a 0(tn—p)i 

(m—p~h l)k-p cc-\-l ■ - - 


(m—p-\-k—p)k-p <x-\-k—p p)(m — p-\-k — p ) i • - * 


(w— p+r)k~ P a+r (|9+r)(w— /»+r)i 

p{m-p ) T - 1 
(p+l)(w— p+\) T -\ 


{p-\-k—p){m—p+k—p)r - 1 


(p+r)(w—^+r)r-i lr+1 

From the (h + l)st row of D' subtract the hth. row first for 


h= 1 

, 2, 

i 

r, then for h = 

2, 3, ■ ■ • , r, and so 

on down to h 

and 

we 

get 





(w 

B. 

1 

1 

a ft(m— p)i 

p)i 



(w- 

-p)p~k~ 1 

1 /3+(m — /> — l)i 

y{m— p)i+(jn-p-\-l)2 ■ 



(m- 

~p)k-p-2 

0 2 

Y+2(m— />+l)i 


D's 

(m- 

~ P) fc— p— 3 

, 0 0 

3 



(w- 

- /0o 

0 0 

0 




0 

0 0 

0 0 ■ 




P (m- 

~P)r - 1 


pint — P)r-2H“ (w •— p H- l)r-2 
p(w — ^)r_8“l _ 2(w — £ + l)r-2 

p(w-p)M-f3(w-/» + l)r-3 


p(w — ^)r-Jfe+p-l + (^ — (W — /> + l)r-*+p 


* a - * 4- 1)(£ - P -f 2) ■ ■ • r X D" 


where 
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Z>" = 


0 M — p)k-p a 

0{m—p) i 

? 

1 

*■ 

i 

■8 

1 

(m-p) k -p- 1 1 

— /»— l)i • 

■ d(m— p)k~p~2-\- (w— 

o 

*i 

* 

Ji 

1 

£ 

2 

• 6(tn — />)jfc_p_ 3 + 2 (w — 

(w— p)i 0 

0 

9+(A— ^ — l)(m— ^+l)i 

(m—p) 0 0 

0 



If in D " we subtract (k — p) times the first ciplumn from the last 
we get 

D" = (- l)*-* 

0(m— />)i t(w — />) 2 ■ • ■ —(m — P) — k — 


X 


a i ir\™ r / 2 v"* jy «— p-iv"* « v 

1 0+(w— />+l)i y(m— />-bl)2 ■ ■ — (m— A — 0+1) 
0 2 7+2(w— ^+1)i * ■ • — (w— p)k-ps(m — k — 0+1) 


0 0 0 ■ • ■ —(m—k—0+ 1) ijuy 

from which we may take the factor — (m — k — 6+ 1) leaving the 
determinant 


a P(m — p)i 
1 & + (m — p) 1 
0 2 


0 


0 


7)(m-~p)kr~p-2 


(m — p)k- 


p~i 


rj(m — p)k-j>~3 + (m — p + 1) j ,— 2 (m — p) k -p ~2 

a 

7](m — p)k- P -4-h2(m — p+ l)/t_ p _ 3 (m — p) k -p-i 


k-p- 1 


1 




If in thir we take k — p— 1 times the last column from the second 
last we get on taking out the factor — (m — k — 77 + 2) 


a 

P{m - p) i 

■ (m 

— p)k-p- 2 

1 

/3 + (w — p)i • 

■ (m 

— p)k-p- 3 

0 

2 

■ (m 

P) k—p— A 

0 

0 


1 


k—p— 1 

By continuing this process we find that 

D" = (m — k — $ + 1 )(m — k — rj + 2) • ■ • (m — p — a), 

and, therefore, 

(m) p ■ ■ (m + r) v 1 


D = (m — p — a) ■■■ (m — k — 6 1} 


(p) p ■ ■ ■ (p + r— 1) P (^)p 
(k-fi + 1) r. 
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It may be observed that this result does not involve the quantities 
from 0 to and including p. When k = p, then D' — r\. 

744. If each element of the determinant 


1 

(m) o 

(m), 

■ (W)r-l 

1 

(m + d) o 

(m + d)i ■ 

• (w + d)r- 1 

1 

(m + 2d)o 

(m+2d) 1 

• ( m + 2d) r -\ 

1 

(m + rd) o 

(tn + rd) ] 

■ ( m + rd) r -i 

be multiplied by 

the corresponding element of the array 


1 a 

0 ■ • 

\ 

P 


1 OL + d 

0 + d- 

■ p + d 


1 a + rd 

0 + rd ■ ■ 

■ p + rd 


the resulting determinant , D say , is equal to rW r(r+1)/2 . 

For if we subtract each row of D from the one following, the de- 
terminant reduces to the order r and d comes out as a factor. Re- 
peating this process we get determinants of order one less each time 
from which 2d 1 2 , 3d 3 , • ■ • , rd T come out as factors, and 

D = Hd r(r + 1)/2 . 

745. If each element of the determinant 

(tn)k (m) o ■ ■ ■ (m) r ~i 

(m + l);t (m + l)o • * ■ (m + l)r-i 

(m + r) k {m + r) 0 ■ ■ (m + r ) T - 1 

be multiplied by the corresponding element of the array 
1 ol (3 ■ ■ ■ p 

1 ol d \ 3 d ■ ■ p d 

1 ol rd fi + rd ■ ■ p + rd 

the resulting determinant, D say, is equal to 

( k + 1)(& + 2) ■ • r d T ~ k (md — a)(m — 1 d — &) 

where the number of factors following d r ~ k is k. 
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By continued subtraction of each row from the one following we 
get 



(m)k cl P(m)i ■ ■ 



(m)k- i d p + d(m + l)o ■ 

6{m)k~ 2 + d{m + l)k-i 


10 0 

i 

id 

X(k+l)d(k+2)d rd. 

. . . V . . 


But the determinant factor here is, by the method used to find 
D" §743 seen to be \ 

(md — a) (m — Id — p) ■ ■ (m — k + la — 6) . 

Therefore 

D — (md — ol) im — Id — P) ■ (m — k-\-\d — &)(k + V)(k + 2) • rd r ~ k 

746. If from the determinant 


Mi k 

otMp 


pMp+r-l 

(m + 1)* 

{a + d){m + 1) P ■ 

- ( 0 -f d)(m + 1)*-j ' 

0 

‘ ' (p + d)(w + l)p+r-l 

(m + r) k 

(a + rd) (m 4- r) P - ■ 

- ( 0 + rd)(m + r)k - i • 

■ (p + rrf)(w + r)p 4 r_i 


= we take the factors 

(w) p (m + 1 ) P • (m + r) p 

( P)p(P + 1) P ■ ' * (P + r ~ l)rW P 

what remains is 



(m — p)k-p Ot 

• ■ 0(m — p)k- p-i 

p{rn P)r~~\ 

D' = 

(m— p-\~ 1 ) k-p o>-\-d ■ 

(0+d)(w— ^ + * ‘ 

■ (p+^)(w— /> + l)r-l 


{m — p-{-r)k-p ot+rd ■ 

■ {p+rd)(m — p-\-r)k-v-\ ■ 

• ■ (p+rd)(w-£+r) r -i 


By continued subtraction of each row from the one following as 


in §743 we get 


(m~p)k-~p 

(m-p) k -p- 

a • • 

-id - 

0(m— p)k- P -\ ’ ■ ' 

■ Q(m— p)k- P - 2 ~\rd (m — p + * ■ ■ 

(m—p)o 

0 ■ • 

(. k-p)d 

0 

0 ■ 

0 

p(m—p) r-i 

p(m—p)r-2+d(m—p+ l) r _i 



p(m— p) r -k+p-i -\r(k—p){tn—p+ 1), 


rd 

= (* - p + 1)(A - p + 2) ■ ■ ■ rd r ~ k+p D" , 
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where 


O — p)k- V 

a 

0O - 

p) 1 

■ 0(m — p)k~v~\ 

(m — p)k ~ v - 1 

d 

(3 d{nt — 

/> + Di • 

• d{m — p) k-v-vd (jn — ^ + l)*-p-i 

1 

0 

0 


(A - />)<* 


Subtracting ( k — p)d tim es the fi rst column from the last in D rr 
we see that the factor — {m-k+\d— 0) comes out, and repeating 
the process on what is left as for D " in §743 we get 

D" = O — k + Id - 6) ■ ■ (m - p — Id - 0)0 — pd - a). 

Therefore 

D = ^ + Id — 0) • • ■ O - p — Id — 0)0 - pd — a) 

_ (w) * (w +!)>•■• («» + Of (t _ #+1)(A _ #+2) . . 

(P)p(P + i)p ■ ■ ■ (P + r — i)p(^)p 

The result given in §743 is a particular case of this when i*l. 
(a) When & = 1 and />=1, then 

„ (n + r)l Jr 
D = d r 

W! I 


(b; When k=\, />= 1 and d = 2, then 


(m + r)\ 

D = 2 r 

m\ 


That is 




Ml 

0)i 

0)2 ■ ‘ 

Mr 

(ff» + l)l 

30 + l)i 

30+1)2 ' 1 

3(w + l)i 

(m + 2)x 

50 + 2)i 

50 + 2)2 

5(m + 2), 


I (m + r) i (2r + 1 ){m + r)i (2r + 1 )(w + O 2 

(w + r)! 


(2r + 1)0 + r) f I 


Dividing both sides of this relation by 

.0 + 0 ! 

3 -5 • • ■ (2r + 1) ; 
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we have 


1 1 

(m — l)i 

2 

(m — l)r— 1 

r 



1 

— 1 

3 

m 

(m) r-1 

i 


2 

r 

L 

2 r 

1 

— 1 

5 

m + 1 

(m + l)r — 1 

\ 3-5 • 

■ ■ (2r + 1) 

2 

r 

\ 


1 

m + r — 1 

(m + r — l),_i 

\ 


2r + 1 

2 

r 





1 1 

(m — 1)! 

• ■ ■ (m — l) r -l 


1 

— 1 

(w)i 

■ ■ ■ (w) r _i 

A - 

J 

1 

1 

2r + 1 

(m + r — 1) i 

■ • (m + r — l) r _! 



2-3 

• r 

2 r = 

(2 r + 1) 

2-4-6 ■ 2r 


~ 3-5 • ■ 

3 5 ■ ■ ■ (2r + 1) 


From this we get by Wallis' theorem 

lim (2 r + 1)A 2 = — ■ 

r— oo 2 

747. If we multiply the elements of the determinant 


(w) 0 

Mi 

■ (w) r 

(w + l)o 

(w + l)i ■ 

• (w + l)r 

(w + r) 0 

(m + r)i • 

■ (w + r) r 
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by the corresponding elements of the array 
1 1 ■ ■ ■ 1 

a a + 1 ■ ■ ■ a + r 

P 0+1 ' ■ ■ P + r 


p p + 1 ■ - • p + r 
the value of the resulting determinant , D say ) is 

(m + a + \){m + P + 2) ■ ■ ■ (m + p + r) . 


In the determinant 




1 

Wi 

(w) 2 

(m)r 

D = 

a 

(a + 1 ){m + l)i 

(a + 2)(m + 1) 2 • ■ 

(a + f)(m+l) r 


P 

(p + 1 )(w + r)i 

(p + 2 ){m + r) 2 ■ ■ 

■ (p + r)(w + r). 


subtract a times the first row from the second, p times the first 
from the third and so on. The result is 

1 (m) 1 • ■ ■ (w)r 

0 m+a+1 • ■ • (m) r _](m+a-H) 

0 (w-T|9+2)+|S ■■ (m+l)r_i(w+/3+2)-f (w) r _i0 

0 (m+7+3)+27 - ■ ■ (w+2) r _i(w+7+3)+(w+l) r -i7+(w)r-i7 

0 (m+p+r)+(r-l)p ■ ■ ■ (w+r-l) r _i(w+p+r) + {(m+r-2) r -i+ ■ ■ • +(w) f _i)p i r+ i 

If in this we reduce the order to r, take out the factor (w-f-a+1) 
and in the resulting form subtract p times the first row from the 
second, y times the first from the third and so on, we get a result 
from which we may take (w+/3+2) as a factor. Continuing this 
process we get 

D - (m + a + 1) (w + P + 2) ■ ■ ■ (m + p + r) . D f 

where 

1 (m) 1 ‘ ■ ■ (w)r-l 

1 (m + l)i ■ • ■ (m + l) r — i 
D f 

1 (w + r)i ■ ■ ■ (m + r) f -i 

which has the value 1. 
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Therefore 


D = (m + a + l)(m + 0 + 2) ■ 

748. The determinant 

■ (m + p + r) . 

(m) 0 a OT 

(m) ■ • 

j (m) T a m ~ rt 

(tn + d) 0 <x m+i 

(m + d) ia m+i ~ l ■ ■ 

■ (m\+ d) r ot m+d ~ Tl 

(m + 2d)oct m+2d 

{m + 2d)ia m+2d ~ l * ■ 

■ ( m \ 2 d)ra m+id ~ rt 

(m + rd) 0 a m+rd 

(nt + rd) 1 a m+Td ~ t ■ - 

\ 

• (to +' rd) T a m+Td ~ rt 


may be freed of the a’s by multiplying the columns by <x°, a‘, ■ ■ , a Tt 

and then dividing the rows by a m , a m+d , ■ ■ ■ , a m+rd so that 
a (2m+rW-o I tr+1) ' l i s a factor of D. The remaining factor is 


(m) o 

(w)i 

(m)r 

(m + d) o 

(m + d ) i 

(m + d)r 

( m + rd) o 

( tn + rd) i ■ 

■ ( m + rd) T 


which by §732 is equal to d r(r+l)/2 . 

Therefore 

D = a {2m+r{d-[) J r(r + 1) / 2 . Jr(r+1)/2 B 


Exercises. Set XXXVI 

1. Show that 


(5), (5) a (5) 4 


(5)2 (5) 3 (5)4 


(5)2 (6)3 (7)4 

(6)2 (6)3 (6)4 

j 

(5)i (5)2 (5) 3 

and 

(6)2 (7)a (8)4 

(7)2 (7), (7)4 


(5)o (5)i (5) 2 


(7)2 (8)3 (9)4 


are equivalent forms and each equal to 175. 
2. Show that 


1 ( P + Di 

( P + 2)2 

■ (p + n — l)n — 1 

1 ( P + 2) t 

(P + 3)2 

(/? + n)n - 1 

1 (/> + n) 1 

{p + n+ 1)2 • ■ 

■ (/? + 2n — 2) n — 1 
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3. Show that 


2i 

3i 

4i • 

Wl 

2 S 

3 2 

4 2 • ■ 

■ n 2 

2n-l 

3«-i 

4 n -i * 

■ ■ W n _i 


2i 

3i 

4, 

tti 

3 2 

4 2 

5 2 

(w + 1) 2 

«n-l 

(n + l) n _i 

(n + 2)„_i ■ ■ 

■ (2 n — 2)„_i 


4. Show that 


(w) 0 a° 

(w + d)oOL d 

■ (vi + zd) Q ot zd 


(m + 

• (m + zd)\a zd 

(m) r-ia 0 

(w)o> 

(w + c/)p_ia <i • 

(m + d)o0 d ' 

' ■ (m + zd) v -\a zd 
(w -j- zd) o(3 zd 

{m) q ~ 1 /J 0 

(m + d) q -if} d ■ 

■ * (w — zd) q -.ij3 zd 


where z=p+q— 1, is equal to 

^p(p— l)/2+a(fl— l)/2. a J>(p— l)d/2pq{q— Ddl'Z^d — a d )P9, 

5. Show that 



(«)* 

(»)*. 

-1 (n) k -2 




( w )*+l 

w* 

(«)*- 1 




(»)*+2 

(»v 

-1 («)* 





* ■ • 



m— /c-J - 1 

(n + m — 

m— Ac-l-l 


(n + w — 

& — 

1) m— fc 

(n -\r m — 

k + l) m . 

-A-+2 

(n + w — 


fc-t - 1 

{n + w — 

k + 2) m . 

-fc+3 

(w + w — 

^ “4“ l)m— A+2 


(Studnicka.) 



CHAPTER XXI 


Recurrents 

749. It is readily seen that any binary qua^tic 

a Q x n + aix n ~ l y + 02 # n_2 y 2 + * + a n y n 

can be written in the form of a determinant of\the (n+l)st order, 


750. The determinant 
11-1 


4-1 = 


do 

a i 

0 2 ' 

■ 0» 

y 

X 

0 

• 0 

0 

y 

x ■ ■ 

• 0 

0 

0 

o • 

■ X 

It 


0 


1 

0 

0 

0 ■ 

h 

- l 

0 

0 

hx 

h 

- 1 

0 

hx 1 

hx 

h 

- 1 • 


= (# + h) n 


as is obvious from the reduction or recurrent formula 

I 1 - I 0 0 

\ x h - 1 0 ■ • ■ 


A n+ i = (x + h) 


h - 1 


= (# + h)-A n 


751. The determinant 


0o 

01 

02 

' 0n 

— 011 

011# — 012 

012# — 013 ’ 

' 01n# 

~ 021 

021# — 022 

022# — 023 ' ' 

’ 02n# 

— 031 

031# — 032 

032# — 033 ' 

* 03n# 


— |0nn|(0O#" + 01#" 1 + ' 1 '+0») 
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For performing the operations 

Cn + 1 + %C n + # 2 0 n - 1 + ■ • + X n C\ 

we get the result 


(— l) n (0o# n +0i#" -1 + • ■ +a n )* 


dn 

011# — 

012 

012# “ 

013 

021 

021# ~ 

022 

022# — 

033 

031 

031# — 

032 

032# — 

033 


= (a 0 x 11 + a x x n 1 + • ■ + a n ) • | a nn | 

as may be seen by adding x times each column to the one following it. 
752. The determinant 


01 

- 1 

0 

0 • 


02 

b. 

- 1 

0 


03 

0 

bs 

- 1 ■ 


0n-l 

0 

0 

0 - 

■ bn - 1 - 1 

0n 

0 

0 

0 ■ 

• 0 bn 


a 2 — 1 0 ■ - 


— <Zl&2^3 ■ 1 b n + 


03 



TL — 1 


01 & 2&3 • - • b n + A n _i 

= a\b 2 * • • bn + 02^3 ' • ■ bn + 03^4 * b n + - • • + dn-lbn + dn • 


753. By continued expansion in terms of elements of the last 
row the determinant 


n!a 0 

— n 

0 

0 

0 

0 

(n — 1) ! 0 i 

X 

- (» - 1) 

0 

0 

0 

(« - 2) !a 2 

0 

# 

- (« - 2) ■ ■ 

0 

0 

2!a n _2 

0 

0 

0 

■ - 2 

0 

0n — 1 

0 

0 

0 

# 

- 1 

0n 

0 

0 

0 

0 

# 
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is seen to be equal to 

= w!(a 0 # n + aix n ~ l + ■ ■ ■ + a n ) . 

754. Another way to write the equation 

x n + a 1 x n ~ 1 + a 2 x n ~ 2 + - * - + p n = 0 
in determinant form is to take it with the equations 

Si + = o\ 

^2 ~l“ & 1*5*1 “h 2d2 = 0 \ 

*5*3 H” dlS 2 + o 2 Si + 3ag = 0 ^ 


and eliminate the a’s with the result 

51 1 0 0 

5 2 S! 2 0 

5 3 S 2 S ! 3 


S n S n— 1 S n — 2 S n — 3 

W- /j*7l 1 71 2 qq IX 3 

755. Expanding the determinant 
I x + y xy 


An-i S 


x -h y 
1 


x + y xy 


in terms of the elements of the first row gives 
A n _i = O + y)A n _ 2 — ^yA n _ 3 


x * — y z 

A n _ 3 — xy A n _ 4 

x — y 


A n — 4 &y A n — B 

x — y 


x 3 - 

y 3 

x — 

y 

X 4 — 

y 4 

X — 

y 

x n — 

y n 

x — 

y 
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756. If ( u/v) r is used to express the rth differential-quotient of u/v 
in terms of the rth and lower differential-quotients of « and of v, 
then we can write 



/ tt\" 

0 

V 

2v' 

v V 




i 

C2 

1 

to 

II 

1 

V 

V 

v" 

u u 

\ V / 


f 

f( 



u 

11 

11 


(if - 


0 0 v 3i/ 
0 v 2v' 3v" 


(if- 


0 0 0 v 4v r 

0 0 v 3v f 6v n 

0 v 2v f 3v " 4V" 

v V v" v rn v™ 

u u f n" u ,n M IV 


757. Starting with Newton's formulae 

ay + Si = 0 

2a 2 + aySi + S 2 = 0 

3^3 -f (I2S1 -h (1&S2 S3 = 0 


we have from the first r of the equations 



ai 

1 

0 ■ 

0 


2g 2 

«1 

1 

■ 0 

Sr = (- D r 

3(7 3 

a 2 

a 1 ■ 

• 0 


ra T 

a r - 1 

dr-2 * 

■ ■ ai 

Waring's formula gives for r — 

n, 



(— l) n-H (e - 1)! 

S n = n — 7 — 0 ■ ■ • a„ ,n , 


eilej! ■ • ■ t n \ 
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where 

*1 + *2 + ■ + € n = €, 

€1 + 2*2 + 3*3 + ‘ + = w; 

and where the e’s are to have all positive integral values, zero in- 
cluded, which satisfy the second of these two equations. 


Exercise: Show that the determinant expression for S r gives the 
sum of the divisors of any integer r if \ 

0*><p+ i)/2 = (“ l) p (2 p + 1) \ 

and the other a’s vanish. 

From the same set of Newton’s equations we find on solving tor a T 

Si 1 0 • • 

(- 1)- S 2 S ! 1 ■ ■ • 


758. If 


<t>(x) = C Q X m + CiX m ~ l + ■ ■ • + c*. 
/(x) = a 0 ^" + a iX n ~ l -f ■ ■ ■ + a nj 


= A oX m n + A ix v 


4 A 2 x m ~ n ~ 2 4 


We have on equating coefficients on both sides of this equatior 
Co = GoAq 

Ci = Aodj 4" A \Cq 

c 2 = A 0&2 4 A \di 4 A 2 do 


From which, solving for A ry 

we get 





Co 

do 

0 

0 

■ 0 


Cl 

di 

do 

0 

■ 0 

(a) A r = (- 1)' 

a 0 r_1 

C2 

d 2 

dl 

d 0 

0 

C T ~ 

1 d r -l 

d r -2 

d r -3 ' 

■ ' do 



C T 

d r 

d r -l 

d r -2 ' 

■ ■ d\ 
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We have therefore 

1 Co a 0 0 

x m-n-l _| Cl ao 

Go 3 

^2 #2 Gl 

If we had written 

<t>(x) = 1 + bix + b 2 x 2 + ■ ■ , 

/(*) = 1 + 0i* + <>2X 2 + ■ ■ ■ , 

and 

<t>(x) 

• — - = 1 - AiX + A 2 x 2 - A 3 x 3 + 

/(*) 

then we would find 

ai — bi 1 0 0 - ■ ■ 

a 2 — &2 CL\ 1 0 ■ ■ - 

d 3 — b 3 fl-2 &1 1 ■ ■ ■ 


If b\ = b 2 — • ■ • =0 so that 
(1 + fli# + a 2 x 2 + ■ ■ ■ )~ l = 1 — AiX + A 2 x 2 — -4 3 £ 3 + ■ • ■ 
then 

fli 1 0 0 - 

a 2 a i 1 0 ■ 

W = 

d 3 d 2 d\ I * ■ ■ 


and A r is the same function of the a’s as a r is of the 4’s. 

If in addition 

(1 + bix + b 2 x 2 + ■ ■ ■ )~ l = 1 - B lX + B 2 x 2 - B 0 x 3 + 
then 

fli - &i 1 0 0 ■ 

^ ^1 1 0 ■ ■ 

Ga ^3 #2 CL\ 1 1 


Bi-Ai 1 0 0 - ■ 

B 2 - A 2 Bi 1 0 • • ■ 
Bz — A 3 B 2 B\ 1 ■ 



(f>(x) Co I Codi I 

= — x m ~ n 

f(x) do do 2 


x m— n— 2 



706 


THEORY OF DETERMINANTS 


759. If we write 

<t>(x) 


/(*) 


= A 0 x m ~ n + A ix m ~ n - 1 + 


+ 


b 0 x n ~ l + bix n ~ 2 + • 
a 0 x n + aiX n ~ x + ■ ■ 


and then multiply both sides by f[x ) we get, on Equating coefficients 
of like powers of x , the necessary equations for determining the b’s. 
They are \ 


1 

Co 

Cl 

1 

Co 

Cl 

1 

Co 

\ C3 

a 0 

do 

di 

do 

do 

d 2 

do 

do 

\l3 


when m = fij 


Co 

C\ 

Cl 

1 

do 2 

Co 

Cl 

C 3 

0 

do 

di 

0 

do 

dl 

do 

dl 

d2 


do 

dl 

d 3 


a 0 z 


when m = n + 1 etc. 

760. As an immediate consequence of the results of §756 we may 
write 


^=*-(±Y 0 / x+ (±) 

fix) f \/j r \jh 


* / • 

<*' r i 



x 2 

21 


where </), <//, ■ , denote the values of </>(x), </> r (x) - ■ ■ when x = 0. 

761. There have been developed thus far three general formulas 
for expressing the quotient of two functions as a power series in which 
the coefficients are determined. The first of these, due to Faure, 
is that given in §758; the second, due to Trudi, is that given in §759; 
the third, due to Hammond, is that given in §760. 

By giving the functions </>(x) and f(x) properly selected values an 
indefinite number of interesting relations may be obtained. 

Using the theorem that if 

f(x) = a 0 (x — Xi)(x — x 2 ) ■ • ■ (x — x n ) 

then 


\fr(xi) + VK* 2 ) + + *K#n) = Coefficient of x~ 1 in 
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and using for ^{x), x T <j>(x)/f'(x), we have, making m = n in ihe two 
functions <j>(x) and f(x) as given in §758 


Xi'<t>(xi) , xt r 4>(x t) 

f(*i) + /'(**) + 


X n T (f)(x n ) (f>(x) 

H = Coeffi. of r “ 1 in 

' ' /(*) 


Ar+l = (- l) r+I - 


o 0 r 


/'(*.) 





Co 

Oo 

0 ■ 

■ 0 

1 

Cl 

Oi 

Oo 

0 

,r+2 






Cr 

Or 

Or — 1 ■ 

■ • Oo 


Cr— 1 

a r ~ 1 

O r 

■ ■ fll 


T+ 2 


If we make m = n — 1, CQ = na 0 , Ci={n—\)a h etc. so that0(tf) =/'(: r), 
then 


X\ T + X‘i + 


+ x n '=S T =(- l) r 


a o’ 


T+l 


WO 0 Oo 

(w — l)fli ai a 0 

(w — r)a r a r a r -i 


r+1 



Oi 

Oo 

0 

* 0 

1 

r 

2oi 

Oi 

Oo 

0 

o 0 r 

ro r 

Or— 1 

O r -2 1 

“ ■ Oi 


as in §757. 

762. If in §738 we put 0(x) = % and f(x) = e 1 — 1, then 


€ x — 1 x x l 

1 + — + — + 
2! 3! 


= x ~ n+1 — 


— x~ n + 
2 ! 


1 

— 1 

2 ! 

1 1 

3! 2! 


v - n— 1 


l 

— l o 
2 ! 

1 1 

1 x~ n ~ 2 

3! 2! 

1 1 1 

T\ 3! "2! 


+ ■ 
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The nth Bernoulli’s number is therefore given by 

1 



2! 

1 

0 

0 

B n = (- 1)"-K2»)! 

1 

3! 

1 

T\ 

1 

r 


1 

1 

1 

\ 


4! 

3! 

2! 



which by easy transformation may be written in the form 

1 2 0 0 0 * 


Bn = (- 1 )- 


(2n + 1)! 


1 3 3 0 0 

1 4 6 4 0 

1 5 10 10 5 


With these we have the concomitant results of the determinants c 
odd order vanishing. Thus 

1 


2! 

1 

0 

0 

1 

3! 

1 

2! 

1 

0 

1 

1 

1 

1 

4! 

3! 

~2\ 


= 0 and 


1 2 0 0 - 

1 3 3 0 ■ 

1 4 6 4- 


= 0 


763. From the results of the last article we may therefore write 
x 


= 1 — \x + CiX 2 + C 2 X 4 + c$x 6 + 


x = (e x — 1)(1 — \x + c !X 2 + C 2 X 4 + C 3 X 6 + ■ • ■ ) 


C n — ( 1 ) 


71 + 1 . 


B n 

(2 n)\ 


where 
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Equating coefficients of odd powers of x on both sides we have 

1 1 

Ci -) = 0 

2 2! 3! 

Cl 11 

— + c 2 1 = 0 

3! 2 4! 5! 


Ci c 2 1 

7T + il +e, “I^ + 


7! 


From these we get, on noting that 

1 1 2n - 1 


2(2m) ! (2« +1)! 

2(2m + 1) 


1 

3! 

1 

0 

0 • • 

— •> 

S 

CM 

H|N 

II 

e 

PQ 

3 

5! 

1 

3! 

1 

0 • ■ 


5 

1 

1 

1 ■ ■ 


7! 

5! 

3! 


giving B n as a recurrent of order n. Equating coefficients of the even 
powers of x on both sides of our equation we have 


Cl 

i 

1 

1 

« 0 

2! 

2 3! 

I 

4! 

C2 

1 

1 

1 

= 0 

2! 

25! 

1 

6! 


from which we get 


4! 

2! 

0 

0 

2 

6! 

1 

4! 

1 

2! 

0 

3 

1 

1 

1 

8! 

6! 

4! 

2! 


n 


B n = 2"(2«)! 



710 


THEORY OF DETERMINANTS 


764. If we put <j>(x) = e x — 1 and f(x)=e x + 1, then 
<t>(x) 


1 1 a 3 1 x s 

— x ~\ 1 -j- 

e* - 1 e x + tr* - 2 2 4 3! 6 5! 


/( x) e x + 1 


e x — e 


1 x* lx 4 

1 + Tfr + 77! + 


(2 4 - 1) a 3 (2 6 -V 1) x s 

“< 2 ' -'>*■* — — *ii + Hh*5r- 


from which we may find 


B n = 


1 


(2 2n - 1)2 n (n - 1)! 


1 2 0 0 - 

14 4 0 

1 6 20 6 


765. Let x X} x 2 , ■ ■ • , x n represent the roots of 

aoX n + a x x n ~ l + a 2 x n ~ 2 + * - ■ + a n = 0, 

and let H T represent the rth “Aleph” function, that is, the complete 
homogeneous function of degree r. It is known that H r is the coef- 
ficient of z r in the product 

(1 + xiz + x x z 2 + ■ ■ ■ )(1 + x 2 z + x 2 2 z 2 +■•■)■■* 

(1 + x n z + x 2 z 2 + ■ ■ ■ ) 


or 

1 1 

= say . 

(1 - x x z)(l — x 2 z) ■ ■ ■ (1 — x n z) <t>(z) 

From this we have 

= 1 + h ' z + h ** + + - 

0(z) 

a 0 

(flo + diz + a 2 z 2 + ■ ■ ■ + a n z n ) 

Therefore 

a 0 = (1 + Hi z + H 2 z 2 + ■ ■ * )(a 0 + a x z + a 2 z 2 + ■ ■ ■ + a n z n ) 
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from which we get 


df “|" dr-lHi “b dr— 2 

h 2 + ■ 

■ ■ + da H T 

= 0 , 

(r = 

1,2, 

and therefore 


di 

a 0 

0 

• ■ 0 


H r = 

(- 1 y 

d 2 

d l 

do 

• 0 



Gq t 

d r 

dr— 1 

d r -2 * 

■ • di 

r 


Comparing this value of H r when a Q = 1 with S r we have 
— S r = dillr—l 2d 2 H r —2 + 3dsH r — 3 + ’ ' ' + ^d r . 

766. The coefficient of z r in 


a 0 

do + d\z d 2 z 2 + • • ■ + d n z n 
is by the multinomial theorem 


E(- 


ai Ci a 2 Ca ■ an®" 
ei!e 2 ! ■ • e n ! 


where 


+ ^2 + * ’ ' ~b e n — e. 


and 


e 1 + 2e 2 + • ■ ■ + fie n — n* 


We have therefore 


r) 


di 

do 

0 

0 • 

• • 0 



d2 

d\ 

d 0 

0 

• ■ 0 









■ ' d n m 

03 

d 2 

0i 

do 

• ■ 0 

- XX- l) n+ ‘e\a 0 n ' 

ei\e 2 \ • 

, . p f 

d n 

d n — 1 

d n -2 

dn-S ■ 

■ ■ a x 

n 
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Exercise: Show that 


a 1 

1 



&2 

<h 

2 


#3 

&2 

d\ 


a n 

CLn—1 

a n - 

-2 ^71-3 - - - Vl 

■V 

1 n4- e 


ai e ia 2 e2 ■ * ■ if„® n 

.v- ^ 1 

e i2 e 

2 ■ • ■ ■ ei!e 2 \- - 


From the two forms given in §765 for 1 we get by differentia- 
tion * 

4>'(z) H i + 2 H 2 z + 3H 3 z 2 + • 


tf>(z) 1 + H ,z + II 2 z 2 + • 


and also 


*1 


+ 


*2 




1 — * 1 2 1 — «2Z 

= + *1 2 Z + *i 3 Z 2 + • • 

+ x 2 + ac 2 2 z + * 2 3 z 2 + 


1 — x„z 


+ x„ + x„ 2 z + x n 3 z 2 + ■ ■ ■ 

= Si + S 2 z + S 3 z 2 + • ■ 

From these two forms we have 
H x = S 3 

2 H 2 = S 2 + H^i 
3H 3 = S 3 + n,S 2 + HiS! 


rH r = S r + IhSr-i + H*S r - 2 + ■ ■ ■ + Hr-lSu 
and from these we get 



Sr 

- 1 

0 

0 ■ • 

0 


•S' 2 

S! 

- 2 

0 ■ ■ 

0 

1 






= - 

s 3 

^2 

S, 

-3 

0 

r! 







s r 

S r - 1 

Sr— 2 

S r _ 3 • 

• Si 
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H i 

1 

0 

0 

• 0 


211 2 

H ! 

1 

0 

0 

•Sr = 

311, 

H 2 

H i 

1 

0 


rH r 

Ht-1 

H r -2 

ffr-3 

H 


767. If 

x n + aix n ~ l + 


+ a n = (x — ai){x — a 2 ) 


*n) = 0 


and is any symmetric function of order r of the roots ai, a 2 , 
then 

d</> d<f> ddi d<t> dan dcf> da n 

ds r dai ds r da 2 ds r da n ds r 

By differentiating Newton’s relations we have 


dai 


ds i 



ds r 


ds T 



da 2 


dSi 

1 

ds 2 

ds r 


ds r 

2 

ds r 

da 3 


dsi 

1 

ds 2 

ds r 


a 2 

ds r 

2 

ai . 
ds r 

s we 

get 






da h 

1 




= - 

- — 

dh-T 



ds r 

r 



1 ds s 
3 ds r 


I — 0 for h < r. 
Substituting in the expression for d<f>/ds r we have 


d<j> d<t> 

f- Q>\ h 

da r da T ±\ 


+ a n ^r~ 


Giving r the values from 1 to r in this relation and noting that 
S&fc/da* = o for k^>n since <j> is isoberic in the a’s of weight r, there 
results the following equations: 
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d<t> d<(> , 

(- a\— !-■■■ + flr-i- h — = 0 

ddi da 2 oa r os i 

dd> d<t> d<J> 

h • ■ • + &r — 2 b 2 = 0 

da 2 da r ds 2 


which with 


d<f> \ d<f> 

-Hr 0, 

da r \ ds r 


d<t> d<f> dcf) 

a\ \~ 2a 2 b ■ - + ra T = r -<f> 

da\ da 2 da T 


r <t> — 


1 dd, 1 

r 

ds r 

1 

0 

0 

(' i) 

dSr-l 

ai 

1 

■ 0 

d<t> 

dsi 

d r — 1 

d r - 2 

1 

0 

ra T (r 

— 1 ) d r — i ■ 

• ax 


768. If to the persymmetric recurrent 
1 

— 1 

1 ! 

1 1 

~ 2 \ lT 

(- l)” j_ j_ 

3! 2! 


where 


O - p ) ! (»-/>- 1 ) ! 

v = 5 (n—p)(n—p + l). 
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we prefix as a first row 1/p, 1, 0, 0, ■ • - , and as a first column 
1 1 1 
P — 1 )! ’ ( n — p) \n 

and denote the result by D„_ p+1) we have, after performing the 
operations, cob — p col] 

1 

p+1 Dn—p 

P 

= _1 = (P~ 1 ) - 

P(P + !)••■» n\ 


when p=\, this becomes 



It is to be noticed that when p = 1 D n is a persymmetric recurrent 
exactly like the original. 

769. If, starting with the persymmetric recurrent 

(m) 1 1 0 -0 

(w) 2 (m) 1 1 0 

D n = 

(w) n _] (m ) n - 2 (w)n~3 - ■ 1 

(m)n {m)n~ 1 (w)n- 2 ' ' Wl 

we form a new determinant, D\ n , v) say, by having for its last row the 
elements of the last row of D n modified as follows: The first element 
( m) n is multiplied by \/(n-\-\)(n+2) - ■ ■ (n+p) and all the other 
elements are multiplied by l/w(w+l) • • • (n+p— 1). Each of the 
other rows are formed from the one just below it by giving n the 
value one less. 

If on D\ ntP ) we perform the operations col 2 — (p+1) cob /w we get 


{n — 1) ! 

^'(n >P ) = (w + p + 1) \y D ' {n - 1,p+1) 

(m + p + 1) (m + p + 2) (w + p + n — 1) m 
“ (p + 1)! (£ + 2)7 (J + n - 1) ! ( p + n) ! 

(« - 1)! (n - 2)! 1! 
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If in this value for D\ n . we put p = 0 we get 

D n = 0» + n — l) n 


as we should §734. 

770. Let 

I 

a(x) = 1 + + 02 * 2 + a 3 x* + - • • 


b(x) = 1 + bix + b 2 x 2 + b*x* 


and let the generating function of the persymrhetric recurrent 

1 \ 

&2 fl-j 1 

A = 

0 3 02 01 1 


be denoted by 1 fa(x). 

Denote by A n the determinant fo/med from, A by replacing the 
0 ’s in the even-numbered columns by corresponding b’s, and by B n 
the determinant formed from A by replacing the 0 ’s in - the odd- 
numbered columns by the corresponding b’s. Then to determine the 
generating functions of A n and B n we have by expansion 

A n — + (1‘iA 71 —2 — fla^rt-3 T“ * ' = 0 

B n — b\A n ^i + b<>B n „ 2 — b*\A n — 3 + 1 =0. 

Let 

A(x) = 1 - B\X + A 2 x 2 - B^x* + ■ - 

and 

B(x ) = 1 — A ix + B 2 x 2 — A 3 x 3 + - • , 

then 

0 (#)yi(:r) + a{— x)A(— x) = 2 , 

6(jc)^(a:) — 6( — x)^4(— x) = 0, 

a(x)B(x) — 0 ( x)B{— x ) = 0, 

+ 6(— :r)2J( — x) = 2 } 

from which we get 
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771. Writing the expression (x— a)(*— 0)(x— y)(x— S) in the form 

| a°0 l y 2 6 3 x 4 | 

| a°P L y' 2 S 3 I 

and observing the coefficients of the powers of x, which are quotients 
of alternants we see that 

1 0 0 0 1 

Hi 1 0 0 * 

H 2 H\ l 0 x 2 = x 4 — yiaa: 3 4- — 'F'.aByx + aBy& 

Ih II 2 Hi 1 

Ih H, Ih * 4 

and equating coefficients of like powers of x we have expressions for 
1 ■ ■ 1 in terms of Aleph functions. Thus 

10 0 0 
„ Hi 10 0 

^ H 3 H 2 Ih 1 

Ih Hz Ih Ih 

772. The determinant 



z 

l 





z 2 

1 

2 




s 3 

1 

3 

3 



r* 4 

O 

1 

4 

6 



Z T 

1 

(0i 


W.-2 

w. 

3 r+1 

1 

(r+ l)i 

(r + 1)2 ■ 

- (r + l ) r -2 

(r + 


= R(z + 1) - (r + l)!z r , 


| as may be seen on performing the following operations 

col x + col 2 + 2- co 1 3 + 2 2 ■ col 4 + ■ • ■ + z T ~ l co\ r+l . 
From the recurrence formula 


R{z) = R(z + 1 ) - 0 + l)!z 
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there follows 

R(z + 1) = R(z + 2) - (r + 1) !(z + 1)' 


R(z + n) = R(z + n + 1) - (r -h l)!(z + »)'. 
Adding and dividing out we have \ 

.R(z + «+!) = A(z) + (r + 1) ! {z r + (z + U) r + ■ ■ ■ + (z + 


which on putting z = 0 gives \ 

(I) R(n+ 1) = (r + l)!(l r + 2' + - +» r ) 

If we had used the operations 

col] + col 2 — z-cola + z 2 col 4 — • ■ • 


we would get 

R(- z ) = R(- z + 1) + (- l) r (r + 1 )\z r 

and finally 

(II) (- 1 m- n) = (r + 1)!(1' + 2' + • ■ ■ + »') 

From I and II we have 


773. If 


+!) = (- 1)'1£(- n) 


(x + 1)(# + 2) ■ • - (x + n) = + k rltl x n ~ l + k n , 2 x n ~ 2 + 

then from the known relations 

fen ,1 — (n + 1)2 = 0 

2/<’ n> 2 — (wjz&n.l — (W + 1)3 = 0 

3&n,j — (n — 1) 2 &„,2 — (n)sk n .i — (» + 1)4 = 0 


we have 


k 


1 

« . P ~ \ 

p\ 


(n + 1)2 — 1 

( n + 1)3 (n) 2 — 2 

(n + 1)4 (n) 3 (n — 1) 2 


(»+ 1) p + 1 ( w 1 ) t>~ 1 * * * (w — P 2) 
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1 0 0 • 

«i 1 0 

a 2 di 1 ■ 

n 

Oi e lfl 2 e “ ' ■ Qn n 

= E(- 1 ) c - x (e- 1) !~T~~~T V 

ei\e 2 \ - ■ c n ! 

which is the coefficient of x n in log (l + a^r+a^-h • • +a n x n ). 
Denoting this coefficient by b n we have 

exp (bix + b 2 x 2 + ■ ) = 1 + aix + a 2 x 2 + ■ 

and therefore 


774. We have seen from §757 that 


1 1 

Sn = ( - l)- 1 - 

n n 


2 a 2 
3a 3 


1 2 b t 


1 ... 
b x - 2 

2b 2 b\ — 3 * • 


= £ 


ci!e 2 ! * - 


h Cn 


C n ! 


71 


as may be seen on equating coefficients. 

If we put n for a n (w=l, 2, ■ ■ ■ ), and notice that the function 
expanded in powers of x is then 

a + ) 

^ (1 — #)(1 — x 2 ) 


we find that 


l 2 

1 

0 

0 

0 

2 2 

1 

1 

0 

0 

3 2 

2 

1 

1 

0 

42 

3 

2 

1 

1 


| according as, to the modulus 6, n= 0, 1, 2, 3, 4, 5. 

II in a similar manner we put w+ 1 for a n and notice that the func- 
; tion expanded is now — 2 log (1 — a*) or log 1/(1 — x) 2 we find 
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1 1 

(3) , 2 1 

(4) 2 3 2 1 ■ • 

(5) « 4 3 2 1 • • • 


= (- 


Again if we put (»+l) 2 for o„, the function ntyw being 


we find 


log 


(1 + x) 

(1 - x)> 


\ 

\ 


\ 


V 

l 2 




2 3 

2 2 

1 2 


f — 4 when n is even , 

3 3 

3 2 

2 2 l 2 


l 2 when n is odd and > 1 


n 


775. If we multiply the determinant 


Wi 

1 



(w) 2 

(»l — 1)1 1 



(w) 3 

[m — 1)2 (m — 2)i 

1 


(w)„_! 

(m — 1)„_2 (m — 2) n _ 3 

(ra — 3) n _ 4 ■ 

1 

(»»)„ 

(wi— l)„_i (w — 2)„_ 2 

(w — 3) n — 3 ■ ■ 

• ( m — n 


by unity in the form 

1 — (tn) 1 (m) 2 ~ (w) 3 ■ ■ ■ 

1 — (m — l)i (w — 1)2 * 


n 


the result is 

I 1 


1 

(— 1 ) n ~ 1 (m) n (— 1 ) n ~ 2 (w — l) n ..i ■ ■ (w — n + 1)1 

Therefore A n =(m) n . 
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776. Other forms of B n may be obtained as follows.: 

(a) Putting <t>(.x)/f(x) = x / sin x we may find 

1 3 0 0 

1 10 5 0- 2 n ~ 1 w l 

X 1 

1 21 35 7 • ■ ■ (2« + 1)!(2 2 * "- 1 — 1) 


(b) Putting <t>(x)/f(x) = sin x/cos x we may find 

11 0 0 • 

13 1 0 

1 5 10 1 

1 7 35 21 ■ 

(c) Additional forms are 


2m 

B n 

2 2n (2 2 " - 1) 



1 3 2 0 0 0 

2 5 2 5 4 0 0 

B n = 3 7 2 7 4 7 6 0 

4 9 2 9 4 9 6 9, 


1 3i 0 0 0 

3 5 2 5 4 0 0 

= 5 7 2 7 4 7 e 0 

7 9 2 9 4 9„ 9 8 


1 

3 5-7 • (2m + 1)2 2 ”- 1 


1 

3 5- (2m + 1)2 4 " -3 


1 3i 0 0 0 

1 5i 5 3 0 0 

1 7i 7 3 7 6 0 

1 9 X 9 S 9 6 9? 


2 '*-' 

(2m~ 1)! 
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Exercise: Show by multiplication and division that this is equal 


1 

1 

0 

3! 

2! 

1 

1 

1 

5! 

T\ 

2! 

1 

i 

1 

7! 

6! 

4! 


2*~\2n - 1). 


777. If (du+dix+d 2 * 2 + ■ ■ * )" = (A 0 +AiX-\-A 2 x 2 -i- - ■ * ) m and we 
write the series of equations obtained by equating coefficients l of like 
powers of x, it may then be found that 


show that 


na\ 

— mao 

0 

0 

2 na 2 

(n — m)ai 

— 2 mao 

0 

3naz 

(2 n — m)a 2 

1 

CN 

1 

3mao 

4 na\ 

{3n — m)a- A 

(2 n — 2 m)a 2 ( n — 

3m)ai 


Exercises. 

Set XXXVII 


x + a 2 x 1 - ■ * )' _1 = 

1 gi , Si , 

do d 0 2 ' 2!d 0 3 




do 

0 



3di 

2 do 



5 d 2 

4di ■ ■ ■ 



(2 n — 2)a n _i (2 n — 3)d«_ 2 (2 n — 4)d n _3 ■ - • (w — l)#o 
na n ( n — l)d n _i ( n — 2 )d n _ 2 ■ ■ ■ a x 

Compare this result with that for A n when n = — 1 and m = 1; a ' s ° 
with A n from §758 (c). 

If we put a k =l/k\, (k — l } 2 with a 0 =l then 
Compare the result thus obtained with A n §758 (a). 
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2. If 

a 0 + d\x + a 2 x 2 + * ■ ■ ) 1/2 


/ — , H\ Hz 

V H x X 2 + 

1 !2 ] a 1_ 1/2 2 !2 2 a 2_1/2 

o o 


jhow that 


fin = 


a i 
2^2 
3a 3 


2<Zo 

3ai 

4a 2 


0 

4tf o 

5^i 


(w — l)a n _ 3 wa n _ 2 (w+ l)a n _ 3 
(w — l)a„_i (/z — 2)a„_ 2 
If in this we put a 0 = 1 and a fc = \/k\ then 

H n = 1. 

Using tan x/x for <t>(x)/f(x) show that 

1 


B n = 


(2 n)\ 


2 2 ”-i(2 2n - 1) 


3. Using x/tan x for <(>{x)/f(x) show that 

1 


3! 

1 

1 

2 

1 

1 

5! 

2! 

3 

1 

1 

7! 

4! 

2! 


B n = 


( 2 / 0 ! 


2 2t! 


1 0 


1 


3! 

2 1 
5! 3! 

3 i_ -L 

7l 5! 3! 


(2n — 2 )a 0 

1 aj 


I Also obtain this directly by multiplication and division from (c) 

l §'76. 
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4. Using x/log (1+*) for show that 


f l x(x 

J 0 


1) * - (x — n + 1 )dx = n\ 


i i i 
4 2 ‘ 


5. Using 1/(1 — 2 Jix-\-h 2 ) 112 for 4>(x)/f(x) show that the coefficienl 
of h n is \ 


1 


1 

0 

0 

o © 

0 

0 


X 

1 

0 

0 


1) 

X 2 

2x 

1 

0 

0 

0 


X 3 

3x 2 

3x 

1 

0 


l) 2 

X 4 

4x 3 

6x 2 

4x 

1 


Investigate the relation between. A and the continuant 
x 1 

13x2 


P m (x) = — ■ 2 5x 3 

ml 


I m — 1 (2 m — l)x 

778. If we put <t>(x)/f(x) = 1/cos x we know that 


1 

X 2 X 4 

1 1 — 

2! 4! 


= i + 


where £„ is the wth of Euler’s numbers, then 

/ x 2 x 4 \-» _ 

O-ii+ir ) - 1 + E£ >;>r 


From this we may find that 


110 0 0 
1 6 1 00 - 

E n = 1 IS 15 10- 

1 28 70 28 1 ■ 
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779. From 


we may find that 


(- 1 )’ 


- ■ ■ 

r- 

n 

— 

1 

2! 

In 

n — 1 

4! 

2! 


2n - 1 


4! 


2 ! 




n 

A i 

2! 

- 1 

0 



In 

A 

n — 1 

-2 



21 2 

4! 

i 

2! 



3n 

—A 3 
6! 

2w — 1 

n — 2 



/I 2 

4! 

2! 

Exercise : 

From the relation 


/ X 

( i+ ii + 

X 2 

3! 

+ • • ■ 

r-o- 

X 

h 

2 


)“ 


obtain the corresponding relation involving the B’s. 
780. From the known relation 

= i+ £(- D n £»- 


exp (x) + exp (— x ) 


( 2 ) 0 ! 


by multiplying the left-hand side by {exp (x) +exp ( — x)}/2 and the 
right-hand side by its equivalent 


i + 2X 


(2 n)\ 
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we get 

where the JE’s are to be determined so as to make this an identity. 
Therefore j 

E n — (2n) 2 E n -i + (2w) 4 ,E n — 2 — ■ * • 

+ (- l) n -K2\l)2n-2E X + (- 1 )» = 0 

from which we get 

1 = E 1 

1 = (4 )*Ex - £2 
1 = (6 ) 2 E l - (6) 4 E 2 + £3 
1 = (8)*Ei - (8) 4 £ 2 + (8) 6 £ 3 - E 4 


Solving from these we have 


1 

1 

0 

0 

0 


1 

( 4 ), 

1 

0 

0 


1 

(6)2 

(6)4 

1 

0 


1 

(8)2 

(8)4 

(8)« 

1 


1 

(2») 2 

(2»)« 

(2 *»)• 

(2«) s ■ 

■ ■ (2w) 2 (» — 1) 


or what is easily seen as an equivalent 


E n = (2n) ! 


1 

— 1 0 

2 

1 1 

— — 1 

4 ! 2 ! 

1 1 1 

6^ 4 ! 21 


0 

0 

1 ■ ■ 


n 


781. Starting with the relation 

{a + d) T — a T = ( r)ia r ~ l d + ( r) 2 a r ~ 2 d 2 + ■ ■ * + (r)*a 0 </ r , 
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giving a the values a+d, a+2d , ■ • ■ , a + nd } and summing the results 
we get 

(a + n + 1 d) T — a r ~ (r)iS T ~id — (r) 2 5 r _.>d 2 + - ■ ■ + ( r)rSod r 
where 

Sk = a k + (a + d) k + (a + 2d) k + • • * + (a + nd) k . 

If in this we put ak = a+kd, then 

(a) a r ni 1 — o r = + (r)*S r _ 2 </ 2 + ■ * + (r),*SW r 

= (5 + d) I — S T9 say, 

and in this giving r the successive integral values from 1 to m we have 
| (a n _ i + a)d r ' 1 - 1 (l)i • ■ ■ 0 0 

(a 2 „+i - (2) 2 -0 0 

(</”+/ — a’"" ')il (»/— 1),„. i • ■ • (m— 1)2 (»»— l)i 
(or+i — a") («i) m • ■ (m) a (w) 2 

If in (a) we put </=l, and a = n we have 

(n + l) r — n T = (r)in 7 " 1 + (r) 2 n r_2 + ■ ■ ■ + ( r) r n 

and in this giving n successively the values 1 , 2, • • • , n we get after 
adding 

(b) (»+ 1)'- 1 = (5 + 1)1 -A. 

If, in (b), we replace n by n— 1/2 we find, after putting n — 1,2, • ■ * 7 
successively and adding, that 

(« + - (l) r = Male* - -|) r_1 + (» - « r " 1 + ■ ■ • + C-i) r_x ] 

+ «,[(» - + (* - *) r " 2 + • • • ] 


+ Wr[(» - i)' + (» - 0" + • • ] 

or 

(<) (2 n + l) r — 1 = (f) 1 2[(2» - (2» - 3) r -‘ + • ■ ■ + l r ~ 1 ] 

+ (r) s 2 2 [(2M - 1 y-' 1 + (2 n - 3)-* + ■ ■ ■ + l r ~ 2 ] 


+ ( r) T 2'[{2n - 1)° + (2 n - 3)° + • ■ ■ + 1° ] 
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or 


(2 m - l )’-' 1 + (2 m - 3)'-' 1 + ■ - • + ( I )'-* 



giving k the values k = 0, 1,2,---,, n— 1, and adding we havfc 
(n - " + (n - iy~" + - • + (i)-'' 


= S r _ h - {r — li ) a + ( r — (i) 2 — • ■ 

In this giving li the values 1,2, ,• , r and substituting in (c), we 

get, on observing that the coefficient of S,. t is zero when i is even, 

(2m + 1 )'- 1 = (2,V + \)\ - (2S - 1)1 
Giving r in this last relation the values 1, 3, 5, •• , we geL 

(2m + 1) - 1 = 2A 0 

(2« + l) 3 - 1 = 2 So + 2 S (3)»V, 

(2m + l) 5 - 1 = 2S a + 2 3 (5) 2 .S' 2 + 2 3 (S) 4 .V 4 

(2m + l) 7 - 1 = 2S 0 + 2»(7)*S* + 2 6 (7) 4 S 4 +2 7 (7) 6 S 6 


where ._S’o = 1 . 

From these relations we get 



22r| 1] 

3 

(2r+l)5», 



(2 m + I) 7 

1 

0 

0 

0 


(2 m + l ) 3 

1 

( 2 

0 

0 

\y{T+i)n 

(2 m + l ) 5 

1 

( 5 ). 

(5)4 ' 

0 


(2 m + l ) 2r_ 

1 1 

(2 r - l ), (2 r — 1) 4 ■ ■ 

■ (2r - 1)^ 


(2m + 1 (2r+l), (2r+l) 4 “ (2r + \)u-t 
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Exercise: If B r — ( l) r l (3 2 r , where B r is the rth Bernoulli’s 
[lumber, show that 

r(Sr - 1 - n r ~ l ) = (p + n)[— 0 r . 

782. If u=f(x) and v = <f>(x), then 
dz/ /z 2 a 2 « 

(t/) /(# + A) = w H~ h 1 h 

a* 2! <9 a; 2 

<9w A 2 c9 2 t; 

(i) 4>{x + A) = p + A- |- — — - + • • 

a# 2! dx z 

{c) f(x + h) = /0“ a [b + ( 4>0 + A) — u} ] 

. f , . _ v > du (<t>(x-\-h) — v)‘ z d 2 u 

" = « + </>(* + /|) - v — + < V + 

dy l 2 ! j dv 2 

Substituting for {<t>(x+h) — v\ from (b) in (c) and then equating 
coefficients of like powers of h in (a) and (c) we have 


du 


11 i — Vi — 

dv 

du 

U‘> = v 2 b 

dv 

du 

Ua = Va h 

du 

du 

Ua = Va p 

dv 


V I 2 d 2 U 

2 ! dv 2 

2viVz d 2 u zji 3 d 3 u 
2! dv 2 + 3! dv 3 
2viVs + v 2 d 2 u 3v 1^2 d*u zn 4 
2! + 3! d* 3 + 4! 


d*u 

dv* 


where 


r ! a x T 

Irom these equations we get 

III Vx 


1 d r u 1 d r v 

u r = — and v T = 


1 d n u 
n\ dv n 


= - 1)' 


0 


u 2 v 2 Vi 

«8 ^3 2ViV 2 

U 4 Vi 2viVz + 1)2 


r ! dx T 

0 

0 

*>i 3 


0 

0 

0 

Vi* 


U b 2(l'iV 4 + V 2 V 3 ) 3(l>! 2 7'3 + V 1 V 2 2 ) ^v{ A V 2 ■ 
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or 


1 d n ti 
nl dv 11 


U\ 

SJ 

0 

■ ■ - 0 

u 2 

SJ 

S 2 2 

■ ■ 0 

«s 

SJ 

S’ 2 
^ / 

■ ■ 1 

• ■ 0 

w„_] 

i *3 « — i 

■W-i\ 

■ • • 

llfl 

e l 

C 2 

On 

l -s: 


v\v?v? ■ ■ ■ A” 


where S m n is the sum of the terms of weight m in the expansion of 
(flo+^i + ^2+ - ■ ■ ) n with the proviso that S m p = 0 for p>m anti that 
S m m =vi m . 

783 . From the set of recurrence formulas 


aiPi + a 2 Qi = 0 
byP, + b 2 I\Q! + b,Q» = 0 
CiP* + ctP^Qi + c*PiQ* + c<Q 3 = 0 


3 readily find that 




d'/ji 

a 1 

0 



P 3 = - 

bfrz 

b'iQ\ 

61 




ctQ 3 

C'aQ'i 

C2Q1 




aiPi 

a 2 

0 



(?3 = — 

b iP 2 

b 2 Pi 

63 

"5" G 2 b'iCA 



C1P3 

c 2 P 2 

CaP 1 



etc. 





Exercise : 

Show that 




(m + 2)i 

1 


0 


0 

(m + 4) 2 

(*» + 4)i 


1 


0 

(m + 6) 3 

(w + 6)2 

(w 

+ 6)1 


1 


(m + 2 u) n ( m + 2n) n -i (m + 2 n ) n _ 2 (w + 2 «)„_ 3 (?«+ 2 w)j 

(m + 2n){m + n — 1) ! 


mini 
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784. By using the set of row multipliers 

1-11-11 
1-2 3-4 

1-36 
1 - 4 

it may be shown that the recurrent 

x (3 c-b-\-3d 

4 (y-3c-3d) x+P 2(, 3-b) 3(c-b+4d) 

R = | • 3(7 — 2 c—d) x + Q 3(/3 — 2 b — 3d) 6(c — b + 5d) 

2(7 - c) x + R 4(0-36+9rf) 

7 x+S 

= (x — 47 + 12c + 12r/)(x + p — 37 + 6c + 3f/)(x + 2(3 — 27 — b 

+ 3c + 3 d)(x + 3(3 - 7 - 3b + 3c + 9d)(x + 40 - 6b + 6c + \M ) , 

where 

P * 0 - 7 + 6c + 9<J, 

Q = 2/3 - 27 - b + 9c + 9</, 

£ = 3/3 - 37 - 36 + 9c + 9 d, 

S = 4/? — 4 7 + 6c + 18rf. 

If in i? we put 7 = /3 + 6c, 6 = —3c and then c = 1 we get a case worthy 
of special note. 

If in R we put c — b and = then R becomes a factorable con- 
tinuant. 

785. Multiplying the elements of the last row of the determinant 



1 

- 2 

0 

0 

- • 0 


(3)i 

1 

- 4 

0 

- ■ 0 


(5). 

(3)i 

1 

- 6 

■ 0 


(In — 1 ) n~ i (2n — 3) n -2 (2 n — 5) n _ 3 (2 n — 7 )*-4 1 

hy (2w+l) we readily see on expanding in terms of the elements of 
the last column 

(2 n -|- l)^ n = *(2 n + l)R n —i -|- 2 (n 1)A, 
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where 

1 - 2 

(3), 1 

A I 

[In — 5)„_ 3 (2 n — 7 4 1 ■ — ( 2n — 4) 

(2n + \){2n — l)„_i (2n + 1)(2 n - 3)^2 ■ (2 n + l)(3)i 

But A = (Sn — as may be seen on performing the operations 

r n -i — |(2) ir „_2 — ? 1 (4) 2 r„_ 3 — |(6) 3 r„_ 4 \ 

— £(8) 4 »-„_ 5 — J(10) 5 r„_ 6 — 

Therefore 

R n (2n + 1) = (4 n - 1)(4 n - 3)/? 7I _, 

and 

7?„ = (2ra + 3)(2» + 5) (4 n — 3)(4« — 1). 

Exercise: If S n is the same determinant as R n except that the 
signs of all the elements arc positive then show that 

(2 n — l)6' n = — (4;;. — 5) (4?! — 3).S’„_i 

and hence 

S n = (- l)»-i(2 n + l)(2n + 3) ■ ■ ■ (An - ’ 

786. The determinant 

1 0 0 0 U 0 

1 (l)i 0 0 U, 

1 (2), (2), 0 U 2 

1 (3)i (3) 2 (3)a • U, 

1 (» — 2)] (» ~ 2) 2 (m— 2) ;i • (»— 2)„_2 Vn - 2 

1 (w — l)l (« — 1) 2 (»— l)j- («— 1)„_ 2 ^n-1 

= - (» - 1 ),t/„_ 2 + (» - l) 2 y B _, • 

+ (- 1)«-*(h - + (- l)- 1 ^ 
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as may be seen on performing the operations 

r n (m l)ir«-i "I - (w l)2r„_2 \ii — a -f- • , 

This will reduce all the elements in the last row to zero except the 
last which is the value of the determinant. 

If in this determinant wc put 

Un-l = X"" 1 , U n— 2 = X n ~' l )l, U„ a = • • • 

then its value is {x—h) n ~ 1 . 

Exercise: Show that the determinant 


fonl a 

liib 

0 

0 

0 

( 2b) nl ° 

(2b) l l b 

(2ft) 2 ' 1 

0 

0 

(3 b) nla 

(3ft) l/b 

(3 ft) 2 "- 

(3ft) 3 " 1 

0 

( nb) nla 

(nb) llb 

(«ft) 2 "- 

(nb) 3lb 



= (- 


• n\, 


where 

b' lla = b(b - a)(b -2a) ■ ■ (b - n~-la) . 
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Invariant Factors 

787. As we have seen (§38) a general determinant A may be 
expressed as a linear function of the elements of any line, and if the 
elements are independent quantities it follows that the determinant 
cannot be factored. \ 

For if A has factors they must be factors of the primary minors 
which are determinants of order n— 1 and unless these have factors 
A can have no factors. But it is true for n= 1 and therefore true in 
general that A is irreducible. * 

If, however, the elements are not independent but integers or 
functions of a single variable with integral coefficients, then A and 
all its minors may have factors and we shall suppose that every 
set of the minors of A may be expected to have a highest-common- 
factor. Thus the determinant » 


X — fi 3\ 4X 
A = 2X 2X - fi 4X 
2X 3X 3X - fi 


= (X + m) 2 (8X - M ) 


has the factors 

1) X + fi y (X + m) 2 , (8X — /*), (X + m)(8X — m), (X + m) 2 (8X — /x). 

It is also spoken of as having the linear factors X+/x, X+/x> 8X — /i, but 
it is the group X+m, (X+ju)(8X — fx) with which we shall presently be 
concerned. 

788. If D s represents the highest common factor of the minors of 
A of order s, then if 

(1) /VA-i ^ E a 

the group in question is E n , E n ^ h - • , E h where we assume 
and therefore Di = Ei. 

That D a is divisible by D a ^ is seen on observing that if any minor 
of order 5 is expanded in terms of the elements of a line and their 
complementaries, these latter are minors of order 5—1 and therefore 
all divisible by Z) a _ i. 

Since D n differs from A(A^O) by a constant factor at most, we 
have from (1) 

D a = E B E a -. i ■ ■ ■ £i, 
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and 

D n = ■ • E\ 

= A, 

except a possible constant factor. 

The .E’s are all factors of A and have been variously called ele- 
mentary factors , critical factors , and invariant factors. The D’s have 
been called elementary divisors. 

It has been shown* that DJ D a - 1 is the highest common factor of 
the quotients obtained by dividing each minor of order 5 by the 
highest common factor of its own first minors. 

It bias also been shown* that D 8 -\/D s is the highest common factor 
of the functions obtained by dividing each minor of order s—1 by 
the highest common factor of its first majors. The term major is 
used to indicate a determinant of which another determinant is a 
minor. Thus if M is a minor of A, then A is a major of M. 

789. It is apparent that factors of D s are also factors of A. Let p 
be a prime factor of D s and let p l * be the highest power of p contained 
in D s , then it follows from §788 (1) that 

l n %l n - 1 ? ■ ' ’ 

Let 

( 1 ) Is - Is - 1 = e t 

i then with the assumption that Iq = 0 we have the series e n , e n ~i, * ■ , ei 

all of which are positive integers. 

From ( 1 ) we have 

ci 4* ^2 T“ * ■ *T C| == 

From ( 1 ) §788 we have 

E a = = D l p l */DUp u ~ l say, 

= p-{d:/d!- 1 ) 

= 7 rfi * 9 

E where the product is to include all the prime factors of A*. 

^9(). If there is at least one minor of A of order s which contains 
P 8 but no higher power of p> then such a minor is called regular. 

* H. J. S. Smith: Phil. Trans,, vol cli, pp. 293- ; Lond. Math. Soc., vol. iv, 

PP- 236- 
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791. Let 


M = | I 7 * 0 


/ i *i» *s> ■ ■ ■ » *A 

\j=jl,j*, ■ , jr) 


be a minor of A of order r and let p x * be the highjest power of p which 
is contained in the minors of M of order s. LetViV be a minor of M 
of order r — 2 which contains p Xr ~ 2 but no higher\power of p } and let 
A, B, C, D be minors of M of order r— 1 which satisfy the identity 

MN = AB - CD. \ 

The left-hand side of this identity is divisible by p Xr + Xr ~ 2 but no 
higher power of p. The right-hand side is divisible by p 2Xr_1 at least. 
It follows therefore that 

\ r + X , — 2 > 2\ r _i 


X r — \ T ~ 1 > X r _i — X r -2 ■ 


( H — H\ , /?2 > * ’ > ^r— 1\ 

k ^1 j ^2 j * j — 1/ 


be any minor of A of order r— 1 and let E X3 be E bordered by the row 
and column of M which contains a i2 . Then by Kronecker’s theorem 
we have 

I i A ~~ 'll j ^2 y j ^r\ 

I E„ - a,,E | = 0 ( . . . . ) 

V = JhJi , ■ ' » Jr/ 

identically. 

Expanding in powers of E we have 


(3) E r M = E r ‘~ l M i + E*-*M% + ■ • - + M r 

where Mk is a function homogeneous in the quantities E XJ , the coef- 
ficients being minors of M of order (r—k). 

If now p l is the highest power of p contained in E, and p v is the 
highest power of p contained in the highest common factor of all the 
determinants E l3f then E r M contains p to the power r/+X r and 
E r ~ k Mk contains p to a power at least equal to (r — k)l+kl' A-'br-k^P* 
say. 
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Hence 

(4) Pk + 1 — Pk — (V — l) — (X r -* — X r _A;_i). 

Then from (2) we have 

Pk+i - Pk^ ( V - l) - (X r - X r -i ) . 

But pfc+i<p fc for otherwise every term on the right-hand side of (3) 
would contain p to a power greater than r/-fX r ( = p 0 ) which is impos- 
sible. Therefore 

l / Xj- Xj- — 1 , 

or 

(5) X r + l ;> X r _i + /' 

If E and M are regular with respect to p then \ T = l T and / = / r - i. so 
that 

l T + It — 1 > X r — 1 + V . 

But l'%l T and X r _i^ r -i and therefore it must be that 

X r _i = / r _ i and l' = l T . 

That is if X r = /r, then X r -i = /r-i and if l = l r -i, then 

V = l T (r = 1,2, ■ ■ • , r). 

The first of these shows that 

(I) ‘ e T e T -i. 

That is, not only the first order of differences of the Vs but also the 
second are not negative. 

The second shows that 

II. Every minor of order r which is regular with respect to p has at 
least one first minor which is also regular. 

1 1 also appaers that 

III. Every regular minor of order r— 1 is a first minor of at least one 
regular minor of order r. 

If p l represent the highest power of p contained in all those minors 
of A which are majors of E y then l r >t and consequently from (5) 
we have 


(6) 


X r ”f“ l > Xr— 1 “h t ■ 
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If B r and B r ~i are any two minors of A of orders r and r—1 re- 
spectively, then (6) shows that the product B r B r -! is divisible by the 
product of the highest common factor of all the minors of B r which 
are of order r— 1 by the highest common factor of all the majors which 
have B T - 1 as a first minor. / 

792. Suppose now that A is of rank k then 



D n = £>„_ 1 = ■ 

11 

7 

Q 

II 


and 

II 

A 

11 

S 

II 

I 

II 

O 


Also 

c k > e k -i > 

■ ’ > ei 

• 

and 

e\ + e 2 + ■ 

-a 

II 

so 

+ 



where l k is the index of the highest power of p found in D k . 

With the understanding that the minors of A of order s and r are 
not of higher order than k the theorems of the preceding article still 
hold true. 

793. Let A and B be two determinants of order n whose elements 
belong to the same domain, and let AB = C. Let A r . _i , r _i be a regular 
minor of order r—1 taken from the rows ti, i 2j * ■ ■ , V-i and columns 

ji,j 2i * ■ • i jr i of A , and let C ir be a regular minor of C of order r 

taken from the rows h\, h 2 , ■ - • , h r and columns k Xj k 2j • • ■ , k r , then 
form the determinant 


(,A r—1 ,r — l) (A r -i t r) 

(C\ ,r— l) (Crr) 


where ( A T -i iT ) represents the elements of A taken from the iu 
i 2 , ’ ■ * , ir-i rows and k X) k 2 , ■ • * , k r columns and where (C r ,r-i) 
represents the elements of C taken from the h it h 2 , ■ • • , h T rows and 
^17/2, • ■ ■ ,jr- 1 columns. If now we form a determinant A 7 whose 
elements are ^4 r _i, r _i bordered in all possible ways with one of the 
remaining rows and columns of A according to Sylvesters theorem 
we have from theorem I §791 


X r + l r ~l > Xr- 1 + V 

where l r and X r are the exponents of the highest power of the prime 
p contained in determinant factors of order r of A and C respectively. 
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and l r is the highest power of p contained in the elements of A'. 
But V %l r since each of the elements of A' can be expressed as a linear 
homogeneous function of the minors of A of order r \ and therefore 

X/* \ r — i > 1 T l r — ^ 

which shows that the factor of A is contained into the corresponding 
factor of C. Similarly for the factors of B. We have then the theorem 
that: Every invariant factor of C is divisible by the corresponding in- 
variant factors of A and B. 

The special case where either A or B is equal to 1 deserves attention 
and it may be shown that if B = 1 then ^ and C are equivalent , that 
is onq may be transformed into the other by means of a unit de- 
terminant. 

794. If the elements of A are all integers then A is an integer and 
in general has integral prime factors. In earlier paragraphs we have 
seen the effects of the following operations: 

(1) The interchange of two rows 

(2) The interchange of two columns 

(3) The addition to any row of a constant times another 

(4) The addition to any column of a constant times another. 

We wish now to show that by means of these operations we may 
transform any determinant A = \a nn | into one of the form 



■ E 2 ■ • ■ 

E* ■ - • ■ 

E n 

in which the principal diagonal elements are the invariant factors 
of A and all the other elements are zeros. 

It is apparent these operations do not change (save as to ar- 
rangement) the system of minors of any order, and consequently they 
leave unaltered the invariant factors E a . It is also readily seen that 
there is a unit matrix of value +1 or — 1 which when used as a pre- 
multiplier or a post-multiplier will accomplish the transformation 
obtained by these four operations. 

In the determinant A whose elements are not all zero some one 
element is as small or smaller than any of the others and denoting 
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this element by a we may bring it into the position (1, 1) by the 
operations (1) and (2). Then by the use of (4) we may reduce all 
the other elements in the first row to zero or to numbers smaller than 
a . Having done this we may by (2) rearrange the elements of this row 
so as to bring the smallest non-zero element (a' say) into the position 
(1, 1). Reducing the other elements as before and continuing the 
process we must ultimately reach a point where all the elements of 
the first row are zero except the first and it is smaller than any other 
which was previously there. If we next treat the\elements in the first 
column in a similar fashion we come by a finite number of operations 
to a determinant, A', say, with all the elements in the first row and 
first column zeros except the first which we denote by e. 

Let 



e 




■ b n 

b]2 

■ b 1 ,Tl— 1 

A' = 

by.1 

b 22 * ' 

‘ b% , n — l ‘ 


bn- 1,1 

b ji — 1 ,2 ■ 

bn— 1 .n— 1 


If there is an element among the b ’ s which is not a multiple of e then 
add the row containing it to the first and reduce as before. Repeating 
this process, which must come to an end, until every b is a multiple 
of e. 

Put e = e\ and b lJ = eiC iJ and we have 


'’i 


A 9 = 


eiCu * etC X , n -\ 


J Cl C n — 1 ,] ' C X C n — 1 , n — 1 I 

Let C= | C\ ,n— 1 1 and let us treat C in exactly the same way arriving 
at 


A" = 


e x 

eic 2 


Cie^dw ■ ■ * ei£2tfl,n-2 


€ \G 2 dn~% , 1 ‘ ' ' 2 , ti —2 



INVARIANT FACTORS 


741 


Continuing in this way we arrive at 


A = 


E i 


E 2 


E* 


E n 


= E say, 


where E s = eie 2 ■ ■ • e 8 . 

Since all the elements of A are not zero it follows that e L cannot be 
zero but it may happen that at some stage (the kth) of the process 
all of^ the elements of the minor, corresponding to C at the second 
stage, has all its elements zero. In such case we put 


— e/i -+2 = • • • = e n = 0. 


795. From the preceding article we see that the matrix A may be 
reduced to the matrix E by the operation E = M A- N where M and 
N are unit matrices. 

The sth invariant factor of A will coincide with the 5th invariant 
factor of Ej which is obviously E a , and 

D s = E Y E 2 • E 8 


or 


D s /D 8 _ i = E s 

It follows that if P and Q are two matrices having the same rank 
and the same set of invariant factors they are equivalent. 

796. If A is rectangular instead of square as we have heretofore 
assumed we may make it square by the addition of rows or columns 
of zeros and then proceed as before. 
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797. Determinants of infinite order, that is I where the number of 
rows and the number of columns are infinite are called Multilineants. 
Starting with the square array of order n \ 


An = 


an 

Ul2 ’ 

■ 01 n 

a 21 

022 * 

• 02n 

a n i 

a n 2 ■ 

0M71 


we may conceive of it enlarging in all four directions. Thus 


0 - 2-2 

0 - 2-1 

0^—20 

0-21 

0-22 

0 — 1—2 

0 - 1-1 

0-10 

0-11 

0-12 

00-2 

00-1 

000 

001 

002 

01-2 

01-1 

010 

011 

012 

© 

to 

1 

to 

02-1 

020 

021 

022 


2ni4 1 


where a ra represents the elements, both r and s taking all values, 
(including 0) from - w to +w. 

The element a 00 is called the central element and the elements 
■ ■ ■ i_i, a 0 o, an, • ■ , are called the diagonal elements. 

A 2m +i may or may not approach a definite finite limit as 
Denote the case in which it converges to a definite limit by A. 

Since we may associate with (r, s) another set of indices which 
assume independently the positive integral values 1, 2, * ■ ■ , it is 
apparent that we may take for A the determinant (}= 1, 2, ■ ■ ■ ) 

799. The multilineant A is said to be normal if the product of the 
diagonal elements is absolutely convergent, and if the sum of all the 
other elements is absolutely convergent. That is if irau and 

} 

L {j= i, • ■ ■ , * \j * k, 

> * h. 


are absolutely convergent. 
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800. A normal multilineant is convergent. 

If the multilineant A is normal then^X'? (i^j) and tt a %l are both 
absolutely convergent. Let a„=6«+ 1 and a %i = b ir Then tt b i{ is 
convergent and therefore ^b li is convergent. It follows therefore 
that ^2b tJ is convergent for all values of i and j. But if ^ \ b l3 1 is 
convergent we know that 

7T n = 7T(1 + 2 I b *3 I ) i (j = 1,2 > ' ' > 


is absolutely convergent as n increases without limit. 

From the product 7r n we can get all the terms of A n by giving the 
coefficients of the terms in the product the values of +1, — 1, or 0. 

It follows therefore that A n < 7r n . 

If we make all the non-diagonal elements of the last p rows and 
columns of A n+P equal to zero and put all the last p diagonal elements 
equal to 1 then A n+P reduces to A n and at the same time 7r n+p reduces 
to 7r n . We have then 

A 714 .JJ A 7i. j ^ 7T n 4. p 7T n . 

Hence 


Jim 7T n + p = lim 7r« 
n= « n = 00 


and 


lim A n = A 


is convergent. 

801. Poincare and Koch have shown that we may substitute for 

the elements in any finite number of lines of A quantities all less 
in absolute value than a certain positive number and still have the 
resulting determinant convergent. Thus if X], x 2} x 3 ■ - where 

|a\ I <k for all values of be substituted for the elements in any line 
the resulting determinant, A', say, is convergent. For il we denote 
by 7 x the product of the sums of the absolute values of all lines of A 
except the one replaced, then any term of A' will he a term of tt 
multiplied by one of the quantities .r, or by this quantity changed in 
sign and therefore |A n | <£• 7 r ri and finally A' is convergent. 

802. If in a normal multilineant A we replace the element in the 
position (i,j) by unity and all the other elements of the ith row and 
Jth column by zeros we get a first minor of A which wc shall denote by 
'Uj or (-1 y+’Aij. 
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Then we may write as in determinants of finite order 


A = flticyfii + + 


1 


and 


A — d l jCL/^ i j “I - d2jZ>^2j + ■ ■ ■ sjL djfj/jjj 


Let 


A n — dnn — dilZ^a “|” 


J=*l 


whereof', is a first minor of A n , then 

n 00 

A A ft = ^ } (z/tf i] y) ~|“ ^^ / d l jZ/tf%j - 

j - 1 j-n-f-1 

# 

If now w increases indefinitely the first sum on the right approaches 
zero and so also does the second and therefore the expansion is proper. 

We may extend the idea of a first minor and have one of any order 
and show in a similar manner that we may write the expansion as in 
Laplace’s theorem. 

803. It may also be shown that the following theorems concerning 
finite determinants are also true for multilineants: those of §§37, 45, 
49, 57, 154, 174. 

804. If A = |(j l00 1, B= |&i M | and b^ = x x a x Jy J} where 



i Jk 


is absolutely convergent then if A is a normal multilineant so also 
will B be normal; but if B is normal it does not follow that A will be. 
A is then said to be semi-normdl and the quantities x l /y l have been 
called the reducent of A. 

Since \bi n | = P n |a in |, where P n is the product of Xu/yk f° r 
k= 1, 2, ■ • - n, then when n is increased indefinitely we have 

I ftiool = p \ auol or | a lx | = P~ l | ft loo | . 



CHAPTER XXIV 

Determinants of Higher Class 

80S. Cayley 1 in 1843 defined what is now called a full-sign determi- 
nant of higher class, the class being the number of directions in the 
matrix or the number of suffixes or indices needed to specify an 
element. He gave a law of multiplication based on the law for ordi- 
nary determinants, but he noted that it was inapplicable if both 
factors were of odd class. 2 He gave also a rule of decomposition of a 
determinant into a sum of determinants of lower class. In 1879 Scott 3 
described another kind of multiplication. Determinants more general 
in resepct to signancy were introduced in 1918, 4 * which admit of 
multiplication without restriction upon the class. The processes of 
Cayley and Scott as applied to these determinants will here be 
explained. 

The cubic or 3-way matrix and determinant are first considered 
but only so far as to illustrate some of the topographical terms found 
useful in treating the general class and to afford simple examples of 
the above-mentioned processes. The 4-way matrix with its determi- 
nants of different signancies is then described, in which first appear 
some fundamental features of the theory. Formulas for decomposition 
and multiplication of p- way determinants close the chapter. The 
reader is referred to the literature for further developments and 
applications. 6 

1 A. Cayley, On the theory of determinants (§2 of the paper), Trans. Cambridge 
Phil. Soc., vol. VIII (1843), p. 75; Coll. Math. Papers, vol. I, p. 63. 

2 An exception ignored by almost all writers prior to 1911, as noted by M. Lecat 
in his work, Abrdgd de la Thdorie des Determinants a n Dimensions (Gand, Hoste, 
1911), and in his work, Coup d’Oeil sur la Thdorie des Ddterminants Supdrieurs dans 
son fitat Actuel (Bruxelles, Lamertin, 1927). In the latter work is continued Lecat's 
Bibliographic des Determinants Supdrieurs in the appendix of his Bibliographic de la 
Relativitd (Bruxelles, Lamertin, 1924). 

3 R. F. Scott, On cubic determinants, etc., Proc. London Math. Soc., vol. XI 
(1879), p. 17. 

4 L. H. Rice, P-way determinants, Am. J. of Math., vol. XL (1918); p. 242. 

6 F. L. Hitchcock, Multiple invariants and generalized rank of a p- way matrix or 

tensor, J. of Math, and Phys. of the Mass. Inst, of Tech., vol. vii (1927), p. 39. L. . 
Rice, Compounds of Cayley products of determinants of higher class, same Journa , 
v ol. vi (1926), p. 33; File multiplication of ordered determinants, same 
T ‘v (1925), p. 200; A Taylor's expansion of a determinant, same Journal, vol. iv (1925), 
P. 62; A contribution to the generalization of a determinantal theorem of Irobemus, 
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806 . The 3 -way Matrix and Determinant. If n square ordinary 
or 2-way matrices of order n be placed one behind another they 
form a 3 -way matrix M of order n: 


( 1 ) 


A all 

A all ' 

A aln 

Aa21 

A a 22 

Aaln 

A a n 1 

Aanl ' 

Aann 


(« 



■ , n). 


The w 3 elements A ai a T not only lie in the n a-la\rers, but also lie in 
n ^-layers (horizontal and seen edgewise in (1)), and again in n 
y-layers (vertical and seen edgewise in ( 1 )). The n 2 rows and ri 1 
columns of the a-layers are the rows and columns of M . Perpendicular 
to both rows and columns are w 2 normals (horizontal and seen end- 
wise in ( 1 )). Rows, columns, and normals are all called files. A layer 
is of aspect a or /3 or 7; a file is of direction ol or /3 or 7. 

A transversal of M is a set of n elements of which no two lie in the 
same layer of any aspect, formed into a product. The leading trans- 
versal is ^111^222 • ■ ■ ^ 4 nnnJ as viewed in (1) it is shaped like the leading 
term of a 2-way determinant, and is one of nl transversals so shaped 
when thus viewed. There are nl transversals shaped like each term 
of a 2 -way determinant. Prefix to every transversal of each such set 
the sign of the corresponding term of a 2 -way determinant. The sum 
of the signed transversals is a determinant of M . 

This determinant A may be expressed in symbols. As usual let 
Ci (1 \ (2) . ■ . t (n) mean +1, —1, or 0, according as i (1) f (2) * *' (n) is an 

even (or positive) or an odd (or negative) permutation of 12 ■ ■ ■ n 
or is not a permutation of 1 2 ■ ■ n (that is, has two or more i’s 

equal in value). 6 Then 


(«n 4 

( 2 ) A = 2 6 0 a) • ■ -/ 9 (n > € T C1 ) ■ ■ *T ( '° -4fltO)0(l) T (l) • ■ ■ >l a (n)0(n) 7 (n ) . 
0.7 


In this determinant a is nonsignant while and 7 are signant . 
There are two other determinants of M , in which respectively 0 and 


same Journal, vol. iii (1924), p. 118; On the expression of the sum of any two determi 
nants as a determinant of more dimensions, same Journal, vol i (1922), p. 160. These 
papers by Hitchcock and Rice, with others cited therein, are reprinted as Publications 
of the Massachusetts Institute of Technology, Series II, Nos. 17, 39, 59, 76, 86, 96, 
100, 101, 102, 105, 113, 115, 123, 134. 

■ Another notation is 
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7 are nonsignant instead of a; the three determinants may be denoted 7 
by \A+ 0 y |, \A^y |, Of the second order they are; 

— — + 

( 3 ) A niA 222 ~ A112A221 + A 121^4 212 — A 122-4 221- 


Only one determinant of the same matrix will herein appear at the 
same time, and any convenient arrangement of indices will be used. 

The permanent of M is the sum of the transversals each 

with a positive sign. 

An interchange of two a-layers of M will evidently leave the de- 
terminant A unchanged, while an interchange of two 0-layers or of 
two 7-layers will change the sign of A . 

As A is a homogeneous linear function of the elements of any layer, 
a factor of a layer is a factor of A. If all the elements of a layer are 
&-nomials, A is expressible as a sum of k determinants with monomials 
in that layer. If a layer consists of zeros, A = 0. 

If two 0-layers or two 7-layers are equal or proportional, A= 0, 
but not if two a-layers are equal or proportional; and if all the 
a-layers are equal, A is equal to the 2-way determinant of an a-layer, 
multiplied by n\. 

Any multiple of a 0-layer or of a 7-layer, but not of an at-layer, can 
be added to another such layer without changing the value of A. 

807. Decomposition of 3-way Determinants and Permanents. 
The determinant A is equal to a sum of 2-way determinants, and is 
also equal to an algebraic sum of 2-way permanents. 

A perjunctive set of files consists of n files of the same direction no 
two of which lie in the same layer of any aspect. 


Take n perjunctive normals of A as the rows of a 2-way permanent. 
Its nl terms are transversals of A to which must be prefixed the same 


sign to make them terms of A ; prefix this sign to the permanent. Ihe 
algebraic sum of all (w!) such permanents is equal to A; it is a de- 


composition of A and the signed permanents are components : 



A 117(1) 

A 21 ^ 1 

■ i 4 nl 7 (1) 

(4) 

* A 12 7 W 

A 22y (2) ’ 

' A n 2 yW 


A = ^e-yco • - 7 (") 




A l n y (n) 

A 2 nyW 

• - Anny< n) 


1 Another notation is the mark ^ over a signant index and over a nonsignant 
index. 
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On the other hand, take n perjunctive columns of A as the columns 
of a 2-way determinant, letting them stand in the order in which 
they are seen in (1). Its n! terms are terms of A. So also for rows. 
The results are: 


(5) 



A a (i) ii 


A otjn) i n 

n! 

E 

A a a)2i 

A a ^22 * 

■ 

a 

A a^nl 

A a ^n2 

' ' \ ' 



A a w n 

A a C»12 ’ 

■ Aa^ln 

n 1 

E 

A a m 2i 

-4*^22 ■ 

Aa^2n 

a 

A „(«)»! 

A a ^n2 ■ ' 

A a (.n) nn 


A 3-way permanent may of course be decomposed by rows, columns, 
or normals, into a sum of 2-way permanents. 

These decompositions may be more briefly expressed. The locant 
of an element A a p... is a0 • • ; the locant of a transversal is made 
up of the locants of its elements; the locant of a file (^4 i/s 7 , ■ - * , A n $ y ) 
is 07; and so on. A symbol like ( X v ) z means that the element whose 
locant was y has now the locant z. If X and ju are two indices the 
notation X (/l) /z means that the value of X is a function of the value of /x, 
one value of X corresponding to each value of /*. The formulas then 
are: 


(6a, 6b) 



For Example, 8 if n — 2, 


A 


A 1,11 ^4 1 ,22 
A 2,11 A 2,22 


A 1,21 i4a,2i 
^ 1,12 A 2 ,12 


A n.i A ii,2 
-^ 22,1 ^ 22,2 


+ 


-<421,1 A 21,2 
A 12,1 A 12,2 


808. The Cayley Product of a 2-way and a 3-way Determinant. 
The 3-way determinant and the 2-way determinant 

B= | “ | can be multiplied together like two 2-way determinants, row 
into column, the locant of the row and the locant of the column 
combining to form the locant of the element of the (3-way) product: 

8 In writing formulas, commas may be inserted in locants at pleasure; they do not 
change but only bring out the meaning. 
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Attt I ' I I 




+ ±± 

«/3 <r , 


where each a-layer of the product is the matrix product of that 
a-layer of A by the matrix of B , and the matrix of the product, seen 
as in (1), is 


(oc = 1,2 , ■ ■ • , n). 


^ \A a \xBj\ 

J3i4 a i t B t 2 ■ 

^ ^A q\i B m 

i 

^A a2iBi\ 
i 

^^AatiBiZ ■ ■ 
i 

tn 

t 

' ^ \A an iB l \ 

t 

^ \A an jB 

t 

y ^A qniB in 

l 


For, in the decomposition by rows each component is the product 
of the corresponding component of A into B. 

As with two 2-way determinants, four (equal) products of A and 
B can be formed. But normals may not be multiplied into rows or 
columns. 

809. The Scott Product of 2-way Determinants and Permanents. 
The product of two 2-way determinants, or of a 2-way determinant 
and permanent, can be expressed as a 3-way determinant; and that of 
two 2-way permanents as a 3-way permanent. Each element of the 
product is the product of two elements one from each factor, the 
product element whose locant is a0y being the product of the elements 
whose locants are a/3 and fly. The signancy of the indices follows 
them into the product, so that a and y have the same signancy in 
the product as in the factors, while 0 is nonsignant if nonsignant in 
both factors, signant if signant in only one factor, and nonsignant if 
signant in both factors (since ^=1 for any arrangement of the values 
of 0) The formulas may be written : 


AB = I At* 


AB = \Ac 


Bfly | = | (A afiBpy) 00 7 l J 

Bfiy I = I (AafBpy)afiy | 1 


(3) AB = | A + a + e | • | B*f,\ | =| (AafBf t)°<£ I • 

For, if a range be the set of n values of an index in the locant of a 
transversal, the locants of the transversals of the right mem er can 
be formed by writing against a /3-range each possible a-range with 
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every possible 7-range, which results in bringing every transversal 
of B against each transversal of A ; and the prescribed signancy gives 
to each such product the product of the signs of the combined trans- 
versals, so that the right member is the product of A and B multiplied 
term into term. , 

In the case n = 2 the matrix of the product ik 


A 

uBn 

A 11B12 

A 21B11 

A 2 lB 12 

A 

12B21 

A 12B22 

A 22B21 

A 22-P22 


810. The 4-way Matrix. The 4-way matrix^ of order n 

has w 3 elements. They lie in n 3-way ^-layers of order n 

1 1 I ) j , *' 

and similarly in n 3-way /3-layers, 7-layers, and 5-layers. Again, the 
elements lie in n 3 1-way a-running files of order n 

K^alllJI , j | -^4 aril 2 1 1 j * # ‘ ) ||^annTi|| , 

and similarly in n 3 /3-running, 7-running, and 5-running files. 

The n 2 elements common to an a-layer || ^4 a u) /g^«|| and a /3-layer 
11,4^11 form a 2 -way concke ||2l a (, ^ (j) 'y«|| of order n , of aspect ap 
and direction 75 ; and there are n 2 such parallel 2-way couches. 
Similarly there arc n 2 parallel 2-way couches of each of the aspects 
ay, aSj fiy, /35, and 76. Files are 1 -way couches , the a-running files 
being the /375-couches or couches of aspect /FyS, each consisting of 
the elements common to (or formed by the intersection of) a /3-layer, 
a 7-layer, and a 5-layer. An a/3-couche and a 75-couche intersect in 
a single element, and so do any two contras pective couches. 

Two or more parallel couches are conjunctive if no two of them lie 
in the same layer of any aspect; n conjunctive couches are perjunciivc. 
Conjunctive or perjunctive elements are such as form a part or the 
whole of a transversal. 

811. 4-way Determinants and Permanents. There are (w!) 3 trans- 
versals in the matrix just described. Their sum is the permanent 
of the matrix. The matrix has a full-sign determinant and six other 
determinants. The full-sign determinant is the algebraic sum of the 
transversals each bearing the sign which is the product of the signs 
of the four ranges in that transversal: 

(1) I A a / 3 y 6 | = A g (l)fl(Q. y ri) i H) - - ■ A r. )6 (r0 . 
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In each of the other six determinants two indices are signant and 
two are nonsignant: they are 


( 2 ) 


\A 

\A 


±±+-f | 
ad yb I 

+±+± | 
afly6 | 


u 

u 


±4-±+ | 
adyb | 

+±+± | 
adyb | 


u 

u 


±++ i- I 
adyb | 

+ -|-±± | 
adyb | 


The elementary properties stated in §806 with respect to signant 
and nonsignant directions hold here. 

812. Decomposition of 4-way Determinants and Permanents. 
Take n perjunctive 6-running files of ||4«0 y4 || as the rows of a 2-way 
matrix 


(1) ^ || (4 . 

There are (n!) 2 such 2-way matrices, and the n\ transversals of each 
are transversals of the 4-way matrix. These matrices give the 
following decompositions: 


( 2 ) 

(3) 

(4) 

(5) 


1-4 

U 


±±±± | 
aflyb | 

++±± I 
otflyb | 


±±++ 
A a (j y b 


++++ 

lafiyb 


a /3 

S | (4 a ( y>0<y)ys)y5 | , 

ad 

5 I | (-<4 Q (y ^d^^yb)y 8 I 

ad 


Formula (2) says that if all four indices are signant the determinant 
may be decomposed indifferently by files of any direction 8 into an 
algebraic sum of 2-way determinants whose indices are <5 and afiy, the 
sign of any term of any one of these determinants being the product 
of the sign of the 5 range and (say) the 7 range; the sign prefixed to 
the determinant being the product of the signs of the a and /3 ranges 
(which is the same in every term of that determinant). Ihus ulti- 
mately each transversal receives the same sign that il has in the 
4-way determinant. 9 For example, if w = 2 the decomposition is 


I 4 m ,i A in ,2 


- 4 - 211,1 -4 211.2 


A 121,1 A 121 ,2 

+ 

4221,1 4 221.2 

1 A 222.1 A 222 ,2 


- 4 .] 22,1 - 4 . J 22 ,2 


A 212,1 A 212,2 


4 112,1 4 112 ,2 


Formulas (3) and (4) say that if only two indices arc signant, files 
>f a signant direction should be combined into 2-way determinants, 

9 And this is a ready test of the remaining formulas of this section. 
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the sign of a term being the product of the signs of the two signant 
ranges and each determinant having a positive sign; while files of a 
nonsignant direction should be combined into 2-way permanents each 
having the sign which is the product of the signs of the signant ranges. 

Again, take n perjunctive a[ 3-couches of ||i4 a p T «|| as parallel layers 
of a 3-wav matrix | 

(6) ||(i4 a (/s)^ 5 )/j 7 «|| . ^ 

There are n\ such 3-way matrices, and the (w!) 2 \transversals of each 
are transversals of the 4-way matrix. These matrices give the follow- 
ing decompositions: 


(7) 

1 ^ ±±:t± l 

| ^a/3 yd | 

= E e « e fll 

(i4 a y 6 | 

(8) 

| A a p 7 s | 

= E 1 

(v4 a (P)/9ys)0 y 6 | 

(9) 

1 A +±± +\ 

1 SI a fj y { | 

= E 

| (A a (f»/3 7 s)tiyS ;| 

(10) 

\A%X\ 

= 

| (A a <0)0 T j)0 | 

(U) 

|iC£ I 

= E 

1 (AftO^/J-ys)^ 1 


Crossed decomposition. By decomposing the right members of (7) 
to (10) by means of (6a) and (6b) §807, formulas (2) to (4) may be 
obtained, and in addition other formulas appear, based on 2-way 
matrices of the type 

(12) ||C4a ( 0>/37 ( *>a)0«|| > 

(w!) 2 in number, whose transversals together are the transversals of 
the 4-way matrix. These crossed decompositions are: 


(13) 

1 ±±±± | 

I A a py S | 


(yl a O) flT <*) t )pt 1 

(14) 

| ++±± | 

| /la/3 76 | 

ay 

= E 

| (j4»(S>3 7 <*>j)s« 1 

(IS) 

1 A +±+± 

I AafiyB 

1= E 

1 | 


ay 


Note that the matrix (12) is formed by the intersection of n per- 
junctive o^-couches and n perjunctive y5-couches, the elements of 
each row lying in the same ajS-couche and the elements of each column 
in the same 7 $-couche. 



DETERMINANTS OF HIGHER CLASS 


753 


813. The Cayley Product of Two 3-way Determinants. Two 3-way 
determinants A and B may be multiplied by files, files of a signant 
direction of A into files of a signant direction of B. Two signant 
indices are lost in the process. The signancy of the remaining indices 
follows them into the product, and the result is a 4-way determinant 
with two signant and two nonsignant indices: 

( 1 ) \Aati | ' 14 ** 1 = |( 

For, by (15) §812 the right member is equal to 

^ ^ ^7^*61 1 0 6 J 

ay I \ 1 / I 

and each of the (w!)' 2 2-way determinants in this sum is an ordinary 
product determinant, so that the sum is equal to 

^ J | \ | ' ) . j (-S-yT* >6*1)5 ll | , 

a 7 

which by (6 b) §807 equals the left member of (1). In brief, a crossed 
decomposition of the right member is the product of decompositions 
of the factors in the left member. 

814. The p- way Matrix and Its Determinants. The />-way matrix 

\\A « 1 a 2 ...aJ| of order n consists of n p elements. It has n layers of n p ~ ] 
elements, of each aspect (i~ 1, 2, - , p) ; it has n v ~ l files of n 

elements, of each direction a t ; and in general it has n v ~ k couches of n k 
elements, of each aspect (a: 71 a r 2 ■ a lp _ k ) and direction 

( a r p _ k+ i ar p _ fc+ 2 ' ' a r p ) » 

there being (£) possible aspects and directions, for each value of k 
from 1 to p— 1, files and layers being thus included as the extremes. 
The intersection of any number of layers of different directions forms 
acouche. The matrix has (n!) p_1 transversals of n elements each. 

A determinant of the matrix is obtained by making signant any 
even number of indices and taking all the transversals each with 
the sign which is the product of the signs of its signant ranges. A 
full-sign determinant has all its indices signant if P is even, and all 
but one if p is odd. The permanent of the matrix has all its indices 
nonsignant. 

The elementary properties stated for 3-way determinants and 
Permanents in §806 hold for p- way determinants and permanents. 
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815. Decomposition of p - way Determinants and Fermanents 1 
Take n perjunctive (aa - ■ ■ ot r p i ■ ■ ■ &)-couches of the />-way matrix 

(1) || A Of] . . a r 0 1 ■ 0s7l ■ ’ '7^1 ’ ■ -0*11 

of crder n as parallel layers of a (p — r — r+l)/-way matrix 

(ft) 


( 2 ) 


0 


a, • a, ft • - • ft-ift7i ■ • 7 


X)' ^ 


7^i 


There are (77!/ Hs_1 such matrices, and their transversals are togeth 
the transversals of (1). Let \ 

, + ± + ± 

A 


(3) 


A = 


oil ■ a r Pi ■ ■ Ps 7i * * 7* 

Then if s and w aie odd, 

(Ps) 

Oil QLrP 1 - p s -\P s yi ■ * -V«6l - 5 

± + ± 


(4) = E 


0 


&7i 7 1 5i 

while if 5 and u are even, 


(5) 


A — X! e £i ’ s ( 

ap \ 


( A 

(ft) 



\ 

V «!■ 

«r/3l * 

■ ft_ift7i ’ 

■ ■ 7^i ■ 

■ «u/ 


+ + 


+ 


Pn 7i - ■ 7/ 

with the alternative formula 

(«i) 


( 6 ) 


QjS \ 


‘ 1 ■ Ot r Pl ‘ * ' jS.7l ■ ■ ’ 7/5 
+ + ± 


i ■ • dj 


« i 7i * ’ * 7/ 5i • • 

and the latter must be used if 5 = 0. 
For the permanent, 

+ 


( 7 ) 


« 1 ■ ■ <*r7l ’ ■ • 7 4 


- z 10 


(“r) 


ai • ■ • a r -ia T yi ■ ■ 7i/“r7i • ■ ■ T/t 


3«r) 


+ 
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Complete decomposition into 2-way components whose rows are 
perjunctive files of (1) falls under (4) if the files are signant (no 7>s, 
one 5), and under (5) and (6) if the files are nonsignant (one 7, 
no 8 y s). 

Crossed decomposition. 10 The intersection of n perjunctive 
(ai - - a T Pi • ■ ■ /3„)-couches and n perjunctive (71 ■ • 7^1 ■ ■ 5„)- 

couches (contraspective couches) is a 2-way matrix of order n, 


(a 

(Os) 

(«-) \ 

V ar ■ 

• CXrfi 1 ■ • • Pb-iPs 7l ■ 

7^i * • 5 u _i6 u //3 ff 5 u 


and the transversals of the (»!) r + a,Mfu - 2 matrices of this type are 
together the transversals of (1). Hence if ^ and u are odd, 

( g ) A ‘ ' ' ' *&u-l 

a07& 


(a 

09 .) 


(S u) 

\±± 

\ QCi ■ 

■ Ot r Pl ■ • 

■ Os- lOs 71 ■ ■ 

■ T(Sx • ' 

8u— 1^11/ Pb 


This formula may also be obtained by applying (4) to itself. 

816. The Cayley Product of Any Two Determinants. A p - way 
determinant A and a //-way determinant A'. 


v{ ■ ■ ■ v f 0 ' * • * cr'h’ I 

of order n, may be multiplied together, files of a signant direction 
into files of a signant direction, so as to form a (p+P' — 2)-way de- 
terminant A of order n: 


( 1 ) A = 


-t- 




V\ - - * Va CTi - - - <T h 


(2) AA' = A = 

where ~ stands for 
v a 

+ ± 

vi * ■ ■ v g v{ - - • v f 0 ' (T\ • <Jh - 1 cr{ • • <r 

that is, the product of any two files becomes the element of A whose 
locant consists of the locants of the files, and the signancy of 
the indices in these locants follows them into A. 

Proof. Crossed components of A are the Cayley products o 
2-way components of A and A f : 

10 Only enough is here given to serve in the next section. 
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A — ^ € 0l 


*oh-2*a\ 


e*'h'- 2 




IP; 

= y, to 


' *ah - 2 


l) 

A ' 

(<r'v-l) 


1 • ' Gh— 

. " 

2<rx_ii vi - 

• ■ V Q'V - • 

■ (r'h'-i 

Ha— 

0 °h-l ) 

1 

][ 

± ± 

IvV 

■ v„ai a h- 

-20h-i<Th / a 

h-\<rh 

\(a- 



\ 

HV 

'■ ■ ■ v‘ o’<t' 1 - 

a h'—2<r'} 

t 1 & h‘ 


) ± 1 
_l/tTfc_iO' h’~ 


± 

<T h' 


817. Scott Products of Determinants and Pertnanents. (See §809). 
Given a />-way matrix and a q - way matrix of order n , 

(la,*) 


let the (/>-f-< 7 — l)-way matrix of order rc, 

(2) |l (A ai . ■ «p— ■ ■ -f3q)a ! - - ■a p — 1 X/3 2 ■ ■ ‘flj| j 

be formed, each X-layer being the outer product Of the corresponding 
ap-layer of A and the corresponding flayer of B. Each transversal 
is the product of two transversals of the given matrices, and each 
possible product appears once and only once. Let 


(3) 


A = 


, (±)* 

A 

«i ■ ■ ■ ot p 


denote any determinant or the permanent of (la), and 


(4) 


B = 


B 


(±)» 

fix ■ ■ • A 


denote any determinant or the permanent of (lb), (±)<? and (±)* 
standing for specific distributions of ± and + signs over the indices. 
Let 


(5) 


C = 


(A« i-‘ -0“ 


(±)» 


(+)* 


Oil 


• ■ ■ 0 Q 


the notation meaning that the same distributions of ± and + signs 
as in (3) and (4) have been made, whereby the index X has been doubly 
affected, and inversions of order in the X-range are counted twice, 
once, or not at all, according as both, one, or neither of the indices 
ol p and Pi are signant; and thus X is to be regarded, respectively, as 
nonsignant, signant, or nonsignant. The reasoning of §809 shows 
that 


( 6 ) 


C = AB. 



CHAPTER XXV 
Less Common Forms 
Determinants with Complex Elements 

818. Any determinant A whose conjugate elements are conjugate 
imaginaries as a r «+6 rii i, a r8 — b TS i and whose diagonal elements arc a rr 
must be real. 

For if possible let A be of the form A-\-Bi. If now we substitute 
— i for +i on both sides of A = A+Bi we get A' = A— Bi, but A' is 
A with the rows and columns interchanged and therefore unaltered 
in value. Consequently 

A + Bi = A — Bi 

or 5 = 0 and A is real. 

Exercises. 1. The equation | A — x | = 0 has all its roots real. 
(Hermite.) 

2. The determinant 

1 1 1 

1 a a 2 = (- 3 3 ) 1/2 

1 a 2 a 


where a is a primitive cube root of 1 . 

Also 

11111 11111 

1 0 0 2 0 3 0 4 1 0 0 2 P 3 P 4 

1 02 0 4 06 0 8 or 1 0 2 P 4 P P 3 = ( 56 ) 1/2 

1 03 06 09 012 1 0 3 0 0 4 p* 

1 0 4 0 8 0 12 0 16 1 P 4 P 3 P 2 p 

where 0 is a primitive fifth root of 1. 

3. The product of \ai n — b\ n i | - |am+&inf | is expressible as the sum 

of two squares. 

819. If \aib% • • | and | a{b{ ■ | be two determinants such that 
corresponding elements are complex conjugates and 

( aa ') (ab f ) • ■ 

(a'b) m * • 
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be their product row-by-row then it is clear that 

(aa') ( ab f ) 

( ba ') ( 66 ') 


(i) 

and 


> ( aa’){bb ') 


(aa') (ah’) { ac' ) 

{ba') (bb') {be') 

{ca') {cb') {cc') 

which by ( 1 ) 


{aa') {ab') 

{ba') {bb') 

{aa') {ab') 

{ca') {cb') 


(aW') ( ac ' ) 

(K) (^) 


(aa') (a&') 


1 (aa') (ac') 

{ba') {bb') 


(ca') (cc') 


(aa'), 


-s- (<*a') , 


and again by ( 1 ) > (aa')( 6 &')(cc'), arid so on for any order. This 
leads to the theorem: The row-by-row product of two determinants whose 
corresponding elements are complex conjugates is not greater than its 
own principal diagonal term. 

It is apparent that we may replace row-by-row by column-by- 
column and still have the theorem true. 

820. Denote 


ai + a{ i 0 2 + 
bi + b{ i b'i + 
Ci T- c i i c 2 + 


a 2 ' t 

03 + aj i 

6 2 ' i 

bz + bii \ 

c 2 i 

Cz + C 3 ' i 


and let \T denote what fi becomes on putting ~i for i. Let M and M* 
be the adiugate of /jl and // respectively, then 

M = (flr + a/ l)(z/f T -T zAr l) + (l) r T" br i)(fBr T ®r 0 

+ (Cr + d i)(& + C/ 0 

(1) = ( £<2^, - 

(2) /i/x' = ( £tf r <!^/ r — + £<7r'<vfr) 2 - 


But by §819 we have 

HI*' > sfsfsj 1 , where s? = £a r 2 + £a / 2 (r = 1,2,3) 
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and 

( 3 ) 


fly “j fly t 

br “t - br i 

c r -|“ c r i 

zA r — CL /f r # f 

©, - «; * 

Gr ~ Gr i 

fly — fly' 1 

i r - K i 

Cfr C 7- 

y 4" c/f/ f 

«r + ©; i 

Gr+ Gr'i 


^ 0 


because it is equal to the sum of three terms each of which is the 
product of a complex quantity by its conjugate. Hence 

*r*Sr* 5 ( + ( X>^' + 

>fifi' by (2), where 

S r = + Z^r ' 2 . 

Therefore 

si tsfsfSfSJSf 5 (pp') 3 

and hence |p |- 

The limit s{ 2 s-/ which \n | 2 cannot equal will actually be reached 

when the sum of the three terms which the left-hand side of ( 3 ) is 
equal to is zero and this can only happen when 


( 4 ) 


a-i + a[ i 
<iA\ — zA[ i 
fl 2 4“ 0'2 i 

2 — i 

fl 3 + (Is i 


b , + b{i 

« x - « 7 i 
62 T“ b<l i 

^3 W i 


Cj 4- c/ f 

= pi say, 

Ci-C/i 

c 2 + c{ i 

= p 0 say, 

e. - &'* 

C 3 4~ c-l i 


cvfa - tAl i ©3 - ©3 i e 3 - C-! i 


= p 3 say 


and hence 


P X p' = 


PiP 


P 2 P 


P 3 P 


Similarly if 5 0 2 = (of +aP +af +a 2 ' 2 +a? +<z 3 ' 2 ), etc. then the limit 
SaSt?s? will be reached when the elements of each row of m are pro- 
Dortional to the elements of the corresponding row of M' and 


H X n' = 
r 


PiP 


P 2 P 


P3P 
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Both limits will be reached and will therefore coalesce when all the 
elements of ix are proportional to the corresponding elements of M ' 
and then the same result will be obtained from row-by-row multiplica- 
tion as by column-by-column multiplication. When this is true the 
determinant may be said to have a maximum 'value or be a maximum 
determinant. Such is evidently possible wnien /x is axisymmetric, 
axially skew or when the elements are equimAdular. 

821. It is seen that when the elements of W are proportional to 
the corresponding elements of M f and are equimodular the product 
of any element of /x by the corresponding element of M is constant or 
in Sylvester’s language is 11 inversely orthogonal. ” Also if /x be “in- 
versely orthogonal” and have equimodular elements, the elements 
must be proportional to those of M' and therefore by a preceding 
result [x must have its maximum value. The problem of finding 
inversely-orthogonal determinants is thus closely connected with the 
problem of finding determinants of maximum value. 

* 

Exercises. Set XXXVIII 

1. Show that the alternant \x n y l z 2 w^ ■ ■ • | of the wth order will 
be inversely orthogonal if x , y, z, • ■ ■ , are the roots of a ) n = a. 

2. Show that 

1111 
1 1-1-1 
1 - 1 d-d 

1-1 - d d 

is inversely orthogonal whatever d may be. 

3. If in addition to requiring the elements of n to be unimoduUr 
we insist on them being real — in other words if the elements are +1 
or — 1, the problem is solvable only for certain orders of determinants. 

4. The maximum determinant with complex elements is inversely 
orthogonal {ant-ortho gonant) only when the elements are equimodular, 
and that a maximum determinant with real elements is always an 
orthogonant. 

In the latter case, however, it has to be noted that if the only 
elements permissible be +1 and —1, the destinction between ant- 
orthogonant and orthogonant disappears. If a solution be obtained 
for order r it is easy to give a solution for order 2r. Those of order 2 m 
are axisymmetric. 
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5. If M be an oblong array of complex elements, then MM’ is not 
greater than the product of any two complementary coaxial minors of 
MM’ . (Szasz.) 

6 . If every coaxial minor of a Hermitean* determinant be positive, 
then the determinant is not greater than the product of any pair of 
its complementary coaxial minors (Szasz). 

7. Any positive axisymmetric determinant whose coaxial minors 
of every order are positive can never be greater than the product of 
its leading diagonal elements. (Nanson.) 

8 . If the moduli of the elements be at most 1, the modulus of the 
determinant is at most n n/2 . (Hadamard.) 

9 . The determinant of every positive definite Hermitean form is 
not greater than the product of any coaxial minor and its comple- 
mentary. (Fischer.) 

Cross or Aniiarmonic Ratio 

822. The determinant 

I f / 

a a olol 

1 ^ P' & 

A = =0 

1 7 7 ' 77 

1 8 8 55' 

states that the anharmonic ratio of the four points a, /3, 7 , 8 is the 
same as that of the four points a’ , p' , 7 ' , 8’ , that is 

(7 - a) (0 - 5) ( 7 ' - a'W - S’) 

(a~~pj{y - 8) ~ ( a ' - P')(y' - S') 
and 

A = (7 — a)(/3 — 5) (a/ — 0 , )(t / — 8’) 

- (a - P)(r - 5)(y' - a'W - S'). 

If 

P = {cl- P)(y - 5) 

Q = (a — y)(P — 5) 

R = (a - 5)03 - y) 

then A may be written in the three equivalent forms 

\PQ'\, I <?*'!> -1*^1 

* Determinants whose elements are complex. 
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Unisignants 

823 . The determinant 


i 


S = 


d\ “h #2 4“ #3 — #2 — ^3 

— b\ b\ + ^2 + ^3 / — 

— Ci — C 2 Ul + Ci + C‘s 


-{ 


a\b 2 C 3 + (<U + C2)dib 2 + (d 2 + ^ 3 ) b 2 C 3 + (V>1 + ^3)ttlC3 

+ ai(6iCi + /)]C2 + C 163) +^2(^2^2+ ^2^3 + ^1^2) +C 3 (a3fc3 + 6103 + ^263) 


in the expanded form has all its terms positive and on that account 
such determinants have been called unisignants . This type is 4 due to 
Sylvester. 

824 . Another type of unisignant is the following: 


M = 


a b 2 b 3 C\ a + b 3 a b 2 

a + 63 a + 61 + 63 + c 2 a + 61 

a b 2 a -f" b\ a -(- 61 b 2 “h c 3 


ClC 2 Ci + (C\C 2 + Ci6'3 + c 2 c 3 )a 
, + (ci + c 2 ) (£3 + a)b 3 + (ci + c 3 )(c 2 + ct) b 2 

| + (ci + a)(c 2 + r 3 )6i + (ci + c 2 + c A + a)(b\b 2 + 6163 +6263) 

l + 4 /j ib 2 b 3 , 


where we have for convenience taken the order to be 3 . This type is 
due to Muir. 

825 . It will be observed that in either form there are in the positions 
( 1 , 1 ), ( 2 , 2 ), ( 3 , 3 ) • • • numbers which are found in these positions 
only. Thus in S, a i7 b 2j c 3 , ■ • ■ and in M, c 1, c 2 , c 3} ■ ■ ■ and it is ap- 
parent it will not alter the unisignancy of these types to add (or 
subtract as long as it is not numerically greater than the smallest 
of the quantities from which it is subtracted) a positive number. 

It is also to be observed that to increase by the same positive 
quantity every a, b f c, ■ ■ involved in either S or M does not affect 
the unisignancy. Doing this is equivalent to subtracting the same 
quantity from every element of S and then adding a multiple of that 
quantity to the principal diagonal elements. In the type M it is 
equivalent to adding the same positive quantity to each element and 
then in addition adding a multiple of that quantity to the principal 
diagonal elements. 
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826. It may be seen from §825 that the following properties are 
true: 

I. Coaxial minors of unisignants are also unisignants. 

II. The unisignancy is not affected by 

(1) Adding the same positive quantity to each diagonal element 
in either S or M. 

(2) Subtracting the same positive quantity from each non-diagonal 
clement of S provided we add a proper multiple of this quantity to 
the diagonal elements. 

(3) Adding the same positive quantity to each element of M. 

(4) Subtracting the same positive quantity from each element of M. 

827. The following result may readily be seen. 

If we border S, horizontally and vertically by the elements 0, 1, 
1 3 ■ , then the resulting determinant has all the terms in its final 

development negative. 

828. Boole gave* the following theorem: If each element of an axi- 
symmetric determinant be an aggregate of multiples of one and the 
same series of variables , the multipliers in the diagonal elements being 
all positive and if the multipliers of any one of the variables in any row 
be in order proportional to the multipliers of the same variable in any 
other row , then the final development of the determinant contains nothing 
but positive terms . Thus for order 3 the determinant would be 
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which shows that all the terms are positive. It also shows that, as far ■ 
as the multipliers are concerned all that is necessary is to limit the J 
first ones to be positive. 

Exercise: Show that 

* Q>2 da ' ' ‘ 

b i da &4 ■ 

b\ b<2, &4 ' 

b 1 &2 b 3 


= (- D"-*yws 


+ • d n 

-h bib^badt ■ d n 


+ bibz ■ ■ ' bn-ldn) . 


Elements Integrals 

‘829. If 

= (op — a 0 ) mo (^— ai) mi ■ - (jc— a,) — s) mt+l ■ ■ • (a„— x) mn 

where the w’s are all less than 1 and a n +i = °o then the determinant 
having 

x r dx 

er* 

4>b~ lU) 

for its (r, $)th element has been considered. Thus when the order is 
2 we have 



/' 
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n 


dx 
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tfo(z) 

dx 
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WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brilloum. General method, application 1o 
different problems: pure physics — scattering of X-rays in crystals, thermal vibration in 
crystal lattices, electronic motion in metals, problems in electrical engmeenng Partial 
contents- elastic waves along l-dimensional lattices of point masses. Propagation of waves 
along 1-dimensional lattices. Energy flow, 2, 3 dimensionar lattices Mathieu’s equation 
Matrices and propagation of waves along an electric line Continuous electric lines, 1*1 
illustrations, xu 4- 253pp 5% x 8. S34 Paperbound $1-B 3 
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theory of electrons and its application to the 

HEAT, H. Lorentz. Lectures delivered at Columbia Umv 
historical coverage of theory of free electrons, motion 
optical phenomena in moving bodies, etc. 109 pages 
lions. 9 figures 352pp. 5 3 /e x 8 . 


PHENOMENA OF LIGHT AND RADIANT 

by Nobel laureate Unabridged, foim 
, absorption of heat, Zeeman effect, 
notes explain more aclvani ed sec' 
S173 Paperbound $1.85 


SELECTED PAPERS ON QUANTUM ELECTRODYNAMICS, edited by J. Schwinger fat ‘.miles of 
papers which established quantum electrodynamics; beginning to present position as ‘p.nt 
of larger theory First book publication in any language of collected papeis of Bethe Bloch 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer Pauli Scliwiiu-ei' 
romonoga, Weisskopf, Wigner, etc 34 papers: 29 in English, l m French, 3 in ' Gorman 
1 in Italian. Historical commentary by editor, xvn + 423pp. 6Vb x 91/4 

S444 Paperbound $2.45 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Feimi, Lawionce Cock- 
roft, Hahn, Yukawa. Unparalleled bibliography. 122 double columned pages, over’ 4 000 
articles, books, classified. 57 figures. 288pp 6 Vb x 91/4 S19 Paperbound $1 75 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Schi oedmger's wave equation, 
de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie's continuous groups of trans- 
formations, Pauli exclusion principle, quantization of Mawell-Dirac field equations, elL. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2 nd revised edi- 
tion. xxi i + 422pp 5 j /b x 8 . S268 Clothbound $4.50 

-• S269 Paperbound $1.95 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis- 
cusses quantum theory, his own work, Compton, Schroedinger, Wilson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory Only elementary formulae 
considered in text; mathematical appendix for specialists. Profound without sacrificing 
Uarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5 3 /e x 8 

S113 Papeibound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper Annotated, edited by R. Furth 33pp of notes 
elucidate, give history of previous investigations 62 footnotes. 124pp. 5 3 /b x 8 . 

S304 Paperbound $1.25 


THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and special theories of relativity, translated into English. 
2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena Minkowski’s 
"Space and Time," and Weyl's "Gravitation and Electricity ” 7 epoch-making papers by Ein- 
stein: "Electromagnetics of Moving Bodies," "Influence of Gravitation in Propagation of 
Light," "Cosmological Consideiations," "General Theory," 3 others 7 diagrams. Special 
notes by A- Sommerfeld 224pp 5 3 /a x 8 . S93 Paperbound $1.75 


STATISTICS 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics. Assumes no prior acquaintance, requires only modest knowledge 
of math. All basic formulas carefully explained, illustrated, all necessary reference tables 
included. From basic terms and concepts, proceeds to frequency distribution, linear, non- 
linear, multiple correlation, etc Contains concrete examples from medicin' 1 , biology. 101 
charts. 57 tables. 14 appendices. Iv + 376pp 5 3 /s x 8 . S506 Papeibound $1.95 

ANALYSIS~AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method foi grasping analysis of 
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of 
vanance distribution, matrices, quadratic forms, likelihood ration tests l ®v 
hypotheses, power of analysis, Galois fields, non-orthogonal data, m \f r £lock 
15pp. pf useful tables, x + 195pp. 5 x 74 'e. S18 ° PaP^bound $ 1.45 

FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4 th revised edition of standard 
work on classical statistics. Practical, one of few books cons ^antly M r t r,!nc ed pJa rsons Fre 
Presentation of basic material Partial contents Frequency r ^ 10 P cintmeenev 

quency Curves, Theoretical Distributions, Standard Errors, c o/ re ' 3 tion Rati^ C^ 
Corrections for Moments, Beta, Gamma Functions, etc. Key to terms, symboU 25 examp^e^ 
40 tables. 16 figures, xi + 272pp. 5 V 2 x 8 V 2 * 
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HYDRODYNAMICS, ETC. 


HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases. 
Fundamental theorems, equations, methods, solutions, background for classical hydrody- 
namics. Chapters Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged, Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph- 
ical. 119 figures. XV + 738pp. 6Ve x 9i/ 4 . |S256 Paperbound $2.95 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garret! Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment. Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows andl free boundary theory 
Classical theory of virtual mass derived from homogenous spaces;! group theory applied 
to fluid mechanics. 20 figures, 3 plates, xni + 186pp 5 3 /e x 8. \S22 Paperbound $1.85 


HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932. Complete coverage of classical hydrodynamics, encyclopedic in quality 
Partial contents, physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5 3 / e x 8. S303 Paperbound $2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
coior, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents. Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc- 279 illustrations. 10 portraits. 324pp. 5 3 /b x 8. S170 Paperbound $1.75 

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating systems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects Partial contents Harmonic motions, lateral vibia- 
tions of bars, curved plates or shells, applications of Laplace's functions to acoustical 
problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B. Lindsay. 1040pp. 97 figures 5 3 /b x 8 

S292, S293, Two volume set, paperbound $4.00 

THEORY OF VIBRATIONS, N. W. McLachlan. Based on exceptionally successful graduate 
course. Brown University. Discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
bars and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams 160pp. 
53 /b x 8. S190 Paperbound $1.35 

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 

physical and mathematical aspects, limited mostly to "real optics ” Stresses practical 
problem of maximum abei ration permissible without affecting performance. Ordinary ra; 
tracing methods, complete theory ray tracing methods, primary aberrations, enough highci 

aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axial image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N Ovei 150 diagrams, x + 518pp 
5 3 /b x 8Ve. S366 Paperbound $2.98 

RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley 

Rayleigh's principle developed to provide upper, lower estimates of true value of funda 
mental period of vibrating system, or condition of stability of elastic svstem Examples, 
rigorous proofs Partial contents- Energy method of discussing vibrations, stability Per- 
turbation theory, whirling of uniform shafts Proof, accuracy, successive approximation^, 

applications of Rayleigh’s theory. Numerical, graphical methods. Ritz’s method 22 figuies 

ix + 156pp. 5 3 /b x 8. S307 Paperbound $1.50 

OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theones 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its precise and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modern scientists. 
Foreword by Albert Einstein. Preface by I. B. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. exvi + 414pp. 5Va x 8. S205 Paperbound $2.00 
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?Il» o I.*llL«f EN k A I ,0NS * 0F T0NE| Hermann Helmholtz. Using acoustical physics, physiology, 
experiment, history of music covers entire gamut of musical tone (elation of music 
science to acoustics, phys cal vs. physiological acoustics, vibration, resonance, tonality 
progression of parts, etc i appendixes on various aspects of sound, physics, acoustics! 
music, etc. Translated by I J. Ellis New introduction by H. Margenau, Yale 68 figures 43 
musical passages analyzed Over 100 tables, xix + 576pp 6Vb x 91/4. e 

S114 Clothbound $4.95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re- 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables tor computing 
irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations. "Useful. . . . exposition is clear, simple ... no 
previous acquaintance with numerical methods is assumed," Science Progress. 253 dia- 
grams. 72 tables. 400pp. 5% X 8. S244 Paperbound $2.45 

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers. 
Vector methods exclusively, detailed treatment of electrostatics, expansion methods, with 
tables c<j*ivertine any quantity into absolute electromagnetic, absolute electrostatic, prac- 
tical units. Discrete charges, ponderable bodies Maxwell field equations, etc 416pp 
53/b x 8. S185 Paperbound $2.00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on 
rheological aspects of different technically important solids crystals, icsins, textiles, rubber, 
clay, etc. Investigates general laws for deformations, determines divergences Covers gen- 
eral physical and mathematical aspects of plasticity, elasticity, viscosity Detailed examina- 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour , 
formation of solid matter from a fluid, etc Treats glass, asphalt, batata, proteins, baker's 
dough, others 2nd revised, enlarged edition Extensive revised bibliography in over 500 
footnotes. 214 figures, xvn 4- 368pp. 6 x 91/4. S385 Paperbound $2.45 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. Tor the 

instrument designer, engineer, how to combine necessary mathematical abstractions with 
independent observations of actual facts Partial contents, instruments and their parts, 
theory of errors, systematic errors, probability, short period enors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams xn + 28Bpp 5% x 8. S270 Paperbound $1.95 


APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G Tietjens. Presents, tor most part, 
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi- 
tions, turbulent flow, boundary layer, determining drag from pressure and velocity, etc 
"Will be welcomed by all students of aerodynamics,” Nature Unabridged, unaltered An 
Engineering Society Monograph, 1934. Index. 226 figures 28 photographic plates illustrating 
flow patterns, xvi + 311pp 5 3 /s x 8 S375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, O. G. Tietjens. Standard work, 
based on Prandtl's lectures at Goettingen Wherevei possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience Presenta- 
tion extremely clear Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934 "Still recommended as an 
excellent introduction to this area,” Physikalische Blatter. 186 figures xvi + 270pp 

53 /a x 8 S374 Paperbound $1.85 

GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Coliine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout Studies kinetic theory ot gases, ionization, emission phenomena, gas breakdown, 
spark characteristics, glow, discharges, engineering applications in circuit imu mi| tcrs, r tu- 
ners, etc. Detailed treatment of high pressure 1 arcs _cSuits), low Pressure arcs ; < La "B^ ,r - 
tonks). Much more. "Well organized, clear, straightforward Tonks, Review 01 Scientif 
-n^ruments 83 practice problems Over 600 figures 58 tables, xx J, 4 ^°^[J erbound $2 , 75 

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. J e ss °p, F. C. C al\^l| , ^tTons SP m 

cific problems of stress analysis. Latest tune-saving methods of check ng c ^ at ^ n s s cr ‘ n 

1 1 on Hof 1 S opttc a f* C s y s t e m s° *u sed S ’ 1 n° G pr a c t ical * ho to el e ct n c ity . Useful ^ 

d!sc°u*ncler 'thrusl’^lon^diameter?' f hold under -t.^thrust, 

" ,U5,r t°3 n / Cuboid 1^5 
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MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 
enlarged (14 new chapters) under auspices of Sperry Corp. Of immediate value or reference 
use To radio engineers, systems designers, applied physicists, etc. Ordinary transmission 
line theory-, attenuation; parameters of coaxial lines, flexible cables; tuneable wave guide 
impedance transformers; effects of temperature, humidity; much more "Packed with informa- 
tion . . theoretical discussions are directly related to practical questions," U. of Royal 
Naval Scientific Service. Tables of dielectrics, flexible cable, etc. ix -f 248pp. 53/ a x 8. 

S549 Paperbound $1.50 

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum 
methods develop mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, ! etc. Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noblt metals, transition and 
di-valent metals, etc. "Exposition is as clear . . mathematical treatment as simple and 

reliable as we have become used to expect of . . . Prof. Mott," Nature. 138 figures, xiii + 
320pp. 53/a x 8. \ S456 Paperbound $1.85 

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfinding work reprirtted from "Bell System 
Technical Journal." Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory. Treats 
Autocovariance, Functions and Power Spectra, Distortion, Heterodynes Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more Appendix reviews fundamental 
Fourier techniques. Index of notation. Glossary of terms 24 figures. 12 tables. 192pp. 
5 5 /a x 8Ve. S507 Paperbound $1.85 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than^O years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe- 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen- 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more "The greatest mathematical physicist since Newton," Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 53/ a x 8. S186 Clothbound $4.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena ol 
1 to 4 multiple component systems, the "standard work on the subject" (Nature). Completely 
revised, brought up to date by A. N. Campbell, N 0. Smith. New material on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates in ternary systems, clarified graphic representa- 
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibliographic 
xu + 449pp. 5 3 /b x 8. S92 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Bolzmann, Maxwell, kinetic theory, quantum theory, expo- 
nentials, etc. "One of the classics of scientific writing ... as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written," J of Institute of Engineers. 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc. 28 figures 
444pp. 6Va x 9V4. S136 Paperbound $2.45 

POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure Partial contents, electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac- 
tion, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc Special 
chapter considers quantum theory. "Clear and concise . . . coordination of experimental 
results with theory will be readily appreciated," Electronics Industries. 172pp. 5 3 /e x 8 

563 Clothbound $3.50 

564 Paperbound $1.50 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chem- 
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements 
of atomic theory; multiple structure of line spectra, electron spin; buildmg-up principle, 
periodic system of elements; finer details of atomic spectra, hyperrme structure of spectral 
lines; some experimental results and applications. 80 figures. 20 tables, xiii + 257pp. 
5^^ x 8. S115 Paperbound $1.95 

TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant 
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Seminal 
work by founder of quantum theory, deducing new physical, chemical laws. A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition, xvi + 297pp 5 3 /a x 8. S219 Pqperbound $1.75 
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C n™f°!y 0F L < QU, P S J J J £ renkeL Regards kinetic theory of liquids as generalization, 
th ? 0ry * ° f so '? bo ^ les « covers all types of airangements of solids, thermal 
displacements of atoms; interstitial atoms; ions, orientational, rotational motion of mole- 
cules transition between states of matter. Mathematical theory developed close to physical 
subject matter. "Discussed in a simple yet deeply penetrating fashion . . will seive as 

seeds for a great many basic and applied developments in chemistry," J of the Amei 
Chemical Soc. 216 bibliographical footnotes. 55 figures xi -l- 48bpp. 5-Va x 8 

594 Clothbound $3.95 

595 Paperbound $2.45 


ASTRONOMY 


OUT OF THE SKY, H. H. Nininger. Non-tcchmcal, compi ehensive introduction to "meteoritics" 
— science concerned with arrival of matter from outer space By one of world’s experts 
on meteorites, this book defines meteors and meteorites, studies fireball dusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins much 
more, vm + 336pp 5% x 8. T519 Papeibound $1.85 

AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stellar dynamics by one of greatest astro-physicists. Examines relationship be- 
tween loss of energy, mass, and radius of stars m steady state Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint, adiabatic, polytropic laws, work of Ritter, 
Emden, r»lvm, etc., Stroemgren envelopes as sta r tei for theory of gaseous stars, Gibbs 
statistical mechanics (quantum), degenerate stellar configuration, theory of white dwarts; 
etc. "Highest level of scientific merit," Bulletin Amer Math Soc. 33 figures 509pp 
5% x 8. S413 Paperbound $2.75 

LES METHODES NOVELLES DE LA MECANIQUE CELESTE, H. Poincare. Complete French text 
of one of Poincare's most important works. Revolutionized celestial mechanics first use of 
integral invariants, first major application of linear differential equations, study of periodic 
orbits, lunar motion and Jupiter's satellites, three body problem, and many other important 
topics. "Started a new era . . . so extremely modern that even today few have mastered 
his weapons," E. T. Bell. 3 volumes. Total 1282pp. 6Va x 9V4 

Vol. 1 S401 Paperbound $2.75 

Vol 2 S402 Paperbound $2.75 

Vol. 3 S403 Paperbound $2.75 

The set $7.50 

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of "island universes," and describes its effect on astronomy. Covers velocity- 
distance relation; classification, nature, distances, general field of nebulae, cosmological 
theories, nebulae in the neighborhood of the Milky way; etc. 39 photos, including velocity- 
distance relations shown by spectrum comparison. "One of the most progressive lines 
of astronomical research," The Times, London. New Introduction by A Sandage 55 illustra- 
tions. xxiv 4* 201pp. 53 /b x 8. S455 Paperbound $1.50 

HOW TO MAKE A TELESCOPE, Jean Texereau. Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece ot equipment Dis- 
cusses basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors, refractors A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc 241 figures, 38 photos, show almost every operation 
and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply, xiii 
+ 19lpp. 61/4 x 10. T4G4 Clothbound $3.50 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am Mus. of 
Nat Hist. Probably most used text on amphibia, most comprehensive, c ear, detailed. 19 
chapters, 85 page supplement’ development, heredity; life history, speciation, adaptation; 
sex, integument, respiratory, circulatory, digestive, muscular, *j[ ster y® ; .JUVhmo 

intelligence, habits, economic value classification, environment relations 1 i ps L i m 
comparable to it,” C. H. Pope, curator of Amphibia, Chicago Mus. of 

bibliography. 174 illustrations. 600pp. 5% x 8 . S206 Paperbound $2.98 

THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement 
of theory of gradual evolution of life from mtrocarbon compounds. A brand-new evaluation 
of Oparin's theory in light of later research, by Dr. S. Margulis, U n i v e p r ° h f n , , N n ^ | 1 75 

xxv + 270pp. 53/a x 8. 5213 raperbouna $ 1.73 


9 



CATALOGUE OF 

THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. 0. Snell. Prepared m 1941 by staff 
of Roscoe B. Jackson Memorial Laboratory, still the standard treatise on the mouse, 
assembling enormous amount of material for which otherwise you spend hours of reseaich! 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes muta- 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre- 
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, infectious diseases, care and recording. “A wealth of information of vital con- 
cern. . . . recommended to all who could use a book on such a subject," Nature Classified 
bibliography of 1122 items 172 figures, including 128 photos, ix + 497pp 6 Vb x 91 / 4 . 

$248 Clothbound $6.00 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran./ Famous source-book of 
American anthropology, natural history, geography, is record kept by Bartram in 1770’s on 
travels through wilderness of Florida, Georgia, Carolinas Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 
ever written. 13 original illustrations 448pp 5% x 8 \ T13 Paperbound $ 2.00 

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribband^ Outstanding scientific 
study, a compendium of practically everything known of social lifel of honeybee. Stresses 
behaviour of individual bees in field, hive Extends von Frisch's experiments on communi- 
cation among bees Covers perception of temperature, gravity, distance, vibration, sound 
production, glands, structural differences, wax production, temperature regulation, recogni- 
tion, communication, drifting, mating behaviour, other highly interesting topics "This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists," Prof 
Karl von Frisch, Brit J of Animal Behaviour Bibliography of 690 references 127 diagrams, 
graphs, sections of bee anatomy, fine photographs 352pp. S410 Clothbound $ 4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J Lotka. Pioneei classic, 1st major aTtempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences Partial contents Statistical meaning of 
irreversibility, Evolution as redistribution, Equations of kinetics of evolving systems; Chem- 
ical, inter-species equilibrium, parameters of state, Energy transformers of nature, etc 
Can be read with profit by even those having no advanced math, unsurpassed as study- 
reference Formerly titled "Elements of Physical Biology " 72 figures, xxx 4- 460pp. 5% x 8 

* S346 Paperbound $2.45 

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text coveting more than 140 native tiees, important escapes, with informa- 
tion on geneial appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information. "Well 
illustrated to make identification very easy,” Standard Cat for Public Libraries. Over 600 
photographs, figures, xm + 288pp. x 6V2 T395 Paperbound $1.35 

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow Only guides with photo- 
graphs of every twig, fruit described Especially valuable to novice Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs involved, types, habits Twig key 
introduction treats growth, morphology In keys proper, identification is almost automatic 
Exceptional work, widely used in university courses, especially useful for identification in 
winter, or from fruit or seed only Over 350 photos, up to 3 times natural size Index of 
common, scientific names, in each key. xvn + 125pp. 5 5 /b x 8%. T511 Paperbound $1.25 

INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frosi. Unusual for emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology Prof. Frost’s enthusiasm and knowledge are evcrywheie evident as he discusses 
insect associations, specialized habits like I eaf-i oiling, leaf mining, case-making, the gall 
insects, boring insects, etc. Examines matters not usually Loveied in general works insects 
as human food; insect music, musicians, insect response to radio waves, use of insects in 
art, literature "Distinctly different, possesses an individuality all its own," Journal of 
Forestry. Over 700 illustrations. Extensive bibliography, x + 524pp. 5 3 /b x 8. 

T519 Paperbound $2 49 

A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osier. Physician, humanist, 
Osier discusses brilliantly Thomas Browne, Gui Palm, Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, "The Old Human- 
ities and the New Science," "Books and Men," "The Student Life," 6 more of his best 
discussions of philosophy, literature, religion "The sweep of his mind and interests em- 
braced every phase of human activity," G L. Keynes. 5 photographs Introduction by G. ‘ 
Keynes, M.D., F.R C.S. xx + 278pp. 5% x 8. T488 Paperbound $1.50 

THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital 
reviewing of Darwin's Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical 
form. Special features of particulate inheritance are examined evolution of dominance, main- 
tenance of specific variability, mimicry, sexual selection, etc 5 chapters on man’s special 
circumstances as a social animal. 16 photographs, x + 310pp. 5% x 8. 

S466 Paperbound $1.85 
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THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin's own record of early life; historic voyage aboard "Beagle,” furore surround- 
ing evolution, his replies; reminiscences of his son Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc , and thoughts on religion, vivisection We see how he revo- 
lutionized geology with concepts of ocean subsidence, how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza- 
tion, carnivorous plants, protective coioiation, etc., came into being 365pp 53/» x 8 

T479 Papeibound $1.65 

ANIMALS IN MOTION, Eadweard Muybridge. Laigest, most comprehensive selection of Muy- 
bridge's famous action photos of animals, from his "Animal Locomotion ” 3919 high-speed 
shots of 34 different animals, birds, m 123 types of action, horses, mules, oxen, pigs, 

goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigeis, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping Horse 
alone in over 40 ways. Photos taken against ruled backgrounds, most actions taken from 

3 angles at once- 90°, 60°, rear. Most plates original size Oi considerable intciest to 
scientists as biology classic, records oi actual tacts of natural history, physiology. "Really 
marvelous series of plates,” Nature "Monumental work,” Waldemai Kaempffert Edited by 
L. S. Brown, 74 page introduction on mechanics of motion J40pp of plates 3919 photo- 

graphs. 416pp. Deluxe binding, paper. (Weight 4V2 lbs ) 7Va x IOVb 

1203 Clothbound $10.00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action. 4789 photographs, illustrating 163 types oi motion walking, running, lifting, 
etc m time-exposure sequence photos at speeds up to l/6000th of a second Men, women, 
children, Mostly undraped, showing bone, muscle positions against ruled backgrounds, 

mostly taken at 3 angles at once Not only was this a great work of photogiaphy, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research Historical introduction by Piof Robert Taft, IJ of Kansas Plates 
original size, full of detail Over 500 action strips 407pp. 7% x lOVu Deluxe edition 

7204 Clothbound $10.00 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic ot medical science, only majoi work of Bernard available in English, records his 
efforts to transform physiology into exact science Principles of scientific research illus- 
trated by specified case histories from his work, roles of chance, error, preliminary false 
conclusion, in leading eventually to scientific truth, use of hypothesis Much of modern 
application of mathematics to biology rests on foundation set down here "The presentation 
is polished . . reading is easy,” Revue des questions scientifiques. New foieword by Prof. 

I. B. Cohen, Harvard U xxv + 266pp. 5 3 /b x 8 T400 Paperbound $1.50 

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral aichcs, labial cartilages, visceral 
clefts, gills, vascular, respiratoiy, excretory, periphal nervous systems, etc , from Hsli to 
higher mammals. "To r many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the English language,” Journal of Anatomy. 754 illustrations 69 page bio- 
graphical study by C C. Hardy Bibliography of 1186 references Two volumes, total 90bpp. 
b3/ a x 8. Two vol. set S449, 450 Paperbound $5.00 


EARTH SCIENCES 


THE EVOLUTION OF IGNEOUS BOOKS, N. L. Bowen. Invaluable senous introduction applies 
techniques of physics, chemistry to explain igneous rock diversity in terms of chemical 
composition, fractional crystallization Discusses liquid imnnscibility in silicate 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, peuogeri, 
etc Of prime importance to geologists, mining engineers; physicists chemists working ■ min 
h i rri. fnmnar>>'fiira nraccni'ac ‘‘Miner imnnrtant " Times, London 263 b 1 1) I • ugi a ph i c notes 


high temperature, pressures "Most important," 

82 figures, xviu + 334pp 5% x 8. 

GEOGRAPHICAL ESSAYS, M. Davis. Modern geography, geomoi phology rest on tiindamental 
work of this scientist. 26 famous essays present most impmtant theories, held » cs ^relies 
Partial contents. Geographical Cycle, Plains of Marine, Subaeiial Denudatm, i, II ^ P en.pa n 
Rivers, Valleys of Pennsylvania, Outline of Cape Cod, M J“ n v J x turp of geo g- 

etc. "Long the leader and guide," Economic Geography - Part . of the verv lextuie oi ' eeog 
laphy . . . models of clear thought,” Geographic Review 130 figures, papeffound $2.95 

URANIUM PROSPECTING, H. L. Barnes. For immediate pr ^' c ^ use ' R^asnecU 1 of^lhly 
considers uranium ores, geological occurrences, f ,e ' d easv-to-fmd style” Geotimes, 

profitable occupation "Helpful information . . ■ easy-to-use, y Paperbound $1.00 

x + 117pp. 5 3 /b x 8. 


S311 papeibound $1.B5 
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DE RE METALLICA, Georgius Agricola. 400 year old classic translated, annotated by former 
President Herbert Hoover. 1st scientific study of mineralogy, mining, for over 200 years 
after its appearance in 1556 the standard treatise 12 books, exhaustively annotated, discuss 
history of mining, selection of sites, types of deposits, making pits, shafts, ventilating, 
pumps, crushing machinery, assaying, smelting, refining metals; also salt alum, nitre, glass 
making. Definitive edition, with all 289 16th century woodcuts of original. Biographical, 
historical introductions. Bibliography, survey of ancient authors. Indexes. A fascinating book * 
for anyone interested in art, history of snence, geology, etc. Deluxe Edition. 289 illustra- 
tions. 672pp. 63/4 x 10. Library cloth. S6 Clothbound $10.00 

INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Prepared for National 
Research Council, this is a complete, thorough coverage of earfh origins, continent forma- 
tion, nature and behaviour of earth’s core, petrology of cru$t, cooling forces in core, 
seismic and earthquake material, gravity, elastic constants, strain characteristics, similar 
topics. “One is filled with admuation . a high standard A . there is no reader who 
will not learn something from this book,” London, Edinburgh, Dublin, Philosophic Magazine. 
Largest Bibliogiaphy in print 1127 classified items. Table of constants 43 diagrams 
439pp. 6Vb x 91/4. 1 S414 Paperbouncf $2.45 

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. \D. Adams. Most thorough 
history of earth sciences ever written Geological thought from tearliest times to end of 
19th century, covering over 300 early thinkers and systems; fossils and their explanation, 
vulcamsts vs neptumsts, figured stones and paleontology, generation of stones, dozens of 
similar topics. 91 illustrations, including Medieval, Renaissance woodcuts, etc. 632 footnotes, 
mostly bibliographical. 511pp 5 j /b x 8. T5 Paperbound $2.00 

HYDROLOGY, edited by 0. E. Meinzer, prepared for the National Research Council* Detailed, 
complete reference library on precipitation, evapoiation, snow, snow surveying, glaciers, 
lakes, infiltration, soil moisture, ground water, runoff, drought, physical changes produced 
by water hydrology of limestone ferranes, etc Practical in application, especially valuable 
for engineers. 24 experts have created “the most up-to-date, most complete treatment of 
the subject,” Am Assoc of Petroleum Geologists. 165 illustrations, xi + 712pp 6Va x 9V4 

S191 Paperbound $2.95 


LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 


SAY IT language phrase books 


"SAY IT” in the foreign language of your choice' We have sold over V 2 million copies of 
these popular, useful language books. They will not make you an expert linguist overnight, 
but they do cover most practical matters of everyday life abroad. 

Over 1000 useful phrases, expressions, additional variants, substitutions. 

Modern! Useful! Hundreds of phrases not available in other texts. "Nylon,” “air-condi- 
tioned,” etc. 

The ONLY inexpensive phrase book completely indexed. Everything is available at a flip 
of your finger, ready to use. 

Prepared by native linguists, travel experts. 

Based on years of travel experience abroad, 

May be used by itself, or to supplement any other text or course. Provides a living ele- 
ment. Used by many colleges, institutions: Hunler College, Barnard College; Army Ordinance 
School, Aberdeen-, etc. 


Available, 1 book per language: 

Danish (T818) 750 
Dutch (T817) 750 

English (for German-speaking people) (T801) 600 

English (for Italian-speaking people) (T816) 600 

English (for Spanish-speaking people) (T802) 600 

Esperanto (T820) 750 

French (T803) 600 

German (T804) 600 

Modern Greek (T813) 750 

Hebrew (T805) 600 


Italian (T8O6) 600 
Japanese (T807) 750 
Norwegian (T814) 750 
Russian (T810) 750 
Spanish (T811) 600 
Turkish (T821) 750 
Yiddish (T815) 750 
Swedish (T812) 750 
Polish (TB08) 750 
Portuguese (T809) 750 
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MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka Purse-size hand- 
book crammed with information on currency regulations, tipping for evety European countrv 
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland Telephone postal 
rates; duty-free imports, passports, visas, health certificates, foreign clothing sizes ’weather 
tables. What, when to tip. 5th year of publication. 128pp 3V2 x 5 Va. T260 Paperbound 60$ 


NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. O'Brien. Unusually com- 
prehensive guide to reading, speaking, writing Russian, for both advanced beginning stu- 
dents. Over 70,000 entries in new orthography, full information on accentuation grammatical 
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective imper- 
fective aspects, conjugation, sound changes, accent, etc. Includes Denunciation instruction 
Used at Harvard, Yale, Cornell, etc. 738pp. 5% x 8. T208 Paperbound $2 00 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 
Based on phrases, complete sentences, not isolated words — recognized as one of best 
methods of learning idiomatic speech Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form Shows accent 
changes in conjugation, declension, irregular foims listed both alphabetically, under mam 
form of word. 15,000 word introduction covers Russian sounds, writing, grammar, syntax 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U S Gov’t Manual TM 30-944 iv + 573pp. 
5 3 /e x 8. T496 Paperbound $ 2.75 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 

Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words — not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castilian, Latin-American. Language in immediately useable form. 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of iriegular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high frequency, plus unique 7 page glossary of Spanish, Spanish- 
American foods. Originally published as U.S. Gov’t Manual TM 30-900 iv -I- 513pp. 5Vo x 8%. 

T495 Paperbound $1.75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market. Spoken by native linguists asso- 
ciated with major American universities, each record contains. 

14 minutes of speech — 12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 

120 basic phrases, sentences, covering nearly every aspect of everyday life, travel — 
introducing yourself, travel in autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 

32 page booklet containing everything on record plus English translations easy-to-follow 
phonetic guide. 

Clear, high-fidelity recordings. 

Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to f't thousands of additional situations. 


Use this record to supplement any course or text All sounds in each language illustrated 
perfectly — imitate speaker in pause which follows each foreign phrase in slow section, 
and be amazed at increased ease, accuracy of pronounciation. Available, one language per 
record for 


French 

Italian 

Japanese 

Polish 


Spanish 

Dutch 

Russian 

Swedish 


English (for German-speaking people) 


German 

Modern Greek 

Portuguese 

Hebrew 

English (for Spanish speaking people) 


7 " (33 1/3 rpm) record, album, booklet. $1.00 each. 


SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS, M. Ahlman, Z. Gilbert. Re cords ; pro- 
vide one of the best, most entertaining methods of introducing a ,-JbJ ei J n 
children. Within framework of tram trip from Portugal to Spain, an ■T n 2t , sh"Speakmg c i d 
is introduced to Spanish by native companion. (Adapted from successful radio P * . .. 
N.Y. State Educational Department.) A dozen different categories of express ons,. including 
greeting, numbers, time, weather, food, clothes, family members, etc Drill <s combined 
with poetry and contextual use. Authentic background music pxoressmns Two 

a reader to follow records, includes vocabulary of over 350 r |^ de ^ ex „ pr fnv° n ' 

10" 33 1/3 records, total of 40 minutes. Book. 40 illustrations. 69pp. ^gg Q x The g et $4.95 
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LISTEN & LEARN language record sets 


LISTEN & LEARN is the only extensive language record course designed especially to meel 
your travel and everyday needs. Separate sets for each language, each containing three 33 1/3 
rpm long-playing records — 1 1/2 hours of recorded speech by eminent native speakers 
who are professors at Columbia, New York U , Queens College 

Check the following features found only in LISTEN & LEARN- j 

Dual language recording. 812 selected phrases, sentences, liver 3200 words, spoken firsl 
in English, then foreign equivalent Pause after each foreign phrase allows time to 
repeat expression. \ 

128-page manual (196 page for Russian)— everything on records, plus simple transcrip 
tion. Indexed for convenience. Only set on the market completely indexed 

Practical. No time wasted on material you can find in any\ grammar No dead words 
Covers central core material with phrase approach Ideal ton person with limited time 
Living, modern expressions, not found in other courses Hygienic products, moderr 
equipment, shopping, "air-conditioned,” etc Everything is immediately useable 

High-fidelity recording, equal in clarity to any costing up to $6 per record. 

“Excellent . impress me as being among the very best on the market,” 4Yof Marie 
Pei, Dept of Romance Languages, Columbia U. “Inexpensive &nd well done idea 

present,” Chicago Sunday Tribune “More genuinely helpful than anything of its kind, 
Sidney Clark, well-known author of “All the Best” travel books 

UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for ful 
refund, if you are not satisfied It is guaranteed after you actually use it. 

6 modern languages— FRENCH, SPANISH, GERMAN, » ITALIAN, RUSSIAN, or JAPANESE *— om 
language to each set of 3 records (33 1/3 rpm). 128 page manual Album 

Spanish the set $4.95 German the set $4 95 Japanese* the set $5 95 

French the set $4 95 Italian the set $4.95 Russian the set $5 95 

* Available Oct. 1959. 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Trubner series of colloquial manuals They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan- 
guage, and are suited for either class use or self-study Each book is a complete course in 
itself, with progressive, easy to follow lessons Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included 
These books are unusual in being neither skimpy nor overdelailed in grammatical matters, 
and in presenting up-lo-dale, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader 

COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam's Readei in Urdu, U of London. 30 
pages on phonetics and scripts (devanagari & Arabic-Persian) are followed by 29 lessons, 
including material on English and Arabic-Persian influences. Key to all exercises Vocabulary 
5 x 71/2. 147pp. Clothbound $1.75 

COLLOQUIAL ARABIC, DeLacy O’Leary. Foremost Islamic scholar covers language of Egypt, 

Syria, Palestine, & Northern Arabia. Extremely clear coverage of complex Arabic verbs & noun 
plurals; also cultural aspects of language Vocabulary, xvm + 192pp. 5 x 71/2 

Clothbound $1.75 

COLLOQUIAL GERMAN, P. F. Doring. Intensive thorough coverage of grammar m easily-followed 
form. Excellent for brush-up, with hundreds of colloquial phrases. 34 pages of bilingual 
texts. 224pp. 5 x 7V2- Clothbound $1.75 

COLLOQUIAL SPANISH, W. R. Patterson. Castilian grammar and colloquial language, loaded 

with bilingual phrases and colloquialisms. Excellent tor review or self-study 164pp. 5 x 7 V 2 

Clothbound $1.75 

COLLOQUIAL FRENCH, W. R. Patterson. 16th revised edition of this extremely popular manual. 
Grammar explained with model clarity, and hundreds of useful expressions and phrases, 
exercises, reading texts, etc. Appendixes of new and useful words and phrases. 223PP- 

5 x 7V2. -Clothbound $1-75 


14 



DOVER SCIENCE BOOKS 

COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best introduction io modern Persian, with 90 page 
grammatical section followed by conversations, 35 page vocabulary. 139pp. Clothbound $1.75 

COLLOQUIAL CZECH, J. Schwarz, former headmaster of Lingua Institute, Prague Full easily 
followed coverage of grammar, huririieds of immediately useable phrases, texts. Perhaps the 
best Czech grammar in print “An absolutely successful textbook," JOURNAL Of CZECHO- 
SLOVAK FORCES IN GREAT BRITAIN. 252pp 5 x 7V 2 . Clothbound $2 50 

COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London Extremely thorough 
coverage of phonetics, grammai, syntax; also included 70 page readei, and 70 page vocabulary. 
Probably the best grammar for this increasingly important language 340pp. 5 x 7V2 

Clothbound $2.50 

COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vorabulary, 
idioms, and reading. Easy progressive lessons will give a good working knowledge of Italian 
in the shortest possible time. 5 x 7 1 /? Clothbound $1.75 


MISCELLANEOUS 


TREASURE OF THE WORLD’S COINS, Fred Reinleld. Finest general introduction to numis- 
matics, non-techmcal, thorough, always fascinating. Coins of Greece, Rome, modern coun- 
tries 'of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England, all mirror man’s economy, toms, religion, politics, philos- 
ophy, art. Entertaining, absorbing study, novel view of history Over 750 illustrations. 
Table of value of coins illustrated List of US coin clubs. 224pp. 6 V 2 x 91/4 

7433 Paperbound $1.75 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D. H. Rawcliffe. Ra- 

tionally examines hundreds of persistent delusions including witchcraft, trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope tuck, 
spiritualism, dowsing, telepathy, ghosts, ESP, etc Explains, exposes mental, physical de- 
ceptions invulved, making this not only an exposfc of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology Originally “The Psychology of 
the Occult." Introduction by Julian Huxley. 14 illustrations 551pp 5% x 8 

T503 Paperbound $2.00 

HOAXES, C. D. MacDougall. Shows how art, science, history, journalism can be perverted 

for private purposes. Hours of delightful entertainment, a work ot scholaily value, often 
shocking. Examines nonsense news, Cardiff giant, Shakespeare forgeries, Loch Ness monster, 
biblical frauds, political schemes, literary hoaxers like Chatteiton, Ossian, disumbratiomst 
school of painting, lady in black at Valentino’s tomb, over 250 others Will probably reveal 
truth about few things you've believed, will help you spot more easily the editorial 
“gander" or planted publicity release. “A stupendous' collection . and shrewd analysis," 
New Yorker. New revised edition. 54 photographs 320pp 5-Va x 8 T465 Papeibound $1.75 

YOGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga Author draws on laboratory 

experiments, personal records of year as disciple of yoga, to investigate yoga psychology, 
physiology, “supernatural" phenomena, ability to plumb deepest human powers In this 
study under auspices of Yale University Institute of Human Relations, stnetest principles 

of physiological, psychological inquiry are followed. Foreword by W A Miles, Yale University 
17 photographs, xx + 270pp. 5J/s x 8 T505 Paperbound $1.65 


Write for free catalogs! 

Indicate your field of interest. Dover publishes books on physics, earth 
sciences, mathematics, engineering, chemistry, astronomy , anthropol- 
ogy, biology , psychology , philosophy, religion , history, literature , math- 
ematical reci cations, languages, crafts, art, graphic aits, etc. 
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